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Preface: High-Energy Processes in Condensed Matter  
(HEPCM 2020) 

 
From June 29 to July 3, 2020, the Khristianovich Institute of Theoretical and Applied 
Mechanics, SB RAS, held the XXVII All-Russian conference with international participation 
"High-Energy Processes in Condensed Matter" (HEPCM 2020), dedicated to the 90th 
anniversary of the birth of Lenin Prize Winner, Corresponding Member of the USSR Academy 
of Sciences, Academician of the BSSR Academy of Sciences Rem Ivanovich Soloukhin – a 
Soviet scientist, specializing in physics and mechanics. 

Rem Soloukhin explored physics of combustion, explosion, and shock waves. Also, he was 
interested in gas dynamics and became the author of more than 400 scientific works. In his 
memory, the grants for students of Novosibirsk State University and the international award for 
the best experimental work of Soloukhin's name were established. 

The scientific program of the conference included the following areas: 
- computational problems and methods for solving the problems of aerogasdynamics and solid 
mechanics at multiscale levels. 
- mathematical modeling of dynamic effects of highly concentrated energy sources on materials 
with complicated physicochemical properties. 
- physics of high-power lasers and interaction of radiation with matter. 
- promising applications of high-intensity energy sources in processing of materials, biology, and 
medicine. 
- methods of aerophysical research in interdisciplinary problems and in aerospace technologies. 

For the listed scientific areas, the following sections were organized: 
1. Pressing problems of aerogasdynamics. 
2. Modeling of processes of high-energy interaction with materials. 
3. Technological applications of high-energy sources. 
The following subsections were organized separately: 
1. Mathematical modeling of physiological systems. 
2. Experimental methods of research. 
3. Computational problems and methods for solving problems. 

More than 170 specialists took part in the conference: leading scientists of Russia, 
representatives of the defense industry, students and post-graduate students of Russian and 
foreign universities. The most important fact was participation in the conference of industry 
representatives, who presented in their reports the results obtained together with the researchers 
of ITAM SB RAS. Possible new tasks for the future were discussed as well. 

135 oral reports, including 14 plenary ones, were presented. A special feature of the conference 
was the absence of poster presentations. The goal was to let the young scientists present 
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themselves and get much needed skills of speaking in front of a competent audience. The 
participants came from many places, 32 organizations from 12 Russian and 3 foreign cities were 
represented. 

The problems discussed at the conference were characterized by a close relationship between 
fundamental research and applications. In this regard, the conference paid special attention to the 
practical application of promising methods for solving the urgent problems of aerogasdynamics 
and continuum mechanics from the perspective of designing and creating facilities of the 
aviation industry, engineering, construction, transport, mining, environmental safety, improving 
the performance characteristics of materials, maximizing the secondary use of energy and 
substances from technogenic raw materials. 

The organizers express their gratitude for the support of the Conference to the Russian 
Foundation for Basic Research. This volume of AIP Proceedings has been published with the 
support of the Russian Foundation for Basic Research (Grant No. 20-01-20020). 
 
Editor, 
Vasily Fomin 
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Achievements and Problems of Research on the 
Development of Controlled Disturbances from a Glow 

Discharge in Supersonic Boundary Layers 

A.D. Kosinova) 

Khristianovich Institute of Theoretical and Applied Mechanics SB RAS, 
Institutskaya str., 4/1, Novosibirsk, 630090, Russia 

 
a)Corresponding author: kosinov@itam.nsc.ru 

Abstract. The paper is devoted to the main results of experimental studies of the evolution of wave trains in supersonic 
boundary layers generated by a high-frequency glow discharge. The activity has been conducted out under grants of 
Russian Foundation of Basic Research (RFBR) and in the framework of budget financing from the mid-90s of 20th 
century and until recently. Mainly it is concerned to the flat plate supersonic boundary layer with the sharp leading edge. 

INTRODUCTION 

The boundary layer on a flat plate is the most classic case for studying the hydrodynamic stability problem, 
which has been in the field of view of researchers for more than 90 years [1]. Using the wave approach in studying 
the turbulence origin in a shear flow, the hydrodynamic stability theory of the boundary layer proved to be an 
effective tool for explaining the basic laws of the laminar-turbulent transition process [2, 3]. This did not happen as 
fast as we would like. There are many reasons for this. Several generations of researchers have changed during this 
time. This reality has not been analyzed so far. We can say that the stumbling block is the random or statistical 
essence of the turbulent flow. The deterministic, in fact, wave approach has not yet allowed a holistic view of the 
transition phenomenon in the boundary layers to be created. The same can be said about statistical theories. These 
approaches give their own pictures of the phenomenon. There is no doubt that the wave approach is more 
productive, since it gives an idea about the mechanisms of turbulence origin. However, unstable waves in the 
boundary layer are not quite familiar to physics concepts. Some of them are associated with a number of signs with 
vortices or vortex waves. And since turbulence is also associated with the random dynamics of vortices, it is 
plausible that it is these waves that transform the flow in the boundary layer from laminar to turbulent. There is an 
inaccuracy in this description, since the laminar-turbulent transition in the boundary layer at high supersonic speeds 
is associated with unstable acoustic waves of the second mode. This underlines the importance of understanding 
transition mechanisms [4, 5]. Note that the turbulent flow is characterized by a special spectrum of disturbances i.e. 
a turbulence spectrum [6, 7]. Therefore, in experiments to study the mechanisms of turbulence origin in the 
boundary layer, we would like, first of all, to see the formation of such a spectrum downstream. Unfortunately, in 
the case of experiments on the development of wave trains, this is not always achievable. 

Experiments of this kind in boundary layers became possible in the seventies of the last century. Gaster&Grant 
[8] and later other researchers performed a number of experiments at low subsonic flow speeds in wind tunnels. 
Especially detailed were the experiments of Kachanov with colleagues please see in [9]. Starting to conduct such 
studies at supersonic flow speeds [10, 11], we aimed to test the linear theory of hydrodynamic stability of the 
boundary layer on the plate at Mach 2, since the first attempts to do this in the late fifties of the 20th century [12] left 
many questions. Kendall's results in the mid-60s were quite acceptable [7, 13, 14]. They confirmed the existence of 
a two-dimensional second perturbation mode at Mach 4.5. Kendall first used a high-frequency glow discharge to 
introduce perturbations to the supersonic boundary layer from the surface of a flat plate. His experience of 
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introducing perturbations proved most productive at supersonic speeds for generating controlled perturbations in the 
form of wave trains and more recently also wave packets [15, 16]. It was the study of the evolution of wave trains 
that allowed us to identify experimentally the first mechanisms of nonlinear interaction of unstable waves in a 
supersonic boundary layer on a flat plate at Mach 2 in the early 90s of the 20th century [17-20]. Some results in this 
direction are considered in this paper. 

ON SET-UP OF THE EXPERIMENTS 

Omitting the technical details of the experiments, I note their fundamental points. First, the decisive moment 
for the successful measurement of controlled pulsations by a digital method was the choice of the method 
of synchronization of measurements in 1990. It has been determined all the subsequent results. Secondly, 
the improvement of the technical and methodological support of the experiments was required. The latter problem 
was solved gradually, as necessary, for example, to increase the productivity and efficiency of measurements. 
Thirdly, it was necessary to improve the quality of the flow in a T-325 supersonic wind tunnel of the ITAM SB 
RAS. 

RESULTS 

Before considering the results of research, it should be noted that, in contrast to budgetary work, work on a grant 
can be planned based on current problems or issues that arose when discussing the results at conferences, seminars, 
in personal communication with colleagues, or based on the logic of the development of the research itself. The 
RFBR initiative grant system allowed this to be done. Usually all these factors influence the choice of research 
topic. This is confirmed by the research performed. 

For example, solving the initial data problem for unstable perturbations in a supersonic boundary layer on a flat 
plate was the main goal of research under RFBR grant No. 03-01-00164. The relevance of this work has matured 
due to the need for a competent comparison of experimental results and direct numerical simulation on nonlinear 
regimes of laminar-turbulent transition of a supersonic boundary layer on a flat plate. 

First of all, it was necessary to improve the accuracy of disturbance measurements in the boundary layer. For this 
purpose, a method for separating the pulsations of a supersonic flow by measurements using a constant-temperature 
anemometer was developed and tested during the grant. As results, we obtained profiles of pulsations of density, 
velocity, and temperature of controlled perturbations in the boundary layer at Mach 2 and spatial-temporal data on 
the development of wave trains under the subharmonic mechanism of perturbation interaction. The existence of 
other interaction mechanisms was not detected. As a confirmation it is possible to see from data shown in Fig. 1 
which were recently reprocessed from experiments of 2005. Here it is the  spanwise wave number spectra 
regarding to mass flow and total temperature pulsations are shown as well relative values of them. Subharmonic 
wave data are shown in Fig. 1a, and fundamental wave data are presented in Fig. 1b.  

 

  
(a) (b) 

FIGURE 1. (a) Subharmonic wave spectra over . (b) Fundamental wave spectra over  

-2 -1 -0 1 2
0.0

0.5

1.0

1.5

2.0

m
f,

 T
0f

  %
m

m

0.0

0.2

0.4

0.6

T 0 f
m

f

f = 9998 Hz
  m f

 T0 f

T0 f 
/ m f

  rad/mm

x = 150 mm

-2 -1 -0 1 2
0.0

0.5

1.0

1.5

2.0

2.5

m
f,

 T
0f

  %
m

m

0.0

0.2

0.4

0.6
T 0 f

m
f

f = 19996 Hz

  m f

 T0 f

T0 f 
/ m f

x = 150 mm

  rad/mm

020001-2



 
Understanding that everything can be different in inhomogeneous boundary layers allowed us to formulate a 

research topic under RFBR grant No. 06-01-00345 and investigate the role of spatial flow inhomogeneity in 
nonlinear stages of transition of a supersonic boundary layer at Mach 2. in 2007–2008, experiments with controlled 
perturbations were conducted to confirm the mechanism of oblique breakdown in a supersonic boundary layer on a 
flat plate. Experimental data on the development of the wave train in the conditions of transverse artificial 
modulation of the mean flow with a period predicted by the results of direct numerical simulation [21] were 
obtained. Comparison of the results of the theory and experiment allows us to conclude that the mechanism of the 
inclined transition is confirmed experimentally. Both mechanisms are competitive and can cause a transition to 
turbulence in the supersonic boundary layer. The exclusive role of the subharmonic mechanism at the initial stage of 
the transition is to amplify low-frequency ripples, whereas the mechanism of the oblique transition in this case 
amplifies only existing harmonics and does not lead to the filling of the ripple spectrum. When performing this 
work, it became obvious that the results may not always be unambiguous and depend on the position of 
the modulated flow relative to the source of the controlled disturbances. Therefore, in the work under RFBR grant 
No. 09-01-00767, studies of passive control of the susceptibility of the supersonic boundary layer to controlled 
surface micro-roughness disturbances were performed. I would like to note that the method of measuring the 
average and pulsation characteristics of the transversely modulated flow of the supersonic boundary layer was 
developed during the implementation of this grant. At the same time, stabilization of the wave packet of traveling 
unstable waves was detected using micro-roughness of the surface in the three-dimensional boundary layer of the 
sliding wing for controlled perturbations [22], which indirectly confirmed the conclusions [23, 24] on the delay of 
the transition in such a flow. 

CONCLUSIONS 

The experience of conducting data and later research on RFBR grants has shown the effectiveness of this 
research funding system. The results presented here allowed us to start work on the RSF grant 17-19-01289, using 
them as a scientific groundwork. 

ACKNOWLEDGMENTS 

The activity is executed at support of RFBR grant numbers No. 03-01-00164, No. 06-01-00345 and No. 09-01-
00767. It is also following partially at support RSF grant number No. 17-19-01289. 

REFERENCES 

 H. Schlichting, Boundary-layer theory (McGraw-Hill Company, Seventh Edition, New York, 1979). 1.
 S. A. Gaponov and A. A. Maslov, Disturbance development in compressible (Nauka, Novosibirsk, 1980) (in 2.

Russian). 
 V. N. Zhigulev and A. M. Tumin, Turbulence origin (Nauka, Novosibirsk, 1987) (in Russian).  3.
 Y. S. Kachanov, Annual. Rev. Fluid Mech. 26, 411–482 (1994). 4.
 T. C. Corke, and R. A. Mangano, J. Fluid Mech. 209, 93–50 (1989). 5.
 A. L. Kistler, Phys. Fluids 2, 290–296 (1959). 6.
 P. C. Stainback and K. A. Nagabushana, Thermal Anemometry, ASME, FED 167, 93–133 (1993). 7.
 M. Gaster and I. Grant, Proc. Roy. Soc. A. 347, 253–269 (1975). 8.
 P. Balakumar and M. R. Malik, J. Fluid Mech. 245, 229–245 (1992). 9.
 A. D. Kosinov and A. A. Maslov, Fluid Dynamics. 19(5), 703–709 (1984). 10.
 A. D. Kosinov, A. A. Maslov and S. G. Shevelkov, J. Fluid Mech. 219, 621–633 (1990). 11.
 J. Laufer and T. Vrebalovich, J. Fluid Mech. 9, 257–299 (1960).  12.
 J. M. Kendall, Proc. Boundary Layer Transition Study Group Meeting. II. (1967). 13.
 J. M. Kendall, ICASE/LaRC Short Course on Transition (1993). 14.
 A. A. Yatskikh, Y. G. Ermolaev, A. D. Kosinov, and N. V. Semionov, Journal of Visualization. 20, 1–9 15.

(2017). 

020001-3

https://doi.org/10.1146/annurev.fl.26.010194.002211
https://doi.org/10.1017/S0022112089003058
https://doi.org/10.1063/1.1705925
https://doi.org/10.1017/S0022112092000430
https://doi.org/10.1007/BF01093535
https://doi.org/10.1017/S0022112090003111
https://doi.org/10.1017/S0022112060001092
https://doi.org/10.1007/s12650-016-0414-2


 A. A. Yatskikh, Yu. G. Ermolaev, A. D. Kosinov, and N. V. Semionov, Technical Physics Letters. 45(3), 16.
242-245 (2019). 

 A. D. Kosinov, N. V. Semionov, S. G. Shevelkov, and O. I. Zinin, “Experiments on the nonlinear instability of 17.
supersonic boundary layers”, in Nonlinear Instability of Nonparallel Flows, edited by S. P. Lin, W. R. C. 
Phillips, D. T. Valentine (Springer, Berlin / Heidelberg, 1994), pp. 196–205. 

 A. D. Kosinov and A. M. Tumin, “Resonance interaction of wave trains in supersonic boundary layer”, in 18.
Nonlinear Instability and Transition in 3D Boundary Layer, edited by P. W. Duck, P. Hall (Kluwer Academic 
Publishers, London, 1996), pp. 379–388. 

 A. Tumin, J. Phys. Fluids. 8(9), 2552–2554 (1996). 19.
 Yu. G. Ermolaev, A. D. Kosinov, and N. V. Semionov, “Experimental investigation of laminar-turbulent 20.

transition process in supersonic boundary layer using controlled disturbances”, in Nonlinear Instability and 
Transition in Three-Dimensional Boundary Layers, edited by P. W. Duck, P. Hall (Kluwer Academic 
Publishers, 1996), pp. 17–26. 

 C. S. J. Mayer, S. Wernz, and H. F. Fasel, AIAA Paper 2007-0949 (2007). 21.
 A. D. Kosinov, A. V. Panina, G. L. Kolosov, N. V. Semionov, and Yu. G. Yermolaev, Procedia IUTAM 14, 22.

48-57 (2015). 
 N. V. Semionov and A. D. Kosinov, Thermophysics and Aeromechanics 14(3), 337–341 (2007). 23.
 N. V. Semionov, Yu. G. Ermolaev, and A. D. Kosinov, Journal of Applied Mechanics and Technical Physics 24.

49(2), 188–193 (2008). 

020001-4

https://doi.org/10.1134/S1063785019030180
https://doi.org/10.1016/j.piutam.2015.03.023
https://doi.org/10.1134/S0869864307030031
https://doi.org/10.1007/s10808-008-0027-1
https://doi.org/10.1063/1.869037


Review of the Results of Application of Panoramic Liquid-
Crystal Sensors in Subsonic Aerodynamics 

   

Khristianovich Institute of Theoretical and Applied Mechanics SB RAS, 
Institutskaya str., 4/1, Novosibirsk, 630090, Russia 

 
  

 
. .  

Abstract. 
 

 

INTRODUCTION 

- -

 
-

-
-  

 

EXPERIMENTAL CONDITIONS AND ANALYSIS METHODS 

- -
- - -

  
– - -

-

High-Energy Processes in Condensed Matter (HEPCM 2020)
AIP Conf. Proc. 2288, 020002-1–020002-6; https://doi.org/10.1063/5.0028784

Published by AIP Publishing. 978-0-7354-4018-0/$30.00

020002-1



 

-
 

RESULTS AND DISCUSSION 

-

-
-

 

Straight Wing at High Angle of Attack. Effect of the Free Stream Turbulence on the Near-
Wall Flow Structure 

-

�� -

 
 

 
FIGURE 1. -  

c 
- . 

  
 

020002-2



     
-

 

-

-

  
 - – 

 – 

 

-  

 

 
FIGURE 2.  

c
-  

 

 
FIGURE 3.  

 

020002-3



Swept Wing at High Angle of Attack. Effect of the Free Stream Turbulence 
and Yawing Angle 

[ – 
 

  
-

 

  
-

 
 

 
FIGURE 4.       

c -  
 

 

 . 

Acoustic Field Effect on the Flow Structure on the Wing Profile 
with the Unfavorable Pressure Gradient 

- -

 

-  

 

 
-

 

020002-4



 
FIGURE 5. .  

- - - c  

CONCLUSIONS 

-
-  

-
- -
– 

 
- - -

-
-  

 -

 

-
 

 
-

-

 
-   

 

020002-5



 -
– 

 

ACKNOWLEDGMENTS 

-  - - -0
  

 

REFERENCES 

 E. 68  
 G.   V.  

,  8th International Symposium on Flow Visualization, 
. 

3. B. Yu. V.N. ,  32(3-4), -  
 

 V.N.   B.Yu. 
The Millenium 9th International Symposium on Flow Visualization, 

 , 33 . 
 B. Yu.  V. N. 

 8, -  
 B. Yu. V. N. 

 5(2), - . 
 B. Yu. V. N. , 

 45(4), - . 
 V. N. B. Yu.   , 

  V , 
-  

  
 9(2) -  

 
  

, -   
  

44(5) -  
  . ,    ,  17(7), -

 . 

020002-6

https://doi.org/10.1023/B:JAMT.0000030327.58322.58
https://doi.org/10.1023/B:JAMT.0000030327.58322.58
https://doi.org/10.1023/A:1025548102345
https://doi.org/10.1023/A:1025548102345
https://doi.org/10.1063/1.1990228


An Effective High-Order Numerical Method for Solving 
the Reynolds Equation System in the Case 

of Civil Aircraft High Lift Wing 

S.M. Bosnyakova), I.S. Bosnyakov, M.F. Engulatova, I.S. Matyash, 
S.V. Mikhailov, V.Yu. Podaruev and A.V. Volkov 

Central Aerohydrodynamic Institute (TsAGI), Zhukovsky str., 1, Zhukovsky, Moscow Region, 140185, Russia 
 

a)Corresponding author: bosnyakov@tsagi.ru 

Abstract. The paper presents the physical and mathematical formulations of the problem. The method of a high accuracy 
order is described and test results that confirm its high quality are presented. The efficiency of computer implementation 
is estimated by comparing the results of the same test problem solving using different methods and it is shown that the 
proposed method has obvious advantages. The flow around the NASA test model "Trap Wing" wing has been calculated 
and comparison has been made with the available experimental data. The article concludes with data showing the 
proposed supercomputer code quality, in particular, the scalability of 1.85 order up to 10,000 CPU cores is demonstrated. 
It is also proposed an optimal way for IO operations implementation. 

INTRODUCTION 

Recently, the interest of many investigators turns to high accuracy order methods that permit to obtain good 
results for more rough calculation grids in comparison with traditional methods oriented to the second accuracy 
order. One of the most perspective approaches to high-accuracy approximation both for structured and for non-
structured grids is Galerkin’s method with discontinuous basis functions (DG) [1]. For the first time, this method has 
been proposed in [1] for solution of equation, which describes neutron transition. Numerical solution of 2D Navier-
Stokes equations for triangular non-structured grids using this method has been presented, for the first time, in the 
paper [2]. The most full theoretical description of this method with solution of 1D and 2D model problems is 
presented in the paper [3]. One of the first successful DG implementation for non-structured hexahedral grids is 
presented in the paper [4]. In our opinion, hexahedral grids have an advantage in comparison with tetrahedral grids 
because the first ones provide covering the computational domain and have the lower number of inner sides. It 
diminishes the number of arithmetic operations. The current paper shows examples of successful method 
implementation for solution of real 3D tasks. It also includes test problem with simulation of the simplest model 
problem about inviscid flow around a sphere. 

MATHEMATICAL FORMULATION 

Equation system for viscous gas may be written as follows: 0,=),U(U GF⋅∇+
∂
∂

t
 where 

TEwvu ),,,,(=U ρρρρρ  – conservative variables, F  – impulse and energy fluxes vector, U= ∇G  – gradient 

vector. Total energy is defines as 
12

=
222

−
+

++
γ
RTwvuE . Along coordinate direction k flux may be represented as 
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Tconv ),,,,(== kkzkkykkxkkkkk puEupwupvupuuuFF ++++ ρδρδρδρρ . In viscous gas, an additional flux 

appears due to molecular diffusion diffconv= kkk FFF + , where Tdiff ),,,(0,= kzkykxkzkykxkk qwvuF +++ ττττττ . 
Molecular fluxes of impulse and heat energy looks like 
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where µ  – viscosity coefficient, Pr  – Prandtl number, pC  – heat capacity coefficient. 

Discrete equation system is solved in region hD , which approximate physical region D  with prescriber order of 
quality. Worth to mention that hD  may consist of eN  non-crossing elements iΩ . Using polynomials, it is easy to 

write )()(u=),(U
1=

xx jj

fK

j

tt j∑ . Coefficients ju  are the main unknown values which is necessary to determine in the 

frame of task solution. In proposed method let us define )(xjj , fKj 1,=  as polynomial basis of K  order. The 

number of basis functions fK  is connected with K  by the formula 3)/62)(1)((= +++ KKKK f . In accordance 

with [5], it is possible to create orthogonal basis. As the first step the coordinates of mass center for elements iΩ  are 

defined: .=,=,= 000
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Basis functions )( Ωxjψ  are rewrote as 
j

jjj

j s
zyx
γβα

ψ ΩΩΩ
Ω =)(x , +∈Zjjj γβα ,, , Kjjj ≤++≤ γβα0  with 

normalized coefficient ΩΩΩΩ
Ω∫ dzyxs jjj

j
2)(=

γβα
 and condition 1.=)(2 ΩΩ

Ω∫ dj xψ  Normalized basis finally looks 
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New orthogonal basis has polynomial features and low sensitive to different kinds of mistakes. In accordance 

with [4] .,1,=0,=U
fi Kid

t
Ω






 ⋅∇+
∂
∂

∫Ω jF  Let us take into account that ij)( F⋅∇  is equal to 

ii jj ∇⋅−⋅∇ FF )( , and finally write the formula Ω∇⋅Σ⋅+ ∫∫ ΩΣ
dd

dt
d

ii
i jj FnF =ˆu .  

To resolve discontinuity problem it is recommended to use Roe procedure [6].  
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Gradients G  are defined in accordance with Bassi–Rebay 2 method [7]. Integrals are calculated using Gauss 
quadratures. To organize time marching nonstationary procedure Runge-Cutta for RU =/ dtd  it is possible to write 
5-step procedure which gives the 4th order of approximation. 
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 (4) 

CODE DESCRIPRION AND EFFICIENCY STUDY 

Some special features of developed code are presented in this chapter. Special attention is focused on code 
structure. To realize all ideas authors use vide possibilities of C++ which gives possibilities to organize direct 
support of hardware by means of built-in procedures. First, there are low-level operations that help to organize RAM 
for better code scalability. To support new features ones developed special Library. It realizes the set of statements: 
1) solution of 3D Navier-Stokes equations with ω−q , SST, SA, DRSM; 2) unsteady calculations; 3) possibility for 
LES, DES, DDES, IDDES; 4) serendipity elements support; 5) code implementation for 50 000 CPU cores. All 
functions in the library are developed for polynomials of third order, which correspond to forth order of DG 
approximation. To make the next step to higher order it is necessary to use possibilities of C++ ver.11 and extend 
library with new functions.  

To test the code and Library, authors solved theoretical task and calculated inviscid flow around 2D cylinder. 
“Coarse” grid included 16×4 cells and “fine” one – correspondingly 128×32 cells. Flow field of total pressure is 
presented in Fig. 1. Both calculations are performed using the fine grid with second (left) and forth (right) order of 
approximation.  

 

  

(a) (b) 

FIGURE 1. Inviscid total pressure distribution. (a) – 2-nd order; (b) – 4-order of approximation 
 
Easy to see that artificial entropy layer due to residual creates essential stagnation zone at bottom cylinder side. 

On the contrary, using forth order approach diminishes mistake above almost to zero. Entropy function is directly 
corresponds to total pressure. It may be used as benchmark to determine real order of approximation by means of 
extrapolation, ( ) ( ) 1///= −∞∞

γρρppeentropy , ( ) ( )11 //log/log= −− iiii NDOFNDOFeeOrder . The plot is presented 
in Fig. 2. It shows that proposed scheme demonstrates 3.7 order of approximation. 
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FIGURE 2. Real order of approximation vie dependency of polynomial order 

 
Static pressure distribution at DLR F4 [8] wing cross section and integral aerodynamic performances are 

presented in Fig. 3 and in Table 1. Proposed method is compared with standard FV approach of the second 
approximation order. Easy to conclude that DG(4) on coarse grid is better than FV(2) on fine one. 

 

  
(a) (b) 

FIGURE 3. Calculations using DG(4) and FV (2) of the model DLR F4 at mln3Re,0,75.0 === αM  
 

TABLE 1. Integral aerodynamic performances 
Method Cy Cx Grid 
DG 4 0.5543 0.0310 250 000 
FV 2 0.4750 0.0293 14 000 000 

Experiment 0.4812 0.0278 - 
 
Another test is presented in Fig. 4. It is well known NASA TRAP wing [9]. The grid was adopted to slats and 

flaps and contained 2 097 344 cells. Calculation is performed using 10 000 CPU cores computer. Static pressure 
distribution in Fig. 4 is compared with experimental data. For better analysis different grids are also included. It 
shows that the best result is obtained using fine grid. It is result of complex geometry approximation with rough 
grid. Especially it is the problem for sharp edges. 
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(a) (b) 

FIGURE 4. Calculations using DG(4) and FV (2) of the model DLR F4 at mln3Re,0,75.0 === αM  
 
The code scalability is demonstrated in Fig. 5 and equal ~1.85 that is quite good for such difficult geometry. The 

problem appears when number of cores more than 12 000. It is not fatal situation. When fine grid with number of 
cells more than 50 mln is used, scalability is of good quality up to 50 000 cores. 

 

 
FIGURE 5. Code scalability 
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Abstract. The question of the ambiguity of the flow in a supersonic air inlet is analyzed: a) if a normal shock is formed 
in the internal compression channel, then a change in the flight speed does not allow removing the normal shock and 
create a supersonic flow; b) if the flow in the internal compression channel is supersonic, then an supersonic inlet remains 
starting and allows a significant decrease in flight speed up to the limit of isentropic compression. To clearly demonstrate 
the indicated two-valued nature of the flow, a numerical simulation of the acceleration and deceleration of the internal 
compression supersonic inlet was performed with the area ratio F2/F0 = 0.556. The calculation results show that during 

0 = 1.0, a normal shock is formed at the supersonic inlet and the unstarting of the supersonic inlet 
0 = 2.6). If the supersonic inlet is started in any way at high 

supersonic flight speeds, then when deceleration from M0 = 2.6, it maintains a start mode 0 = 2.1, which 
corresponds to the permissible limit of isentropic compression 

INTRODUCTION 

The main objective of a supersonic inlet is to solve the gas-dynamic problem of deceleration a high-speed 
incoming flow to subsonic speeds in a combustion chamber with minimal total pressure loss (with a minimum 
increase in entropy) subject to certain geometric restrictions. Typically, an air jet engine inlet is projected for one 
particular operating mode. At the same time, the most effective characteristics of the inlet are achieved, which 
should create maximum thrust characteristics. Naturally, the designed air inlet in the project mode should work in 
the "start" mode, i.e. the gas dynamics of the flow inside the projected design of the inlet corresponds to the project 
parameters. Currently, projected methods for various types of inlet are well developed and gas-dynamic problems in 
the project mode of their operation, as a rule, do not occur. 

Situation can change cardinally with vary conditions, in accordance with the inlet a projected (non-operating 
conditions). Basically, there are two groups of basic conditions: inlet conditions – a change the Mach number of the 
free-stream, the flight altitude, the attack angle of the inlet; and the inlet-exit conditions – a change in the structure 
of trailing shock waves, the appearance of separations of the boundary layer, heat and mass supply in the 
combustion chamber. Differences between the new parameters and the values accepted for the designing lead to a 
distortion of the designing flow pattern in the fixed geometry inlet and, consequently, to a change (usually for the 
worse) in the characteristics of the compression process. Various authors characterize a significant deterioration in 
the operating characteristics of the inlet when changing the flow conditions around the common phrase “unstarted 
inlet”. A detailed review of gas-dynamic problems during the operation of supersonic inlet under off-design 
conditions is given in [1]. The aim of this work is to elucidate the differences in flow patterns inside a supersonic 
inlet internal compression when the velocity of free-stream is changes. 
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THEORETICAL ANALYSIS 

A change in the flow pattern inside a supersonic inlet with a change in the flow velocity can be analyzed using 
the one-dimensional flow conservation equation for the conventional inlet shown in Fig. 1. 

 

 
FIGURE 1. Typical inlet pattern and characteristic sections of the captured jet 

 
It is easy to obtain a correlation of parameters in two sections from the one-dimensional flow equation for the 

current stream tube captured by the inlet: 
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where: P0, T0 – stagnation pressure and stagnation temperature, q(M) – gas dynamic function, 02=P02/P00 – 
pressure loss in the inlet, or the recovery total pressure coefficient. 

Usually T00=T02 and q(M2=1)=1.0. Hence we obtain a simple expression for the ratio of the areas f (or the 
geometric compression ratio of the captured jet CR = 1/f): 
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The obtained equation reflects the equality of flow rates in two characteristic sections of the stream tube captured 

by the inlet and at the same time covers all possible situations for a stationary flow at the inlet. 

FLOW ANALYSIS IN A SUPERSONIC INLET WITH A CHANGE OF FLIGHT SPEED 

Increasing the compression ratio CR = 1/f = F0/F2 is of great practical interest to improve engine efficiency. The 
main problem along this path is the start problem, i.e. realization of a supersonic flow corresponding to equation (3). 
On Fig. 2 shows the range of possible F0/F2 ratios for the jet area in the inlet, depending on the flight Mach number. 
Such diagrams are found in many publications devoted to the problems of starting air intakes [2-7]. However, the 
explanations for this diagram are always descriptive. For example, in the work [4]: “... the diagram shows three 
regions separated by two curves. A supersonic flow is always realized in inlet with a compression ratio above line 1 
(the “Kantrowitz limit”), a supersonic flow cannot be realized at compression degrees below line 2 (the isentropic 
limit), and a supersonic flow can be realized under certain conditions in the region between curves 1 and 2. 

The analysis of the flow pattern in the inlet channel when the free-stream velocity changes is still based on very 
simplified and outdated ideas, which hardly change, starting from the work of A. Kantrowitz [6]. Following these 
ideas (by analogy with the work [2]), we consider a change in the flow pattern at the input of a supersonic inlet with 
a fixed ratio of the throat area to the input area (F2/F1 = 0.5) with a change in the free-stream Mach number (see Fig. 
2). To simplify, we consider the flow pattern in the air inlet of internal compression. 

At low flight speeds, the flow along the entire inlet path remains subsonic (point 1). In the narrowing channel of 
the inlet, the speed of the subsonic flow increases and at some point reaches a critical value M2=1.0 in the throat 
(point 2). A further increase of speed does not allow increasing the speed and flow rate in the throat, therefore, the 
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F2/F0 ratio grows (for a subsonic flow) and the area of the captured jet in the unperturbed flow decreases (point 3), 
although the geometric ratio F2/F1 = remains constant. At M0 = 1.0, the ratio F2/F0 reaches a maximum F2/F0=1.0 
and the captured area of the jet in free-stream is equal to the area of the throat (point 4). A further increase of flight 
speed, as a rule, leads to the formation of a normal shock at the input of the inlet and the possibility of flowing out 
some part of the air flow outside the inlet due to a change in the distance between the normal shock and the entrance 
plane (head shockwave). The flow in the compression section now represents the acceleration of the flow from 
subsonic speed after a normal shock to the speed of sound in the critical section of the throat. For this one-
dimensional flow scheme, a simple dependence of the compression ratio of the captured jet on the Mach number of 
the free-stream, called the Kantrowitz limit, is obtained. With an increase in velocity M0>1.0, the ratio F2/F0 begins 
to decrease due to a decrease in q(M0) and the area of the captured jet begins to increase, but by a normal shock 

02<1.0 and these two opposite trends create a flow pattern with a normal shock at the inlet and with 
M2=1.0 along line 4-5-6 with the asymptote F2/F0=0.61 as M0 
limit, the compression of the flow is insufficient and the flow in the throat remains supersonic. Below this line, the 
flow corresponding to the considered circuit with a normal shock at the input cannot exist. 

02=1.0 after point 4, we can 
expect the development of the flow pattern along the line 4-7-8 (isentropic compression). At point 8: 
F2/F0=F2/F1=0.5 and M2=1.0. A further increase in speed after point 8 increases the Mach number in the throat 
M2>1.0 and the flow velocity throughout the inlet path becomes supersonic (point 10). Starting from point 8, it is 
possible to reduce the throat area F2 and, accordingly, the ratio f (supporting M2
compression ratio of the inlet CR=1/f. 

The above analysis of the flow pattern in the internal compression inlet provides two extreme values of the total 
pressure loss: either the loss on the normal shock at the input or the complete absence of loss. In this case, only 
acceleration of the vehicle is usually considered, in which a normal shock necessarily occurs, and any further 
increase of speed cannot eliminate this shock. As a result, an insurmountable obstacle arises to increase the degree 
of compression in the form of the Kantrowitz limit. 

However, in 1947, K. Ostwatitsch [8] proposed to remove the normal shock and reduce the total pressure loss in 
the compression area by organizing several oblique shock in front of the throat, for example, due to the conical 
central body. In this case, the loss of total pressure in the section from the input to the throat of the inlet can be less 
than the loss on the normal shock, and acquire any intermediate values. 

 
FIGURE 2. Change of flow regimes at the inlet of a fixed geometry when the Mach number of the free-stream changes 

 
If the total pressure loss is known, then the geometric compression estimate by formula (3) allows us to explain 

how the working point of the inlet falls into the region between the Kantrovitz limit and the isentropic deceleration 
curve. As an example, in the diagram of Fig.3 shows various flow patterns at the input under the assumption of 
constant losses of total pressure (for example, 02=0.8). It is seen that at M2=1.0 the presence of losses requires a 
decrease in the area of the captured jet (F2/F0=1.25). As the speed increases (points 4-6), a sonic flow is maintained 
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in the throat, and the area of the captured jet increases and at the same time the flow rate of air entering the throat 
increases. The transition through the Kantrowitz limit line between points 5 and 6 does not change the flow pattern. 
At point 7, the area of the captured flow becomes equal to the area of the frontal projection of the inlet while 
maintaining the sonic flow in the throat. With a further increase in flight speed, the throat area can be reduced while 
maintaining M2=1.0 (point 8). If the throat area does not change, then the flow in the throat becomes supersonic 
(point 9). The flow patterns presented in the figure make it possible to trace its evolution at the inlet at various 
values of 02 depending on the flight Mach number M0. The diagram connecting the area of the captured jet with the 
total pressure loss allows us to combine and explain the existing variety of experimental data on the launch of 
various inlets, which can be seen, for example, from Fig. 4 taken from the work [5]. A similar approach to 
calculating the permissible compression ratio taking into account the total pressure loss is described in [1, 9, 10] 

 

 
FIGURE 3. Change of flow regimes at the inlet of the fixed-geometry 

with loss of total pressure when the Mach number of free-stream changes 
 

 
FIGURE 4. Achievable compression ratios for supersonic inlets [5] 

To implement the start in the region between the Kantrowitz limit and the isentropic deceleration curve, various 
technical start methods were proposed and investigated for different values of the Mach number. Basically, these 
methods consisted in regulating the effective area of the flow path or in diverting (draining) part of the free-stream 
outside the input area. In inlets with an external compression section, the change in the captured flow rate occurs 
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automatically due to the restructuring of the flow. The same effect can be obtained by passing part of the trapped air 
through holes (perforation) in the walls of the internal compression section. The design direction of inlets with air 
bypass has been developed since 1947 in a number of works, for example, [11, 12] proposed to increase the 
triggered compression ratio by draining (bypassing) part of the trapped air through holes in the surfaces of the 
internal channel, and a methodology for calculating the perforation area for a wide range of operating conditions 
was presented. 

Another option is aimed at obtaining of started inlets by regulating the geometry of the flow path [13, 14] and, in 
particular, increasing the area of the throat. The geometry of the flow path due to the longitudinal movement of the 
central body is used in existing designs of supersonic inlets, for example, for the MiG-21 or SR-71 aircraft. 

An original method is to obtain a high degree of compression due to essentially unsteady effects, for example, 
due to the passage of a shock wave (shock launch) [15, 16] or due to the huge acceleration of the aircraft [7, 17]. In 
the work [18] it was reported that when testing the internal compression inlet without a central body in a pulsed 
wind tunnel at M=7.6-8.2, it was possible to realize the compression ratio CR=30. 

In contrast to the simplest one-dimensional quasistationary model described above, real accurate prediction of 
the start and unstart process is currently a rather difficult task. Aerodynamic ground installations can easily simulate 
the steady state and stationary characteristics of the inlet. However, reproducing transients of a supersonic inlet in 
wind tunnels is difficult and expensive. Therefore, the currently developing non-stationary methods of 
computational aerodynamics (CFD) are quite competitive tools for the analysis of flows in the inlet path of the air-
breathing jet. The main direction in mathematical modeling is the refinement of the physical picture and 
computational flow models. 

METHOD OF NON-STATIONARY CALCULATIONS 

Numerical calculations of the unsteady axisymmetric turbulent flow were carried out on the basis of the Favre 
averaged (for compressible gas) Navier–Stokes equations and the k-  turbulence model. When solving a non-
stationary problem, the time step in all cells is the same and amounted to 71.3 10  s. 

The inlet in question is a cylindrical pipe with a conical central body (shown in Fig. 5). 
 

 
FIGURE 5. The scheme of inlet. Dimensions in mm. F0=11,310 mm2; F2=6,283 mm2 

The size of the computational domain was 0.6 m*0.12 m (from the axis). The input flow boundary (cross section 
0) was located at a distance of 8 calibers (960 mm) from the front edge of the inlet; the upper boundary of the 
computational domain was located at a distance of one caliber. In the entire computational domain, the grid was 
generally close to homogeneous and the total number of cells was 2.4 million. Inside the inlet, the cells were crushed 
according to the density gradient. On the inner walls of the inlet, the condition of non-sticking was set (ideal wall). 
The intensity of 0.1% and the turbulence scale of 0.00124 m were chosen as the turbulence parameters. The initial 
flow parameters were T0=293 K and P=101325 Pa. 

The supersonic inlet was accelerated from Mach 1 to 2.6 and decelerated from Mach 2.6 to M=1, in increments 
 

When simulating acceleration, the first calculation was carried out with the Mach number of the flow M=1. The 
calculation area was filled with gas with parameters at rest, i.e. in the computational domain, the velocity was zero. 
At the initial moment, a shock wave was created between the inlet boundary and the computational domain, which 
was incident on the inlet and forming a flow in the computational domain. The calculation was made before the 
convergence conditions are met. When calculating with the following Mach number (M=1.1), the results of the 
previous calculation were used as the initial flow field. 
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When simulating the deceleration of inlet, the computational domain during the first calculation was filled at the 
initial moment with the flow parameters corresponding to the Mach number M=2.6. According to the results of this 
calculation, it was seen that a supersonic flow was formed inside inlet, which corresponds to start mode. The next 

were used as the initial flow field. 
Compared with the traditional stationary calculation method, which usually models a fixed state of the free-

stream, in this case, a non-stationary flow was simulated using a quasistationary solution [19] under the conditions 
of the free-stream Mach number varying for each calculation case, which is more realistic. 

THE RESULTS OF CALCULATIONS 

Typical results of calculating the flow pattern in the inlet are shown in Fig. 6 for a start and unstart mode. 
 

 
FIGURE 6. Distribution of Mach numbers at start (1a) and unstart (1b) of the inlet 

The ratio of the area of the annular gap between the shell and the central body (throat) to the inlet area is 
F2/F0=0.556. The line corresponding to this value is shown by the dotted line in Fig. 7 depending on the Mach 
number of the flight. At M=2.1, the selected area ratio crosses the isentropic compression line. This line was 
corrected (dashed line) according to formula (3) with allowance for pressure losses on the shock from the cone of 
the central body (half-angle of 20°). At the same time, the indicated area ratio is less than the Kantrovitz limit (0.61 

Mach number. 

 
FIGURE 7. Permissible compression ratio in a supersonic inlet. I - the limit of Kantrowitz; II - the limit of isentropic 

compression; III compression limit taking into account the total pressure loss for the inlet in question 
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Indeed, the calculations show that as the flight speed increases (series of calculations b), a normal shock occurs 

the calculations (the sequence of points 4b-1b in Fig. 7 and Fig. 8). 
When the inlet was started by calculation methods at M=2.6, then with a decrease in the flight speed (sequence 

of points 1a-4a in Fig. 7 and Fig. 8), the inlet remained in a start mode state up to M=2.1. This point practically 
coincides with the limit of permissible isoentropic compression. 

 

 
FIGURE 8. Change in the flow pattern (Mach number) during deceleration (series a) 

and during acceleration (series b) of the inlet 
 

Quantitative data are shown in Fig. 9. From Fig. 9a shows that with increasing speed, the pressure recovery 
coefficient in the entire considered range coincides with the pressure loss at the normal shock, which is located at 
the intake of the inlet [20]. A started inlet has a recovery factor =0.90. When the flight speed decreases to M=2.1, 
the inlet goes into an unstart mode, and the recovery coefficient becomes equal to the loss coefficient at normal 
shock. 

From Fig.  9b it can be seen that as the flight speed increases, mass flow rate coefficient of the unstarted inlet 

flow rate coefficient switches to -started inlet. 
From Fig. 9c it is seen that the resistance of the non-started inlet, which is mainly determined by the resistance of 

the central body, with increasing flight speed is from CX=1.80 to CX=1.25. In the running state, the resistance 
decreases sharply (about 18 times). At M=2.1, the resistance coefficient switches to the value CX=1.32, which 
corresponds to the value for the unstarted inlet. 
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Thus, the calculation results demonstrate unstarted mode of the inlet during acceleration from M=1.0 to M=2.6. 
When deceleration, the inlet retains a started mode up to the limit of isentropic compression (M=2.1) for a given 
area ratio F2/F0=0.556. 

 

 
FIGURE 9. Change in a) total pressure recovery coefficient , b) mass flow rate  

and c) aerodynamic drag coefficient CX during acceleration and deceleration of the inlet 

SUMMARY 

The concept of a two-valued flow in a supersonic inlet with a change in its flight speed is considered: a) if a 
normal shock has formed in the internal compression channel with the corresponding total pressure losses, then no 
change in flight speed can eliminate a normal shock and create a supersonic flow along the path; b) if the flow in the 
internal compression channel is supersonic with total pressure losses less than the losses at the normal shock, then 
such an inlet allows a significant decrease in flight speed up to the limit of isentropic compression, taking into 
account the indicated losses in the supersonic flow. 

In a two-dimensional quasistationary formulation, a numerical simulation of the process of acceleration and 
deceleration of the internal compression inlet was performed with the area ratio F2/F0=0.556. The calculation results 
show that during acceleration from M0=1.0, a normal shock is formed at the input to the inlet and the unstart mode 
of the inlet remains until the end of the calculation range (up to M0=2.6), which is consistent with the Kantrowitz 
limit. If the inlet is started in any way at high supersonic flight speeds, then during deceleration it maintains a 
running state up to M0=2.1, which corresponds to the permissible compression limit taking into account the total 
pressure loss in oblique shock waves at the input to the inlet. 

In addition to this fundamental difference, quantitative values of the main characteristics of the inlet under 
CX) 

were obtained in the range of Mach numbers from M0=1.0 to M0=2.6 in started and unstarted mode. 
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Abstract. For the first time it is shown experimentally that the critical velocity of the nozzle movement (which is 
inversely proportional to the mass of the powder required for pre-activation of the substrate surface) depends upon the 
stagnation temperature of the accelerating gas. With an increase in the stagnation temperature, the mass of the powder 
spent for activation decreases, which leads to an increase in the critical velocity of the nozzle movement. 

INTRODUCTION 

The formation of coatings from unmolten particles was first experimentally observed in the early 1980s in the 
Institute of Theoretical and Applied Mechanics SB RAS when blunted bodies were flowed by a supersonic air flow, 
in which metal particles were present. Based on this, an innovative method for obtaining coatings was developed, 
which is now known as the method of cold gas dynamic spray [1-5]. The first experimental studies have shown that 
coatings begin to form under conditions when the particle velocity exceeds a certain threshold value, the so-called 
critical velocity [6]. It was also found that the coatings do not begin to form immediately, but with a certain delay in 
time, which was called the induction time [7]. It was found that the induction time decreases with increasing particle 
velocity, and at a certain particle velocity it becomes zero. In these experiments, mixtures of air and helium were 
used as accelerating gas for aluminum particles. The gas mixture was not heated, so the substrate temperature was 
close to room temperature regardless of the ratio of gases mixed. In subsequent work [8], it was shown that the 
induction time can affect the results of measuring the deposition efficiency. There were also performed experiments 
in which the particles were accelerated by heated air (without adding helium). Although the effect of gas heating on 
the induction time was not studied in these experiments, however, they have allowed establishing that there is a 
certain minimum gas heating temperature at which the coating begins to grow up. The first studies on the influence 
of substrate temperature were conducted at the Institute of Theoretical and Applied Mechanics SB RAS [9]. There 
was obtained a fundamentally important result that under conditions when the gas (air) accelerating aluminum 
particles was not heated, but the substrate was heated, the formation of a coating was observed at a certain 
temperature of the substrate (about 700 K). The influence of the substrate temperature on the cold spray process was 
also studied in subsequent studies [10-30]. It follows from these studies that heating the substrate can lead to an 
increase in the proportion of adhered particles, an increase in the adhesion of coatings, an increase in their density 
and electrical conductivity, a decrease in residual stresses and a decrease in the microhardness of coatings. 

The influence of the nozzle travel speed (and/or powder feed rate) on the deposition efficiency was studied in 
papers [31-46], a detailed review of which is presented in [47]. From these works one can conclude that with the 
increase in the nozzle travel speed, monotonic growth or drop down in the deposition efficiency, as well as non-
monotonic change with maximum [34] can be observed. The effect of the induction time [7, 8, 31, 34] and a 
decrease in the substrate surface temperature [35] may cause a decrease in the deposition efficiency with an increase 
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in the nozzle travel speed. A change in the particle impact angle (deviation from normal) may cause a decrease in 
the deposition efficiency when the nozzle travel speed decreases [36]. In paper [34], it was assumed that an increase 
in erosion is the reason for a decrease in the deposition efficiency in this case, although the authors did not give 
reasons why the erosion could increase. 

As the powder feed rate increases, the particle velocity decreases [37, 45, 46]. For example, if the gas flow is 
10% loaded with particles (compared to the gas flow rate), one can expect about a 5% decrease in the particle 
velocity. With increasing powder feed rate, there may be a monotonous increase or, conversely, a drop in the 
deposition efficiency, as well as a non-monotonous change with maximum. With the exception of paper [5], the 
authors did not suggest any possible reasons for this behavior in other papers. In [5], it is assumed that the layer of 
particles bounced off the substrate may be the cause of a decrease in the deposition efficiency with an increase in the 
powder feed rate. 

In paper [47], it was shown that to explain the observed regularities of non-monotonic behavior of the deposition 
efficiency, it is sufficient to take into account the effect of reducing the impact angle of particles at low nozzle travel 
speeds (respectively, high powder feed rates) and the effect of delayed deposition at high nozzle travel speeds (or 
low powder feed rates). Since the stage of deposition delay is still poorly understood, an attempt was made to 
measure the deposition efficiency depending upon the stagnation temperature of the accelerating air in the range of 
high nozzle travel speeds (100  400 mm/s). It is at a high speed of nozzle movement that this stage has the greatest 
impact on the results of measuring the deposition efficiency. 

EXPERIMENTAL SETUP AND METHODS 

The spraying was carried out using homemade cold spray facility, which is a part of the center for collective use 
"Mechanics", ITAM SB RAS. The spray unit was mounted on robot KR 16-2 (KUKA Roboter GmbH, Germany), 
which allowed performing experiments with high accuracy and in a wide range of nozzle travel speeds. To spray 
copper powder PMS-1 (mean particle diameter 52 μm), a profiled axisymmetric De Laval nozzle was used with a 
length of 150 mm, a critical cross-section diameter of 2.8 mm, and an outlet cross-section diameter of 6.5 mm. The 
gas (air) pressure was equal to 3.0 MPa for all the experiments. The feed rate of powder in all experiments was the 
same. We used aluminum substrates (50  50 mm) with a thickness of 1 mm, which were pressed by a frame to the 
steel base. The frame had a cutout, sized 20  40 mm. The axis of the nozzle was installed perpendicular to the 
surface of the substrate; the distance from the nozzle outlet to the surface of the substrate was equal to 30 mm. 

At the first stage of experiments, two air stagnation temperatures were selected in the typical range for obtaining 
copper coatings by cold spray method, namely 400°C and 600°C. For a more general observation, there were 
conducted also experiments at a reduced gas stagnation temperature 200°C, which is close to the minimum 
temperature at which the copper coating begins to build up. Based on preliminary experiments, three nozzle travel 
speeds of 100, 200 and 400 mm/s were selected. At these temperatures and nozzle travel speeds, single tracks of 
copper coatings were applied to aluminum substrates (i.e., 9 samples were obtained). Then these experiments were 
performed once again and the average values of the coating mass were calculated (using two measurements). The 
weight of the coating was measured by weighing the samples before and after spraying on a scale with an accuracy 
of 10-4 g. 

EXPERIMENTAL RESULTS 

At a preheating temperature of 200°C, non-continuous copper coatings are formed on the aluminum substrate, 
and, that is especially important, there is erosion of the substrate on the edges of the deposited paths. Since the 
concentration of particles at the edges of the jet is small, their total mass per unit area of the substrate is less than the 
initial mass that must be spent for the coating to start growing. Therefore, only erosion is observed. Quite contrary, 
in the center of the jet, the concentration of particles is higher, therefore, the mass of particles falling out per unit 
surface of the substrate is greater, and it is either comparable (as in the case when the air was heated to 200°C) or 
greater (at the higher air stagnation temperatures, 400°C and 600°C) than the required mass of the powder for 
activation. The measured masses of copper coatings obtained at the air stagnation temperature 600°C were 550, 172 
and 46 mg; at the air stagnation temperature 400°C – 314, 63 and 19 mg at the nozzle travel speed of 100, 200 and 
400 mm/s, respectively. 
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DISCUSSION 

The mass of the spent powder is inversely proportional to the nozzle traverse speed nu , (1). 
 

 c
n

c
pp N

u
LGm  (1) 

 
Here, pG  is a powder feed rate, L  is a length of the deposited path, N  is a number of passes (in the conducted 

experiments, one pass only was made). 
Using the commonly accepted definition of the deposition efficiency ( DE ) as ratio between the coating mass 

and the mass of the spent powder, a simple relationship (2) can be obtained. 
 

 ncn
ccp

c

p

c umu
NLG

m
m
mDE ~  (2) 

 
This relationship shows that the deposition efficiency is proportional to the product between the coating mass 

and the nozzle travel speed. In other words, to observe the behavior of the deposition efficiency, it is not necessary 
to measure the mass of the spent powder, it is enough to measure the mass of the coating obtained at a given nozzle 
travel speed, provided that the other parameters included in expression (2) were the same. We will use this fact 
below. The calculated products between the coating mass and the nozzle travel speed at the air stagnation 
temperature 600°C were 55, 34 and 18 g mm/s; at the air stagnation temperature 400°C – 31, 13 and 8 g mm/s at the 
nozzle travel speed of 100, 200 and 400 mm/s, respectively. These values were used to find critical velocities of 
nozzle movement by linear approximation of experimental data in the form (3). 
 

 
cr

n
nc u

uAum 1  (3) 

 
The values of the coefficients at the air stagnation temperature 600°C were found to be A = 63 g mm/s and 

cru  = 545 mm/s; at the air stagnation temperature 400°C – A = 34 g mm/s and cru  = 475 mm/s. 
In general, the research clearly demonstrates that the results of measuring the deposition efficiency depend upon 

the chosen speed of nozzle movement. At this, the higher is the speed of nozzle movement; the lower is the 
measured value of the deposition efficiency. In this work it is assumed that the reason for this is the effect of 
induction time, which leads to the fact that there exists a certain critical velocity of nozzle movement at which the 
powder mass consumed per unit area of the substrate surface is comparable to the mass of powder required for 
activation of the substrate surface before the coating will begin to grow. It was also found for the first time that the 
critical velocity of nozzle motion (which is inversely proportional to the mass of the powder required for preliminary 
preparation of the substrate surface) increases with an increase in the stagnation temperature of the particle 
accelerating gas. It should be noted that this is in accordance with the previously observed dependence of the 
induction time upon the particle velocity when particles were accelerated by gas mixture of air and helium. With 
increasing particle velocity, the induction time decreases (accordingly, the critical speed of the nozzle movement 
increases). Since the increase in stagnation temperature of accelerating gas leads to increase in particle velocity also, 
this should lead to a decrease in the induction time and, accordingly, an increase in the critical velocity of nozzle 
movement. This is that was observed in the present study. 

CONCLUSION 

Thus, it is shown experimentally for the first time that the critical velocity of nozzle movement (which is 
inversely proportional to the mass of the powder required for pre-activation of the substrate surface) depends upon 
the stagnation temperature of accelerating gas. With an increase in the stagnation temperature, the mass of the 
powder required for the pre-activation decreases, which leads to an increase in the critical speed of nozzle 
movement. 
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Abstract. Methods has been developed for calculating corrections to the aerodynamic coefficients of forces and moments 
acting on a rocket during successive launches, based on processing the results of numerical simulation of a flowing 
around a rocket from a jet engine ahead of a flying rocket. Using the obtained dependences for aerodynamic coefficients, 
a study was made of the influence of a jet stream on the accuracy of firing from a moving carrier under various initial 
launch conditions. 

INTRODUCTION 

In successive launches from rocket blocks, one of the factors affecting the accuracy of firing is the scatter caused 
by the influence of the jet of the engine in front of the flying rockets on subsequent ones. So, the distance between 
the bodies of the nearest rockets in the queue can be 0.8-1.2 m. To minimize the influence of rockets on each other, 
neighboring rockets in the order of launches are as distant as possible in the location in the launch block. However, 
in the presence of disturbances, for example, when firing from a moving carrier, the rocket trajectories can shift and 
the influence of the rockets on each other will increase. 

When solving the trajectory problem, it is necessary to take this factor into account as corrections to the 
aerodynamic coefficients calculated in an undisturbed medium and evaluate its effect on the accuracy of shooting. 
With the development of the computational capabilities of modern computers and the widespread use of 
computational aerodynamic software, a promising method for studying the aerodynamic characteristics of 
supersonic flying bodies is numerical modeling based on the solution of equations of continuum mechanics [1-3]. 

SIMULATION THE FLOW AROUND A ROCKET IN A REACTIVE JET 

Based on the methods for calculating the trajectory of projectiles and rockets when firing from a moving 
carrier [4], the position of the rockets relative to each other in a fixed starting coordinate system is determined. The 
orientation angles of the rocket relative to the jet are determined in a moving trajectory coordinate system associated 
with the center of mass of the rocket and oriented along the velocity vector (Fig. 1). 
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(a) (b) 

 
FIGURE 1. The orientation of the rocket relative to the jet: (a) – side view; (b) – front view 

 
The coordinate system 111 zyOx  is connected with the center of mass of the first rocket; the coordinate system 

222 zyOx  is connected with the center of mass of the second rocket. The position of the second rocket relative to the 
jet of the first rocket is determined by the relations: 
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where l  is distance between rocket bodies; r  is distance between rocket axes; 111 ,, zyx  are the coordinates of the 
first rocket in the starting coordinate system; 222 ,, zyx  are the coordinates of the second rocket; rocl  is rocket 
length,  is elevation angle of trajectory;  is angle of the position of axis the second rocket in the frontal plane; 
is second rocket precession angle; yz ,  are horizontal and vertical components of the angle of attack  of the 

second rocket; tr ,  are orientation angles of the second rocket relative to the jet. 
Modeling the flow around the body with a supersonic gas stream is implemented based on the numerical solution 

of the Favre averaged Navier–Stokes equations, using the k–  turbulence model [5-7]. Numerical simulation of a jet 
engine flowing around a rocket is implemented in the ANSYS Fluent software package [8]. 

The distribution of parameters along an axisymmetric supersonic jet in the isobaric section is determined by 
empirical dependences [9]: 
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where )(lVm , )(lTm  are velocity and temperature on the axis of the jet at a distance l from the nozzle exit; 0V , 0T
are nozzle exit velocity and temperature; nV , nT  are velocity and temperature in the external stream; a is empirical 
coefficient. 

The distribution of parameters along the jet radius is determined by the expressions: 
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where ),( rlV , ),( rlT  are velocity and temperature at the point of the jet located at a distance l from the nozzle exit 
and at a distance r from the axis of the jet; )(lR js  is jet radius at a distance l from the nozzle exit. 
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In Fig. 2 and 3 show jet velocity distributions obtained by numerical simulation (solid lines) and calculated by 
formulas (2), (3) (dashed lines). Velocity and temperature at the nozzle exit: 20000V m/s, 10000T K. 
 

0

500

1000

1500

2000

2500

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

V, m/s

l, m

  1

  2

  3

 
(a) 

0

400

800

1200

1600

2000

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

, 

l, m

  1
  2
  3

 
(b)  

FIGURE 2. The distribution of velocity (a) and temperature (b) along the length of the jet at various external flow rates: 
1 – Vn = 60 m/s;  2 – Vn = 160 m/s;  3 – Vn = 420 m/s 

 

0

100

200

300

400

500

600

0 0.1 0.2 0.3 0.4 0.5

V, m/s

r, m

  1

  2

  3

   
200

300

400

500

600

700

800

0 0.1 0.2 0.3 0.4 0.5

T, K

r, m

  1

  2

  3

 
(a)       (b)  

FIGURE 3. Distribution of velocity (a) and temperature (b) on the radius of the jet at different distances from the nozzle exit: 
1 – l = 1.0 m; 2 – l = 2.0 m;  3 – l = 5.0 m 

 
As can be seen from the graphs presented in Fig. 2 and 3, the above formulas (2), (3) describe quite well the 

results of numerical simulation of a reactive supersonic jet in the isobaric section and can be used to describe the 
parameters of the jet. 
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CALCULATION OF CORRECTIONS TO AERODYNAMIC COEFFICIENTS  
TAKING INTO ACCOUNT THE INFLUENCE OF A JET 

A series of computational experiments was conducted to simulate a jet engine flowing around a rocket for the 
following ranges of parameters: distance between rockets 208,0l m; rocket speed 42042V m/s; distance 
between rocket axes 5,00r m; angle of attack 55 . Based on the processing of the results of a numerical 
experiment, approximation dependencies are constructed for corrections to the aerodynamic force and moment 
coefficients, taking into account the influence of a jet stream [10]: 
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where jsLll /  is dimensionless coordinate along the length of the jet; jsL  is length of the considered section of 

the jet; )(/ lRrr js  is dimensionless coordinate along the radius of the jet; ziyixi aaa ,, , ziyixi bbb ,,  are the 
regression equation coefficients. 

The forms of dependences (4) were chosen in accordance with the distribution of parameters in the jet stream 
(2), (3). The coefficients of the regression equations were determined by the least squares method. In Fig. 4 shows 
graphs of the dependences of corrections to aerodynamic coefficients due to the influence of a jet stream, obtained 
using numerical simulation (markers) and constructed using approximation formulas (4) (solid lines). The 
approximation error for all dependences does not exceed 3%. 
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FIGURE 4. Dependences of corrections to aerodynamic coefficients on the dimensionless coordinate along the jet length (a)  

and on the attack angle of the rocket (b, c), for different distances between the rocket axes:  
1 – r = 0 m;  2 – r = 0.2 m;  3 – r = 0.3 m;  4 – r = Rjs(l) 
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The obtained approximation dependences of corrections (4), together with the dependences for the coefficients 
of aerodynamic forces and moments, were used to close the system of equations for calculating the trajectory of 
rockets [11, 4]. 

RESEARCH OF THE INFLUENCE OF A REACTIVE JET  
ON THE MOTION OF ROCKETS 

The influence of a jet stream on rocket trajectories will be considered using the example of launches of unguided 
aviation rockets from blocks containing 20 rockets each when firing from a helicopter flying at an altitude of 300 m 
at a speed of 100 km/h. The average firing range is 1800 m. Successive launches of two rockets from the launch 
block were simulated under different initial firing conditions:  is time interval between launches; 0r  is initial 
distance between the axes of the rockets; 0  is initial value of the angle of attack of the second rocket [12, 13]. In 
Fig. 5 shows the dependence of the deviation in firing range caused by the influence of a jet stream on the initial 
conditions of firing. 
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FIGURE 5. Dependence of deviation in firing range X from the initial distance between the axes of the rockets 0r  (a)  

and the initial angle of attack 0  (b) with the time interval between starts: 1 –  = 50 ms;  2 –  = 25 ms 
 
Analysis of the calculation results shown in Fig. 5(a) shows that as the distance between the axes of the rockets 

0r  decreases to less than 0.3 m, the influence of the rockets on each other due to the jet stream becomes significant. 
The initial distance 0r  is determined by the location of the rockets in the launch block and the sequence of launches 
given by the unloading scheme [12]. For standard shooting conditions 4.03.00r m and the effect of rockets on 
each other is minimal. However, if inefficient unloading schemes are used and the distance between the rockets in 
the queue is reduced, the influence of the jet on the movement of rockets can increase. 

The scatter of rockets is significantly affected by the time between launches (Fig. 5). The standard time between 
launches is 50 ms, while the minimum distance between rocket bodies is 8,0l m. With a decrease in time 
between starts, the distance between rocket bodies at the time of launch decreases. 

The presence of attack angles also affects the spread of rockets due to a jet stream (Fig. 5(b)). In this case, the 
rocket trajectories can move and even intersect, and subsequent rockets can fall into the region of the most intense 
influence of the jet stream in front of flying missiles. 

As an example, the case of abnormal rocket launch was simulated. The following firing mode was considered: 
launches of two rockets from the left and right side of the helicopter. Time between launches from the left side 

13l ms (delay of the first rocket), time between launches from the right side 50r ms (standard). In Fig. 6 
shows the trajectory of rockets. 

The deviation of the second rocket from the left side relative to the aiming point is observed ( 180X m, 
40Z m, 11% of the firing range). This is a consequence of getting the second rocket from the left side into the 

jet of the first rocket engine, which leads to a significant increase an attack angles and the deviation of the rocket 
from a given trajectory. 
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FIGURE 6. Rocket trajectories during abnormal launch simulation 

CONCLUSION 

The developed methods make it possible to evaluate the influence of a jet stream on the dispersion of missiles 
during successive launches. The consideration of this factor is most important in the case of firing from a moving 
carrier in the presence of disturbances caused by the movement and vibrations of the moving carrier. The methods 
allow modeling and investigating abnormal cases of rocket launches. 
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Abstract. The subject of the paper is the instability of the flow in local regions of laminar boundary-layer separation, the 
so-called “separation bubbles” that arise in the flow of an incompressible fluid. Typical examples of separated flows of 
this type are the areas of separation that accompany the flow around airfoils at low Reynolds numbers, geometric surface 
roughness of various kinds, blunt edges, etc. In accordance with the nature of the flow behind the separation point, a 
recirculation zone is formed in the laminar or transitional regimes. The aim of this study is the experimental study of the 
properties of vortical perturbations developing in the flows with the local regions of flow separation including their linear 
instability with respect to small vortical disturbances, non-linear mechanisms appearing when the velocity fluctuations 
reach finite amplitude and their nonlocal influence on the basic flow, the mechanisms of formation and strengthening of 
three-dimensional structure of the basic flow, and effects of three-dimensionality of the surface on the development of 
disturbances. 

INTRODUCTION 

The problem of subsonic separation is still unsolved in many aspects. Typical practical tasks related to flow 
around airfoils at moderate Reynolds numbers and around geometrical inhomogeneities of different kinds of smooth 
bodies are linked with generation of “separation bubbles.” Usually, the appearance of the boundary layer separation 
in the case of low noise ambient flow is accompanied by amplification of laminar flow disturbances, which promote 
laminar-turbulent transition due to hydrodynamic instability. Some results have already been obtained on the initial 
stage of the growth of small disturbances in the flows with the transition to turbulence inside the separated region; 
the existence of strong nonlocal upstream influence of the zone of the transition on the mean flow characteristics had 
been found. Nevertheless, the last effect has not been studied experimentally in detail; so, the possibility to use 
linear theory of hydrodynamic stability for quantitative description of such two-dimensional flows gives rise to 
certain doubts. Hence, to advance the solution of this problem, it is reasonable to study experimentally in purely 
laminar flows the mechanisms of the upstream influence which are triggered at nonlinear stage of the disturbance 
development by a simulation of different steps of the nonlinear processes. Moreover, it is of the same significance to 
investigate the nonlinear stage to understand physical phenomena which are responsible for three-dimensional 
generation and the flow breakdown. 

The variety of local separation zones is not restricted only to two-dimensional cases; in practice, three-
dimensional flow separations occur. A study of local three-dimensional separations has certain methodical and 
technical complexities; to date there are only little experimental results on instability and transition to turbulence for 
some classes of three-dimensional separations. So, it is reasonable to study the transition stages in different simple 
quasi-three-dimensional cases, the combination of data being obtained, may also be a basement to understand the 
transition processes in more complicated separated flows. 
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This paper is an overview of the results obtained in by us some time ago and published mainly in Russian 
Journals without English translation [1–7]. The purpose was to investigate experimentally the behavior of vortical 
disturbances growing in the flows with the local separations; namely to consider: 

 The stability of the flows to small amplitude disturbances; 
 The nonlinear mechanisms triggered at large amplitudes of the disturbances and their upstream influence on 

the separation bubble itself; 
 The mechanisms of origin and amplification of three-dimensional pattern in initially two-dimensional flows; 
 The influence of boundary layer three-dimensionality on the disturbance development in the separated 

regions. 

MEASUREMENT TECHNIQUE 

The laboratory models were placed in a test section of a low-turbulent subsonic wind tunnel T-324 of ITAM SB 
RAS. The problems under consideration were investigated at local flow separations in steady low-noise flows. Small 
level of free stream turbulence (Tu<0.04%) allowed the author to minimize uncontrolled effects and operate by 
artificially excited waves with controlled features. Monochromatic vortical waves with adjustable amplitudes and 
frequencies were excited in the local separations by means of a vibrating ribbon placed in boundary layers or as a 
result of a transformation of acoustic radiated by a loudspeaker in the wind tunnel diffuser. The most of the results 
were obtained by a hot-wire system 55M00DISA. Averaged and disturbance flow characteristics were detected by a 
single-wire probe. 

The location of the separation region was obtained by means of mean velocity profile measurements close to the 
model surface as well as by pressure measurements at the wing models. 

RESULTS 

Some results of the experiments on the separated flows, which arise at a two-dimensional airfoil are shown in 
Fig. 1. Due to an unfavorable pressure gradient in the middle part of the airfoil, the separation of laminar boundary 
layer takes place. It is accompanied by the transition to turbulence inside the separated flow followed by the flow 
reattachment. Streamwise disturbance velocity distributions and the disturbance spectral characteristics were 
measured with the excitation of the flow by monochromatic vortical waves. It was found that the transition to 
turbulence in the local separation region could be different depending on the disturbance spectrum formed to the end 
of the linear amplification. In the case, when the initial spectrum contained a selected intensive harmonic, the flow 
to a large downstream extent was regular with the spectrum of a set of higher harmonics of the fundamental wave. 
At a smoother initial spectrum distribution, together with the generation of higher harmonics, a rapid filling of the 
low-frequency part of the spectrum occurred, primarily due to resonance parametric generation of a subharmonic. A 
common feature of these two cases is essential two-dimensionality of the nonlinear mechanisms at their initial 
stages, as it takes place in free shear flows and in contrast to an attached boundary layer. 

 
FIGURE 1. Dependence of transition to turbulence in the amplitude of excitation: x = 511 mm, f0 = 112 Hz, U/U0 = 0.43. 

The initial disturbance amplitude  is given for x = 450 mm 
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FIGURE 2. Disturbance development in the separation bubble behind a backward-facing step at f0 = 94 Hz: with (1) and without 
(2) the influence on the mean flow and the suppression of background oscillations under excitation of instability waves behind a 

two-dimensional hump on a flat plate: Reh = 760, natural (solid line) and excited (dashed line) spectra 
 
The experiments on separations at two-dimensional obstacles of small heights at a flat surface are illustrated in 

Fig. 2. The flow around the obstacles was accompanied by the boundary-layer laminar separation and reattachment. 
To generate the two-dimensional monochromatic waves, the vibrating ribbon technique was applied. The 
measurements showed that, similar to the flow with the turbulent reattachment, the nonlocal upstream influence of 
growing disturbances on mean flow and low frequency background of velocity oscillations took place in the laminar 
regimes, but it was detectable only when the wave amplitudes exceeded to the end of the separation region ~1% of 
the local free stream velocity U0, the effect being clearly connected with a nonlinearity of the instability waves. 
Amplification rates obtained in the separation regions with and without the mean velocity modifications essentially 
coincided. An excitation of selected waves led to nonlocal decrease of the natural background disturbances at low 
frequencies. The last effect could be a reason for the change of the transition regimes in the separation bubble at the 
airfoil, when with the forcing applied, the subharmonic generation was considerably slower. 

 
 

 
 

FIGURE 3. A scheme of the phase fronts and the subharmonic growth along the streamwise x-coordinate 
 
The results on mechanisms of three-dimensionality origin in initially two-dimensional flow through excitation of 

different subharmonic components are illustrated in Fig. 3. It has been mentioned that the flow structure was 
essentially two-dimensional at the initial stage of the nonlinear interactions. On the other side, the two-
dimensionality was provided by good qualities of the flow in the wind tunnel test section and surfaces of the models 
used as well as by two-dimensionality of the excited disturbances. The possibility of a generation of the three-
dimensionality in the flow by resonant mechanisms was demonstrated by experiments with the separation 
downstream of a two-dimensional obstacle. Upstream the separation point, two vibrating ribbons were placed, one 
being aligned with the model span, while the other was inclined at a certain angle to it. The inclined ribbon was fed 
by a seed electric signal with a half frequency of the one to the aligned ribbon. An electronic device, specially 
designed by the author, provided a constant adjustable phase lag between the signals. The results of the 
measurements showed that the velocities of the downstream wave propagation of different frequencies with fronts 
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inclined at the angles at least up to ~40° are essentially coincided, providing the phase synchronism of the 
oscillations and could lead to both two- and three-dimensional subharmonic oscillations and, consequently, to two- 
or three-dimensional pattern formation. 

 

 

 

 
 

FIGURE 4. Nonlinear processes in a separation bubble at a swept wing: excitation of sub- and super-harmonics of the excited 
wave (a) and the suppression of low-frequency oscillations at f0 = 81 Hz (b) 

 
The results on development of the disturbances in quasi-three-dimensional separated flows on a swept wing, 

behind backward-facing steps in axisymmetric boundary layers, and behind a three-dimensional surface 
inhomogeneity in a flat plate boundary layer are illustrated in Fig. 4. The investigation in the region of local 
separation on a swept wing (with the sweep angle 30°) was undertaken to clarify main characteristics of the 
nonlinear interactions there. Preliminary tests were carried out to ensure the absence of cross-flow instability effect 
at the given experimental set-up. The controlled traveling disturbances were introduced in the boundary layer 
upstream the separation line by means of two vibrating ribbons aligned parallel to the leading edge of the wing. The 
waves propagated downstream and transformed to disturbances of the separated flow. The data were obtained about 
dependence of the transition process on the intensity of the flow forcing. Generally, it was found that main nonlinear 
mechanisms in the region under consideration are analogous to that on the straight wing considered above. In 
particular, the growth of the initial amplitudes of the waves promoted the transition postponing. In the flows behind 
the axisymmetric backward facing steps on the bodies of revolution, the effect of the curvature on the development 
of the small-amplitude disturbances was studied. The control waves were introduced by sound which was 
transformed at the step to the oscillations of the separated flow. The results of the measurements of the waves 
increments showed that the axisymmetric flows were less unstable comparing with their plain counterparts as 
illustrated in Fig. 5. 

 

 
FIGURE 5. Maximum increments vs. shape factor for different separation bubbles: two-dimensional models (1–6), backward-

facing steps of different heights on a body of revolution (triangle and circle) 
 
The results on development of disturbances behind the three-dimensional semielliptical hump with longer radius 

aligned along a flat plate span are illustrated in Fig. 6. In the wake behind the roughness, an excitation of spanwise-
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localized wave packet of a small amplitude was observed, which becomes wider and growth in amplitude 
downstream leading finally to the transition to turbulence. By sound excitation, amplitude-phase characteristics of 
the oscillations were scanned. The characteristics of the packet broadening were compared with that of linear wave 
packets in a two-dimensional separation zone. 

 

 
FIGURE 6. Wave train broadening downstream of a three-dimensional obstacle on a flat plate: f0 = 132 Hz, U/U0 = 0.26 

CONCLUSIONS 

A technique of investigation of nonlinear processes in separation bubbles was developed. Results on basic 
nonlinear processes in two-dimensional separated flows were obtained. The process dependence on initial frequency 
and wave-number spectra and amplitude of control disturbances was studied. Results on the nonlinear stage of the 
transition to turbulence in separation region on a straight wing depending on the disturbance frequency spectrum 
formed to the end of the linear amplification were obtained. The nonlocal influence of the vortical disturbances 
developed in the separation bubble on low-frequency part of the disturbance spectrum was found. The possibility of 
generation of two-dimensional sub- and super-harmonics of a forced fundamental wave was demonstrated. The 
significance of these spectral components and combination modes in the transition process was revealed. 
Particularly, the results indicate the possibility of considerable transition postponing at an intensive excitation of 
two-dimensional instability waves. 

In the class of separated flows with laminar reattachment, it was shown that disturbances growing in the 
separation regions can lead to a considerable nonlocal reconstruction of mean and oscillating flows, which is 
determined by a variety of nonlinear processes in the reattachment region. It was observed, that if the excited 
disturbances are small enough in the whole separation bubble, the nonlocal influence is essentially absent. The data 
on the linear stability of such flows were obtained. It was shown that the sensitivity of the separated regions to the 
small-amplitude oscillations is not an obstacle for the linear stability analysis of the separation bubbles with both 
laminar and turbulent reattachments. The role of spatial subharmonic oscillations in the process of the laminar-
turbulent transition in separated flows is established. It was found that conditions of the phase synchronism and 
subharmonic parametric resonances can be essentially satisfied on three-dimensional waves from a wide wave-
number spectrum of the subharmonic leading to appearance and rapid growth of three-dimensionality in the flow. 
The data on linear and nonlinear wave development can help in proper theoretical modeling of the flows under 
consideration. The roles of initial frequency and wave-number spectra in the development of three-dimensional 
pattern and the flow breakdown is demonstrated as well as necessity of the spectra control to prolong laminar 
regime. 

The data on the instability wave development in some quasi-three-dimensional flows were obtained. It was found 
that basic mechanisms of instability and transition there, in spite of a presence of secondary flows or the wall 
curvatures of different types, are qualitatively similar to processes in two-dimensional separated flows. 
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Abstract. The paper provides a complex of experimental investigations of structural non-uniformities of carbon 
composites for FV TPS and a methodology used to process and apply the obtained experimental results when analyzing 
heat exchange, changes in FV shapes and aerodynamic characteristics during mass ablation in flight. 

Key words: Flight Vehicles (FVs), carbon composites, surface roughness, electron microscopic study, X-ray diffraction 
study, distribution of pores, ablation of materials. 

At present components of FV TPS are usually made of carbon composites. When its mass is heated and ablated 
in flight, reinforcing elements and a graphitized matrix of C-C composites are ablated non-uniformly. As a result 
there appears primary, changing in mass ablation, large-scale roughness formed by protruding skeleton C-C 
composite elements. Moreover, pores, cissing and other fine-grained non-uniformities crop up, particles are thermo-
mechanically ablated out of the surface, thus, forming secondary finely dispersed roughness on the surface of 
elements of the primary large-scale roughness. Figure 1 illustrates the phenomena and one can see an enlarged shot 
of surface of an experimental sample of the 4KMS-L C-C composite upon fire testing with high-temperature flow. 
The structure of roughness of ablated surfaces of the FV C-C composite elements, saved in field tests, is analogous. 
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FIGURE 1. Ablated surface of the 4KMS-L type C-C composite upon fire testing in conditions close to FV real flight

 
A package of experimental works is being done as shown in [1] to get parameters of a C-C composite accounting 

for the influence of roughness and other factors on FV heat exchange and change in shape in flight. Parameters of 
large-scale physical roughness formed by the skeleton elements are determined using methods analogous to the 
given in [2, 3]. The parameters and shapes of ablated elements of C-C composites measured upon field and static 
fire tests govern the baseline roughness parameters averaged for a material , , . They are equivalent to 
physical roughness in their influence upon processes of laminar/ turbulent transition in boundary layer and 
intensification of heat exchange in laminar and turbulent modes. Methods described in [4, 5] give the good 
agreement of analyzed and measured shapes of the FV frontal faces in ablation of the TPS mass. The methods were 
used in the development of a program to compute the change in shape and thermal modes of the FV C-C composite 
elements in which the roughness parameters , ,  averaged for a material [6] are applied. 

Structures of C-C composite skeleton exert on ablated surfaces as typical patterns, since different i-th reinforcing 
C-C composite elements come out of the surface at different angles. In order to select skeleton structures of C-C 
composites with minimum ablation and minimum asymmetry of ablated shapes we investigated surfaces of samples 
grinded in the form of supposed ablating shapes (Fig. 2) and also compared the distribution of equivalent roughness 
over ablated surfaces of different C-C composites using Deerling correlation [1, 7, 8] 
 ( , ) = ( ), 

 = ,    = ( ); 
 = 0,0146 ,  at 4,93;    (1) 

= 130 ,  at > 4,93; 
 ( , ) = ; = ,

where  – physical height of roughness elements,  – cross section of the i-th reinforcing element with a plane 
tangent to the surface, ,  – middle cross section and a roughness element area visible to the flow,   – 
number of elements of the i-th reinforcing direction per an area unit in the vicinity of a considering point on ablated 
surface,  – correlation argument. 
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a) b) 

c) d)

FIGURE 2. Typical roughness patterns on ablated surfaces of C-C composites: a) – KIMF, b) – 4KMS, c), d) – 4KMS-L 

As a result we selected geometry of the 4KMS-L reinforcing elements (Figs. 2  and 2d). However, the firing 
tests demonstrated that the ablation speed  of a material depends upon density  not linearly as follows from the 

classical formula = , where  – dimensionless parameter of the material ablation,  – 

reduced factor of heat exchange; according to the power law = , = 4,0 ± 1,5, where  - density 
nominal value. The material density and void factor are in linear relation: = (1 ), where  – density of 
monolithic material,  – material volume porosity and the cropping of pores, cissing on the ablated surface in the 
form of corresponding secondary fine dispersed roughness, intensifies heat exchange and the ablation speed 
correspondingly. When getting parameters , ,  the secondary roughness can be both greater and less the 
averaged one. Hence, the ablation can be greater and less the averaged one. Moreover, the intensified porosity favors 
greater mechanical ablation of C-C composite particles out of the surface [7]. The program [6] was upgraded based 
on the results of field tests to a version that accounts for the influence of distribution of density and its scattering 
over C-C composite elements upon the change in ablated shapes [7, 8]. To account for the secondary roughness the 
density distribution is experimentally studied with a computerized tomography scan method, electron microscopic 
researches of the distribution of pores, cissing and other defects in volume of C-C composite elements are being 
done [8 – 10]. On the basis of the studies tables of the distribution of density and its scattering in volume of C-C 
composite elements are summarized and further used to assess corresponding adjustments to parameters , , 

. A level of C-C composite graphitation which is defined with X-ray diffraction study also affects the ablation 
speed [11]. 
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FIGURE 3. General view of X-ray tomography system: 1 – object (sample, piece), 2 – compensator, 
3 – emitter, 4 – aligning seat, 5 – detector 

 
In the computerized tomography volume of a C-C composite element sample is divided into scan layers with 

planes normal to its axis (designated as a scan). Minimum volumes for which local densities were evaluated - 
ic arrangement, each scan is broken into concentric cylindrical 

volumes (rings) with a certain interval in radial direction, within which local densities are averaged. When analyzing 
asymmetric ablated shapes, local densities are averaged within the scan sectors with a certain interval in meridian 
angle. To compare ablation shapes of C-C composite of the 4KMS-L type produced in different technological ways 
we measured density distribution in volume of 6 material samples made with a commercially produced gasostatic 
extruder for even filling of the carbon skeleton with carbon pitch (symbolically the 4KMS-LG material) and 2 
samples from C-C composite of the 4KMS-L type made earlier using homogeneous noncoherent material for even 
filling (a technology of baseline production, symbolically the 4KMS-LB material). The computerized tomography 
scans of the 4KMS-LB material permitted us to agree FV ablated shapes computed with the upgraded program [6] 
and the ones realized in the FV field tests. For the computerized tomography scanning we used a rig based on the X-
ray tomography in conic beams. COMET-450 X-ray tomography apparatus was implemented as an emitter with 
maximum voltage up to 450 keV. Perkin Elmers camera of 2048 2048 pixels (0.2 0.2 mm2) was used as a flat 
detector. An object (sample, piece) was placed on an aligning seat. The object was moved and rotated with the 
DELKEN-automazione system that ensures the accuracy of no less than 0.01 mm in height and concentricity. An 
aluminum compensator was used for X-raying and reconstruction. The system general view is given in Fig. 3. 

The X-ray tomography resulted in getting digital and graphical density distributions [12]. The density 
distributions obtained for samples from the 4KMS-LB were in good agreement with earlier got distributions typical 
for the technology. The fact permitted us to validate the measured densities of 6 4KMS-LG material samples. The 
ablated shapes analyzed using the obtained density distributions showed that deviations in drag coefficient of the 
typical model FV made of the 4KMS-LG material did not exceed 3 % and variations in lateral moment was not 
critical for typical Re-entry Vehicles. 

For C-C composite electron microscopic study samples are cut in typical sections of the skeleton structure. In 
particular, 27 flat samples were cut out of the MKU-4M-7 C-C composite sample at 90, 75, 60, 45, 30, 15 and 0 
degrees to the axial direction in 3 planes parallel to other directions of reinforcing elements (directions 1, 2, 3) and 
in an intermediate plane equidistant from 2 neighboring planes 1 and 2 (direction 1-2). 

MKU-4M-7 C-C composite sample had the skeleton geometry similar to the 4KMS-L and 0.7-mm thickness of 
rods (the 4KMS-L rod diameter is 1.17 mm). The study was performed with the SEM JEOL 6510LA (Japan) 
scanning electron microscope of high resolution (3 nm). The samples were cut out with a diamond cutter. Disperse 
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carbon formed in grinding of the sample surfaces was removed using a special technology [9]. Examining the 
electron microscopic shots we found out lots of pores, cavities, filaments of threads of the reinforcing elements and 
the matrix shells coming out on the surface. Figure 4 illustrates shots of the sample surfaces within the area of 
13.0×4.0 mm made up of 10 local pictures, and a map of defects of the examined sample surface («negative»). Here 
one can also see the results of shot processing in the number and size of pores (defects) within the range up to 
0.0325 mm2. The same shots were taken for all samples presented earlier. The contribution of pores and other 
defects in total deviation is assessed with their equivalent roughness computed with the correlation of the type (1) [7 
– 9] with the account of their sizes and the number per the area unit. In particular, for defects of an area up to 0.001 
mm2 shown in Fig. 4 (in the number of 215) the diameter is 0.357*10-3 m, and the number per the area unit – 
4134616. The matching of maps of defects of MKU-4M-7 C-C composite samples cut normally with planes 1, 2, 3 
and 1-2, as well as the obtained histograms of the distribution of pores in size demonstrated that the number of the 
least pores is drastically higher in samples cut normally to plane 2 at 75, 60 and 45 degrees than in other samples. 
This may cause the asymmetry of ablated shapes in flight. 

 

   
a) b1) 

  

b2) c) 

FIGURE 4. An example of scanning electron microscope micrograph and the distribution of defects in size (plane 1, angle 30º): 
a) – logarithmic scale; b1, b2, c – scanning electron microscope micrograph and a map of the sample defects 

 
To define a level of graphitation g a series of C-C composites underwent X-ray diffraction analysis with the D8 

ADVANCE X-ray diffraction meter of the BRUKER company (filtered CuK -radiation). The detector positioning 
accuracy is 0.0001 degree. The interplanar distance d002 and average dimensions of the coherent-scattering region 
L002 were defined with the center of gravity and the integral width of diffraction maximums 002 using the standard 
methodology (a constant in deternation L002 with Selyakov-Sherrer formula is equal to 0.9). The level of graphitation 
was determined with the formula g = (3,44 – d002)/(3,44 – 3,354), where d002 – interplanar distance of an examined 
sample. Table 1 shows data of the level of graphitation for different C-C composites. 

 

TABLE 1. Level of graphitation of C-C composites. 

C-C composite KIMF 4KMS-LG 4KMS-LB 4KMS-LU 4KMS-R 4KMP MKU-4M-7 

Level of graphitation g 0.16 0.38 0.45 0.45 0.54 0.42 0.30…0.44 
 
Manufacturing processes of C-C composites given in Table 1 are described in [8]. 
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Abstract. The paper is devoted to one of acute issues of determining aerodynamic properties of high-speed reentry 
vehicles (HSRV) of the rotary-body shape with small irregular surface distortions of a composite thermal protection 
coating, i. e. an issue of assessment of a scale of variance { }, ,  of second-order derivatives of 
aerodynamic disturbance rolling moment coefficient  with respect to attack and yaw angles  and , respectively, at a 
zero spatial angle of attack. An approximate analytical integral solution of the posed problem for a rotary body with a 
given autocorrelated function of irregular distortions of its surface is obtained on the basis of Fourier expansion of the 
surface distortion and a method of differential locality hypothesis used to evaluate pressure variations. The obtained 
solution is qualitatively analyzed. A curve of practically ultimate values of , ,  at 3 { } versus a degree 
of correlation dependence for the modeled autocorrelated function of irregular surface distortions of a sharp 10°- cone is 
provided. 

Key words. supersonic flow, rotary body, sharp cone, composite thermal protection material, small irregular surface 
distortion, small attack angle, aerodynamic rolling moment. 

The estimate of aerodynamic disturbance rolling moment among problematic issues related to determination of 
aerodynamic properties of rotary bodies with small irregular spatial distortions of the external surface of composite 
thermal protection materials under supersonic and hypersonic flow conditions at low angle of attack, as discussed in 
[1], is one of  considerable difficulty. 

The problematical character of this issue is escalating under uncertainty, unavailability of full priory information 
on possible qualitative surface distortions conditioned by multiple influencing factors, including random ones. The 
practical significance of the derived reasonable estimates of the aerodynamic disturbance rolling moment and other 
aerodynamic disturbance forces and moments is disclosed in [2, 3, 4] for HSRV dynamic problems.  

The present paper deals with a problem of estimating variance { }, ,    of second-order 
derivatives of the aerodynamic disturbance rolling moment coefficient with respect to attack ( ) and yaw ( ) angles 
at = = 0 of a rotary body with small irregular surface distortions characterized by the given autocorrelated 
function. The model character of the illustrative example is resulting not only from a choice of the simplest 
geometry of HSRV as a sharp 10° -cone, but a priori choice of the qualitative form of the specified stationary 
autocorrelated function, which reflects only a general tendency to loosening of the correlation  dependence with the 
distance between the surface points considered. 
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Represent a surface equation of a blunted or sharp-cone (Fig. 1) rotary body with small surface distortions in the 
cylindrical coordinate system (x, r, ) with the  axis directed from the nose toward the end face as 
 
 ( , ) = ( ) + ( , ),  ,   (1) 

 
where ( ) is a source body generatix equation; ( , ) 
a smallness parameter. Denote a source body radius and frontal area as   and = , respectively; =( ) = tan ;  is inclination of the body generatix toward the   axis. For the sharp cone ( ) = . 

It is supposed that a random function (RF) of two variables ( , ) meets the following conditions: 
a) ( , ) ; 
b) [ ( , )]/   = 1 ,  [ ( , )]/   = 1 ; 
c) { ( , )} = 0;  (mathematical expectation) 

d) the autocorrelated function of surface distortions is considered to be known: ( , ,  , ) = { ( ,  ) ( , )}; 
e) the invariance of any statistical characteristic  of surface distortions with regard to their rotation through an 

arbitrary angle  and mirror reflection is supposed: { ( , ± )} = { ( , )}; { ( , ± )} = { ( , )}. 
 

 
FIGURE 1. Sharp cone diagram 

 
The conditions (a) and (b) define weakness of distortions ( , )  on the supposition of smallness of not only 

distortions themselves but their partial derivatives. The condition (c) excludes predetermined and not exactly 
irregular surface distortions. The condition (e) states a statistical equality of all meridian sections ( = ) and 
absence of priory difference in circumferential directions, in clockwise and  counterclockwise directions, about the Ox axis. 

The condition (e) has the following consequences. First, from considerations of symmetry in this case 
mathematical expectation of derivatives , ,  equals zero: { } =  = = 0, and 

their variances equal { } =  =  . Thus, only the variance of { } from the basic statistical 

characteristics of random values (RV) , ,  is subject to further estimation. Second, in this case the 
autocorrelated function (d) is stationary in a circumferential coordinate , i.e. is a function of three arguments – an 
even function of the difference =  : 

 
 ( , ,  , )= ( , , ). (2) 

 
Note that in this case ( , , 0) = { ( , )} =  ( ) = ( ) determines variance and root-mean-square 

deviation (RMSD) ( ) of surface distortions, which are dependent only on the longitudinal coordinate. 
 at small attack and yaw angles  and  around a 

rotary body with small surface distortions (1). In the case of a sharp cone with a half angle  we expect an attached 
shock wave surely happened at 50°. To calculate the disturbance rolling moment coefficient  we follow the 
methodology of [5] b
application for the sharp cone are described in [7]. 
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The pressure coefficient  he 
basis of the Taylor formula 

 
 ( , ) ( ) + ( ) + ( ) , (3) 

 
where = tan( ) is a tangent of a local attack angle; = ( , ) ( ); ( ), ( ), ( ) are coefficients-
functions (3) calculated for the specified flow conditions for the original body shape with precise methods and 
codes. 

The pressure coefficient  at the surface of an original-shape sharp cone for the specified flow conditions versus 
the angle  is supposed to be known and prescribed as a twice differentiable function = ( ). The pressure 
coefficient at the disturbed cone surface (1) at small attack angles is calculated by the tangent-cone method with = ( ). The last-
coefficient at the sharp cone surface: 

 ( , ) ( ) + ( ) + (1 2) ( ) , 
 
where = ;  = .  Along with the application of the results of preliminary precise calculations, under 
hypersonic velocities we can use the following dependence as a basis for calculations of the pressure coefficient ( ) at the sharp cone surface: 
 
 ( ) = [2( + 1)( + 7)/( + 3) ] , (4) 

 
where k is an adiabatic exponent called an improved Newton formula for the cone [8]. Under supersonic flow the 
following approximation [8] is known: 
 
 ( , ) = (0.0016 + 0.002 ) . , (5) 

 
where  is a cone angle in degrees; M  is a free-stream Mach number. As for the sharp cone with a fixed angle  
under the specified flow conditions, the derivatives ,  do not depend on the longitudinal coordinate , i.e. are 
constant values.  

The standard approach to evaluate variations of aerodynamic force and moment coefficients of rotary bodies 
with small surface distortions is expansion of surface distortions in a trigonometric Fourier series 

 
 ( , ) = { ( )/2 + [ ( ) cos + ( ) sin ]}. (  

 
The aerodynamic rolling moment coefficient of the rotary body with a generatrix  ( ) 

at small attack and yaw angles in quadratic approximation can be written as the following expression [5] 
 

 ( , ) = ( = 0) + + + ( ) + , (7) 
 

where  ( ) ( ) ( ) ( ) , (8) 
 

   ( ) ( ) ( ) ( ) , (9) 
 

 G(x) = ( ) 1 + ( ) + 3 ( ) ( ) 1 + ( ) , (10) 
 
Namely, the derivatives , ,  = 2, besides, 

there is the equality =  [5] and the approximation (7) is a harmonic function. The physical, mathematical 
an mechanical nature of the rolling moment component of sloping air-cooling determined by the derivatives under 
consideration is described in [9]. 

The left- –functions ( ), ( ) 
in the right- ( ) – an axisymmetric 
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component of the body surface distortion, which does not affect the principal part of the rolling moment (7), then it 
is assumed that  
 ( ) = 0. (11) 

 
Expand the autocorrelated function (2) with due account for its parity over  and the condition (11) in a Fourier 

series as: 
 

 ( , , ) =  ( , ) cos , ,  [0, ]. (12) 
 
Under the conditions (c) – (e) for coefficients-  
 

 

{ ( )} = { ( )} = 0,        [0, ];    = 1, 2, … ;                    { ( ) ( )} = 0,            ,   [0, ];    , = 1, 2, … ;                   { ( ) ( )} =  { ( ) ( )} =  0,            ( , ),  = .       (13) 

 
So, the specified coefficients are correlation-independent RFs with autocorrelated functions ( , ) from the 

expansion (12).  
The mathematical expectation of the right-hand side square (8) determines sought variance { }. After some 

computations with due account of (13) and on the basis of recommendations [11] we obtain an integral relation 
 

 { } =  ( ) ( ) ( ) ( ) ( , )  . (14) 
 
The double integral (14) determines a general analytical solution of the posed problem. As for the flow around a 

sharp cone (1), the relation (14) is written as  
 

 { } =  [ ( ) ( )]  ( , )  , (15) 
 

where  G( ) = ( )[1 + ] + 3 ( ) [1 + ]. (  
 ( ) curves plotted on the basis of dependences (4), (5) are shown in Fig. 2. The ( ) value 

for the cone, for example, with the angle = 10° ( 0.176), as seen from the Fig. 2, in a wide range of Mach 
numbers at 3 with accuracy of no more ±10% can be approximately assumed equal to (0.176) 3.6. 

 

 
FIGURE 2. Curves of the function G(p); (×) is dependence (4), k = 1.4; 

  = 3
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For cylindrical and cylindro-conical parts the values ( ), ( ) determine ovality of sections normal about a 
longitudinal axis, along the part length [11]. Use (14) to estimate { } of the sharp cone with the angle = 10° 
with random ovality (ellipticity) of circular surface sections ( = 2). It is assumed that the normalized correlation 
dependence of surface distortions in different sections is also stationary along the longitudinal coordinate and 
decreases with the distance between them at an exponential rate 

 
 ( , ) = ( ( ) ( ) /( ) , ,  [0, ] (17) 

 
Choose the root-mean-square deviation ( ) as a linear function ( ) =  ( = 5.877 10 )  from the 

condition 3 ( ) = 0.01 ( ). In this case practically an ultimate value of surface distortions amounts to 1% of the 
current cone radius. The nondimensional parameter 0 < <  determines the rate of loosening of the surface 
distortion correlation dependence with the distance between sections along the cone length. From (15) and with due 
account for (17) we obtain an analytical solution of the problem under study with a double integral depending on the 
parameter  

 
 { } =  ( )  ( ) /( )   . (18) 

 
Present the results of formula (18) with the use of RMSD as 3 { } = 3 { } characterizing practically a 

limit range of  RV variations at the above-defined practically limit range of surface distortions, depending upon 
the autocorrelation parameter  (Fig. 3). 

 

 
FIGURE 3. Curve of 3 { }( ) of practically an ultimate level of the derivative  3, for irregular elliptical surface variations an ultimate level | ( , )| ~ 1% { ( )}, depending upon the parameter  

The curve of Fig. 3 gives a quantitative characteristic of the qualitatively expected result – the weaker the 
correlation dependence of irregular surface variations along the cone length  ( +0) is, the smaller-to-modulo 
RVs of  can be obtained. At the same time, with the increased correlation dependence ( ) the value of 3 { } quickly approaches to an ultimate asymptotic value 
 
 lim 3 { } 0.0120. (19) 

 
At a high degree of autocorrelation ( > 2) the cone surface distortion generally becomes dependent on the 

value of one RV. At ( ) = 3  the evaluation by formula (8) according to the Newtonian theory for the case 
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under analysis gives = 0.0130  corresponding to the ultimate value (17) with due account of the 
difference ( ) = 3.88. 

A direct numerical flow calculation based on the Navier-Stokes equations for a similar surface distortion of the 
sharp 10° -cone with the length = 1  at = 10, under the model of equilibrium-dissociating air, and the attack 
angle = 1° give a value of the second derivative  = 0.0150 at the corresponding value of 2.28 10 . 
In this case the average value of the pressure coefficient at the cone side equals to 0.0700,  and the total 
resistance value accounting for friction and base pressure is 0.0875, that agrees with available data on the 
sharp cones with undistorted surfaces. 

Thus, both the approximate ultimate value (19) and the Newtonian value of  are in satisfactory agreement 
. It should be 

supposed that the accuracy of the mentioned approximate numerical and analytical method of estimating variance of 
the derivatives  { }, ,  under the conditions (a) – (e) also does not exceed the specified one. 

CONCLUSIONS 

1. The methodology was developed and the general solution in the analytical integral form was presented for 
the problem of estimating variance of the second-order derivatives  { }, ,  of the 
aerodynamic rolling moment coefficient with respect to the attack and yaw angles of rotary bodies with 
small irregular surface distortions under supersonic flow conditions. 

2. The numerical estimates were obtained for variance, RMSDs, second-order derivatives  { }, ,  for the sharp 10°-cone at 3 for the modeled autocorrelated function of 
irregular distortions of its elliptical surface. 

3. The dependence of variance, RMSDs, derivatives { }, ,  on the degree of correlation 
dependence of irregular variations of the body surface was qualitatively analyzed. 
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Abstract. In plane-parallel approximation, a computational study of a thermal effect on a reservoir, pores of which in the 
initial state are filled with carbon dioxide hydrate, was carried out. Top and bottom reservoir boundaries are impermeable 
to the products of gas hydrate decomposition, the bottom boundary temperature Te is higher than the initial reservoir 
temperature T0. It was shown that, with a relatively small difference between Te and T0, the decomposition of CO2 
hydrate occurs only in a small area adjacent to the bottom reservoir boundary, i.e. underground gas hydrate storage of 
carbon dioxide is a reliable way to utilize it. 

INTRODUCTION 

Emissions of greenhouse gases into the Earth’s atmosphere negatively affect the Earth’s cryosphere: the rate of 
melting of glaciers increases, the snow cover thickness decreases, and permafrost zones degrade [1, 2]. For example, 
in [3] it is predicted that by 2030 the concentration of CO2 in the Earth’s atmosphere may more than double 
compared to 1990. To reduce carbon dioxide emissions, a set of measures has been proposed that includes not only 
the transition to new energy sources and the introduction of new technological solutions, but also the extraction of 
CO2 from the atmosphere and its burial in porous reservoirs [2, 4]. As suitable geological objects, reservoirs located 
deeper than the stability zone of carbon dioxide hydrates are considered [3]. 

But at the carbon dioxide underground storage, there is a danger of carbon dioxide escape during the 
decomposition of gas hydrates. Due to the increase in temperature, the degradation of CO2 hydrate deposits can 
occur with the release of free carbon dioxide. In this case, heating of the gas hydrate reservoir can take place either 
from above or from below (riftogenesis) [5, 6]. It is also worth noting that the formation of underground gas storages 
in a gas-hydrated state is carried out, as a rule, by injecting gas into a porous medium with a temperature lower than 
the initial reservoir temperature [7-9]. After gas injection into the reservoir is completed, the temperature in it may 
increase due to thermal interaction with the surrounding rocks. 

For prediction a possible scenario of the carbon dioxide hydrate decomposition in a porous medium during its 
heating, a mathematical description of the process development is necessary [10, 11]. Such description can be made 
on the basis of methods and approaches of the multiphase media mechanics [12]. 

PROBLEM FORMULATION 

Consider the following problem formulation. Consider a reservoir, the pores of which in the initial state are filled 
with carbon dioxide and its hydrate. The initial pressure p0 and temperature T0 in the reservoir correspond to the 
thermodynamic conditions for the existence of carbon dioxide and its hydrate in stable state. We assume that the 
temperature at the lower boundary of the hydrate-containing reservoir Te is higher than the initial reservoir 
temperature T0, and the values of Te are such that gas hydrate decomposition can occur in a porous medium. The 
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reservoir upper and lower boundaries are impermeable to the decomposition products of CO2 hydrate. In order to 
simplify further calculations, we will consider the problem in one-dimensional approximation, the initial reservoir 
temperature T0 < 0 0C. We direct the z axis vertically upward; its beginning coincides with the lower boundary of the 
hydrate-containing deposit. The coordinate z = H corresponds to the upper boundary. 

Figure 1 shows the conditions for the existence of CO2 hydrate. The curve Ts(p) determines the equilibrium 
condition between the gas hydrate and its decomposition products. The temperature and pressure values on the 
three-phase equilibrium curve “gas-ice(water)-hydrate” are quite well described by the equation [13, 14]: 

 

 0
0

* ln)( ss T
p
pTpT +







=  (1) 

where Ts0 is the phase transition temperature corresponding to pressure p0; T* is an empirical parameter having a 
dimensionality of temperature (usually T* << Ts0). 
 

 
FIGURE 1. Phase diagram in the (p, T) plane for the “porous reservoir – saturating fluid” system 

 
In Fig. 1, the system initial state is depicted by a point with coordinates (p0, T0). For this state, two characteristic 

parameters Ts0 and рs0 can be determined [15]. The first of these parameters corresponds to the onset of the carbon 
dioxide hydrate decomposition with increasing temperature at a constant pressure p = р0, and the second – with 
decreasing pressure at a constant temperature T = T0. 

In the mathematical description of the carbon dioxide hydrate decomposition in a hydrate-containing porous 
medium during its heating, we will accept the following assumptions: CO2 hydrate is a two-component system with 
a constant carbon dioxide mass concentration G; the temperatures of the porous medium, gas, gas hydrate, and ice 
(water) at each point in the reservoir coincide (single-temperature process); the reservoir porosity m is constant; the 
porous medium skeleton, gas hydrate, and ice (water) are incompressible and immobile [14, 16]. 

For this problem formulation in [15, 17], based on the methods and approaches of the multiphase media 
mechanics [9], a system of nonlinear differential equations was written that describes the gas flow in a porous 
medium taking into account the decomposition of gas hydrate. This system of equations is used in mathematical 
modeling of the studied process. 

The initial and boundary conditions can be represented as follows: 
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where vg is the gas velocity; Sh is the hydrate saturation. 
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CALCULATION RESULTS 

Numerical implementation of the mathematical model was made on the basis of algorithm described in our 
works [17, 18]. The values used in the calculations are presented in Table. 1 [13, 14, 19-21]; the subscripts sk, h, i, g 
correspond to the parameters of the porous skeleton, CO2 hydrate, ice, and carbon dioxide. 

TABLE 1. Basic parameters for the model. 
Variables Symbol Value Unit 

Initial temperature T0 267 K 
Initial pressure p0 1 MPa 

Gravitational acceleration g 9.81 m/s2 
Porous medium permeability  k 10-14 m2 

Porosity m 0.2 – 
Initial hydrate saturation Sh0 0.8 – 

Mass concentrations of carbon dioxide in hydrate G 0.28 – 
Hydrate-containing reservoir height H 10 m 

Heating temperature at the reservoir bottom boundary Те 273 К 
Porous skeleton density ρsk  2000 kg/m3 

Carbon dioxide hydrate density ρh  1100 kg/m3 
Ice density ρi  900 kg/m3 

Porous skeleton specific heat csk 1000 J/(kg∙K) 
СО2 hydrate specific heat ch 2000 J/(kg∙K) 

Ice specific heat ci 2000 J/(kg∙K) 
Porous skeleton thermal conductivity λsk 1.5 W/(m∙K) 
СО2 hydrate thermal conductivity λh 0.5 W/(m∙K) 

Ice thermal conductivity λi 2.2 W/(m∙K) 
Specific gas constant of carbon dioxide Rg 189 J/(kg∙К) 

Heat of the decomposition of carbon dioxide hydrate Lh 0.7·105 J/kg 
Empirical parameter T* 18.9 K 
Empirical parameter Ts0 269.55 K 

 
The calculations showed that, at the accepted values of the parameters, the decomposition of carbon dioxide 

hydrate occurs only in a small area adjacent to the lower reservoir boundary (Fig. 2). 
 

           
FIGURE 2. Change along z coordinate in pressure p, temperature T, and hydrate saturation Sh at various time moments t after an 

increase in temperature at the hydrate-containing reservoir lower boundary. 
Dotted line is t = 0; lines 1, 2, and 3 correspond to t = 1, 10, and 30 days 
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Such a stable existence of a hydrate-containing reservoir is, in our opinion, due to the fact that the decomposition 
of gas hydrate is accompanied by a significant increase in pressure (Fig. 2). Correspondingly, the equilibrium 
temperature of gas hydrate decomposition rises (Fig. 1), which leads to the stop of the phase transition front z(s). 

Figure 3 shows the distributions of pressure, temperature, and hydrate saturation in a hydrate-containing 
reservoir for various values of the temperature Te at the lower reservoir boundary 30 days after the heating starts. 
 

           
                                (a)                                                         (b)                                                           (c) 
 

      
                                                               (d)                                                         (e) 

FIGURE 3. Change along z coordinate in pressure (a), temperature (b, d, e), and hydrate saturation (c) at various temperatures 
Te. Dotted line is t = 0. Figures d and e show zoomed area of the decomposition of gas hydrate. Lines 1 and 2 correspond to 

Te = 270 and 273 K. The dashed lines in the temperature graphs are the equilibrium temperature 
of gas hydrate decomposition Ts(p) 

 
It can be seen that with an increase in the temperature Те, as expected, the length of the reservoir area, in which 

the carbon dioxide hydrate decomposes, increases (Fig. 3c). At the same time, two zones can be distinguished in the 
reservoir: in the first zone, adjacent to the bottom reservoir boundary, the pore space contains ice and carbon 
dioxide; in the second zone the porous medium is saturated with carbon dioxide and its hydrate. For all accepted 
values of Те, the temperature in the first zone is higher than the equilibrium temperature of gas hydrate 
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decomposition Ts(p), and in the second is lower (Fig. 3d, e). It is also worth noting that large values of temperature 
at the bottom reservoir boundary correspond to large values of pressure in the porous reservoir (Fig. 3a). 

The effect of the reservoir porosity m on the distributions of pressure, temperature, and hydrate saturation is 
illustrated in Fig. 4. From the data presented in this figure, it can be seen that with an increase in the value of m, 
there is no noticeable change in the length of the reservoir zone length in which the carbon dioxide hydrate 
decomposes. Although the amount of CO2 hydrate in the reservoir pore space increases with increasing porosity, but 
since a small amount of gas hydrate decomposes, the heat consumption for decomposition of gas hydrate also 
increases insignificantly. 
 

           
FIGURE 4. Change along z coordinate in pressure p, temperature T, and hydrate saturation Sh at different values of the reservoir 
porosity m. Lines 1 and 2 correspond to m = 0.05 and 0.25. The distributions of parameters are plotted for time moment 30 days 

after the temperature rises at the hydrate containing reservoir bottom boundary 
 

The calculations showed that the decomposition of gas hydrate in the whole reservoir is possible only at small 
initial hydrate saturations Sh0, for example, at Sh0 = 0.01 the entire CO2 hydrate decomposes after 4.5 years, and at 
Sh0 = 0.025 only half of the hydrate reservoir degraded over 10 years. 

CONCLUSIONS 

Computational study of the carbon dioxide hydrate dissociation process during heating of a hydrate-containing 
reservoir with impermeable bottom and top boundaries was carried out. It was shown that the decomposition of gas 
hydrate completely occurs on a frontal surface separating the reservoir zones, the pore space of which contains ice 
(water) and carbon dioxide, and the zone saturated with CO2 hydrate. It was found by calculations that the 
underground gas hydrate conservation of carbon dioxide is a stable method of its storage. 
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Abstract. In this work, we show theoretical and experimental backgrounds of the synthesis of new nanocomposites based 
on the metallic matrix with TiC and carbon nanofibers (NFs) as a disperse phase. The combined approach is described for 
the production of metal-based composites. This approach includes the processes of powder metallurgy and surface 
structuring of the disperse phase. The authors developed a uniform introduction of titanium carbide NFs and carbon NFs 
into the bulk metal composite using powder metallurgy. 

INTRODUCTION 

One of the important tasks of modern materials science is the development of new composite materials with 
improved functional properties [1]. Increasing the metal materials strength by traditional methods (increasing the 
alloying elements content, improving thermomechanical hardening technologies, etc.) has now reached its limits. A 
significant increase in the number of alloying elements (high-entropy alloys) leads to zonal and volumetric liquation 
in ingots and, as a result, to anisotropy of the properties of semi-finished products and details from them. The 
approach developed in this work avoids this disadvantage (the presence of a sharp anisotropy of physical properties), 
since it is absent in bulk reinforced composites. 

At present, the problem of creating new materials (including metallic ones) should be solved on the basis of 
studying and designing the structural organization of the substance. In fact, when solving the problem of creating 
new highly organized solid compounds, it is necessary to solve the problem of choosing and implementing a certain 
type of structural organization, and not just the problem of the synthesis method [2, 3]. 

In this paper we consider the theoretical and experimental basis for the synthesis of a new class of metal matrix 
based nanocomposites reinforced with TiC nanowires and carbon nanotubes as a dispersed phase. We apply a 
combined approach for metal-based composites production, including processes of powder metallurgy and surface 
nanostructuring of the dispersed phase. The authors developed a method for uniform introduction of TiC NFs and 
carbon NFs into a bulk metal composite by powder metallurgy. This made it possible to get metal materials with 
improved mechanical properties and high specific characteristics. 

An important feature of the resulting composite is the absence of explicit boundaries between the metal matrix 
and the reinforcing element, which ensures the binding of components into a single unit and leads to a significant 
increase in the mechanical characteristics of the metal composite. This is not possible with other synthesis methods. 

For better wetting on the TiC NFs surface and carbon NFs, a metal coating (Fe, Ni) is synthesized chemically 
and then the dispersed phase and matrix are mixed and compacted into a single sample. Compaction is carried out 
either by cold, warm or hot pressure treatment, or sintering or their combinations [4]. This approach allowed to 
obtain the composite structure, where TiC NFs and carbon NFs were evenly distributed in the volume of the metal 
matrix without their coagulation (enlargement). 
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CALCULATION RESULTS 

The specified technical result is achieved by the method of a composite manufacturing with a metal matrix and 
nanoscale strengthening particles with the necessary mechanical properties and heat resistance. This material can be 
represented as a "frame-in-frame" type material (metal frame permeated with a dispersed phase frame). 

The diagram shows the structural changes during the composite production (Fig. 1). 
 

 
FIGURE 1. Diagram of structural changes during the production of a sample of a metal-based composite with a carbides-

based dispersed phase. 1 – initial powder of the dispersed phase (TiC), 2 – dispersed phase covered with a metallic Fe layer 
(the state of the particles in the middle of the iron precipitation process, when the coating on the powder particles was formed 
only partly), 3 – displays the pressing process when the TiC-Fe0 particles come closer towards each other, 4 – a fragment of a 

pressed metal (Fe0) composite material with a carbides-based dispersed phase (black circles) 

By adjusting the metal dispersed phase ratio we can directly adjust the mechanical properties of the composite. 
The mechanical characteristics of the Fe-based metal composites samples with a dispersed TiC phase and carbon 

NFs were studied including at high temperatures. Materials with high tensile strength were obtained ( , MPa) – 
1370-1460; having good heat resistance ( 800

100, MPa) – 190. We showed that the mechanical properties of Fe or Al 
composites with a dispersed phase based on TiC NFs and nanocarbon, despite the residual porosity, are comparable 
to the properties of the best steels containing expensive doping additives and obtained by molding. 

Thus, we can assume that the surface structuring process allows us to obtain a composite where nanoparticles are 
evenly distributed in the metal matrix bulk without their coagulation (enlargement). This allows us to believe that 
this is a promising approach for production new generation metal composites. 

The analysis of deformation and destruction models of synthesized materials for calculating the mechanical 
properties of NFs-reinforced nanocomposite shows that the modified micromechanical Halpin-Tsai (H-T) [5, 6] 
model is more suitable to analyze our samples. The model takes into account the dependence of elastic modules of 
nanofibers-reinforced nanocomposites on the volume fraction and aspect ratio (length/diameter) of NFs and the 
constituent materials properties. 

To assess the effect of the reinforcing NF on the nanocomposite strength properties, we consider 3 special cases 
of the position of a linear crack (cut) relative to the NF in a two-dimensional setting, which demonstrates the 
reinforcement effect: 

1. crack is located perpendicular to the NF at a distance of 5 NF thicknesses. 
2. crack rests on the NF. 
3. crack intersects the NF perpendicularly without breaking it, and the crack vertex is located behind the fiber 

at a distance of 5 its thickness. 
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The above problems are solved by the finite element method using the ANSYS package. For the considered 
model cases, the NF diameter is assumed to be 200 nm, and the elastic modulus of the matrix is 10 times less than 
one of the NF. The tensile load acts perpendicularly to the crack. 

Figure 2 shows the results of calculating the distribution of the main stresses assigned to the load P , in MMC 
with a straight crack for the above cases and, for comparison, in a homogeneous material without reinforcing fibers. 

 

 
FIGURE 2. Distribution of main stresses related to the load P  in the vicinity of a crack in a fiber reinforced MMC: 

a) in a homogeneous material, b) in MMC with a crack located 5 diameters away from the NF, c) in MMC with a crack 
adjacent on the nanofiber, d) in MMC with a crack that intersects the NF without breaking, with a vertex 

 
Analysis of the main stress distributions (Figs. 1a-d) shows that NFs have a significant effect on the stress state 

in the crack vertex vicinity. Stresses are transferred to the NF, which reduces the stress concentration at the crack 
tip. Note that in the case of a crack that abuts the NF (Fig. 1c), and in the case of a crack that intersects the 
reinforcing NF without breaking it, the maximum tensile stresses are realized in the NF, whose strength is 
significantly higher than the matrix strength. Therefore, these two cases require a more thorough analysis of possible 
crack development, since the  may exfoliate from the matrix and the crack spreads along the fiber. 

Creating a metal matrix composite with the simultaneous use of dissimilar fillers, i.e. hybrid materials, will allow 
to obtain a unique structural material that combines the increase in performance characteristics (tensile strength, 
viscosity, thermal expansion coefficient) inherent in nanotubes and whiskers with the contribution of nanoscale 
particles to improve hardness, resistance to abrasive wear and impact strength [7]. This will solve the problem of 
creating a new generation of nanostructured metal composites with improved mechanical properties for various 
fields of technology. 
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Abstract. A series of calculations of the spallation process caused in cermet plates by the impact of a thin metal plate 
was carried out. It was found that coarse-grained inclusions of ceramics in steel lead to multiple spallations, with a coarse 
roughness of the spall surfaces. A decrease in the grain size brings the supercritical spalling in a heterogeneous medium 
closer to the classical spalling for homogeneous media. The spall thickness in plates with a direct distribution of ceramic 
concentration is closer to the spall thickness in a metal plate, however, the spall cavity has a significantly larger volume, 
which is filled with small cermet fragments. 

INTRODUCTION 

The phenomenon of spall fracture of materials is very popular among researchers and is studied in many 
publications that contain a variety of models and experimental techniques [1,2]. However, the spallation processes in 
complex materials, for example, cermet, have not received due attention, therefore, here we will present several 
works on this topic. Thus, in [3], it is noted that composites with a metal matrix find important applications in 
aerospace structures due to their high specific strength and rigidity. Despite the large amount of work on their 
quasistatic properties, there is little information about the high strain rate and impact loads. Therefore, a dispersed 
composite based on aluminum and silicon carbide is studied for uniaxial deformation and spall fracture under impact 
loading. It has been found that microcracks originate and propagate through the aluminum matrix and at the matrix-
particle interfaces, but not through SiC particles. Two metal-matrix composite systems were studied in [4] in order 
to determine the effect of inclusions on spall fracture strength in experiments with a plate hitting a target. The first 
one is an aluminum-ceramic system with several volume fractions of ceramic inclusion, and the second one is a 
copper-niobium composite consisting of 15% of niobium particles embedded in a copper matrix. The tensile 
strength for aluminum 6061-T6 is 2.8 GPa, and for aluminum-ceramic composites varies from 1.1 to 2.0 GPa, 
depending on the volume fraction of ceramic reinforcement and particle morphology. A significant difference in the 
elastic moduli of metal and ceramic promotes the development of tensile stresses and causes an increase in voids 
near the interface. The work [5] presents a rather simple model of gradient material, in which the tensile and shear 
strengths can vary linearly along the specimen, which allows the authors to argue for an increase in the performance 
of such materials under shock loads. 

NUMERICAL SIMULATION 

Consider the spallation process in complex materials, such as cermet heterogeneous media. The mathematical 
formulation of the problem of impact of solid deformable bodies, the difference method, and material behavior 
models are presented in [6–8]. A model for constructing heterogeneous and gradient media is described in [9]. The 
calculations were performed by the REACTOR software package [10]. The mathematical formulation of the 
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problem of the impact of solid deformable bodies, the difference method, and models of the behavior of materials 
are described in detail in [6,7,11–13]. 

To identify the features of spall fracture in complex media, we compare the results of numerical simulation with 
the results of spallation in homogeneous media. Let a thin steel plate 0.25 cm thick fly onto a thicker plate 1.0 cm 
thick at a speed of 850 m/s. A plane compression wave from the contact surface will propagate in both directions. 
Having reached the back of the thin plate, the compression wave turns into a unloading wave. However, the 
presence of free surface on the periphery leads to the fact that the thin plate is not completely stopped, because part 
of the stress is unloaded through its side surface. Therefore, another unloading wave arises, going from the periphery 
of the thin plate into the thick one. Their interaction with the unloading wave from the back of the thick plate leads 
to the fact that fracture does not begin along the entire plane of the spall crack, but at its periphery (see Fig. 1). 
 

 
FIGURE 1. The sequence of formation of a spall crack in a steel plate loaded by impact of a thin steel plate 

 
This mechanism of formation of a spall crack was discovered by the authors [6]. The spall thickness corresponds 

to the thickness of the incident plate. The breakaway of the spall plate is formed by different mechanisms, for a 
number of materials (e.g., aluminum, copper), the plate edge is gradually thinning, followed by rupture. For the 
steels, the breakaway mechanism is shear failure, as shown in Fig. 1 at time moment 
was experimentally observed in [14]. 

Let us consider spalling in a plate made of AD995 ceramic (containing 99.5% Al2O3 [15]) upon impact with a 
thin steel plate. The mechanical and strength properties of the AD995 ceramics under consideration are given in 
[16–20]. The mechanism of nucleation, formation, and growth of a spall crack is similar to that in the steel plates 
(see Fig. 2). The thickness of the ceramic spall plate is about twice the thickness of the incident steel plate, as is the 
wave velocity in the ceramics compared to the wave velocity in the steel. The presence of double spalling indicates 
that the spall strength of ceramics is lower than the strength of steel. 
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FIGURE 2. The sequence of formation of a spall crack in a ceramic plate loaded by impact of a thin steel plate 

 
For direct numerical simulation of the processes of interaction of steel impactors with heterogeneous and 

gradient barriers 1 cm thick, targets with various combinations of AD995 ceramics in a soft steel matrix were 
numerically constructed (see Fig. 3), while the ceramic concentration in all cases is the same and equal to 50% by 
volume. 

A model of a heterogeneous cermet barrier constructed by random distribution of ceramic grains over the volume 
of steel is presented in Fig. 3a. A gradient model of a ceramic-metal barrier with a direct distribution of ceramic 
concentration over the volume, i.e. the barrier, in which the ceramic concentration decreases linearly from 100% in 
the front layers to 0% in the back layers of the barrier, is shown in Fig. 3b. Gradient barrier with inverse distribution 
of ceramic concentration over the volume, i.e. an obstacle, in which the concentration of steel in the front layers of 
100% linearly decreases to 0%, being replaced in volume by ceramics, is shown in Fig. 3c. 

Let a thin steel plate load at a speed of 850 m/s the heterogeneous plate shown in Fig. 3a. Let us consider the 
process of formation of a spall crack in the heterogeneous barrier in time, shown in Fig. 4. Note a sufficiently large 
period of time ( t the steel barrier, which passed before the appearance, growth, and 
formation of a spall crack. The thickness of the spall plate is approximately the same as the thickness of the incident 
steel plate. Moreover, the crack spall has a large volume, consisting of many fragments. Since the shock wave 
passes near the free lateral surface of the heterogeneous plate, it unloads, and a complex stress-strain state develops 
in this region, which results in the formation of many shear cracks. 
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a) b) c) 

FIGURE 3. Models of heterogeneous cermet barriers: 
a) heterogeneous model with a uniform distribution of ceramics; b) gradient model with direct linear distribution of ceramics; 

c) gradient model with inverse linear distribution of ceramics 
 

 
FIGURE 4. The sequence of formation of a spall crack in a heterogeneous plate loaded by the impact of a thin steel plate 
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For the same time intervals as for the heterogeneous barrier, we consider loading of gradient barriers with both 
direct and inverse distribution of ceramic concentration over the volume of steel plates. For the plate with a direct 
distribution of ceramic concentration over the volume (see Fig. 5), the initial spallation stage resembles the 
spallation process in the heterogeneous plate. Also, there is no one pronounced crack of the spall, a volume filled 
with fragments of the medium is formed. The thickness of the spall plate is close to the thickness of the incident 
plate. 

 

 
FIGURE 5. The sequence of formation of a spall crack in a gradient plate with a direct distribution of ceramic concentration 

 
Since the back side of the plate with an inverse distribution of ceramic concentration over the volume is close to 

the ceramics, the wave velocity in such a medium is close to the wave velocity in ceramic. Hence, the thickness of 
the spall plate should be close to the thickness of the spall in pure ceramics, and this is observed in the calculation 
(see Fig. 6). The presence of both steel and ceramics in the middle part of the plate leads to multiple fractures and 
the formation of a significant volume of a spall crack. 

Direct numerical modeling of heterogeneous media, implemented in the REACTOR3D software package [10], 
suggests that the minimum size of inclusions is equal to the minimum size of the difference cell. Let us evaluate the 
effect of the size of heterogeneous inclusions on the spall fracture of heterogeneous media using an example of a 
steel plate with an inverse distribution of ceramic concentration, Fig. 3c. 

with different sizes  of ceramic inclusions: 
a) two times larger than the standard size; 
b) the standard size shown in Fig. 3c; 
c) two times smaller than the standard size. 
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FIGURE 6. The sequence of formation of a spall crack in a gradient plate 

with an inverse distribution of ceramic concentration 
 

 
a) b) c) 

FIGURE 7. Effect of the size of ceramic inclusions on spall fracture of gradient media. 
The characteristic size of inclusions : a) ~2*h; b) ~h; c) ~h/2 
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Since even the largest size (Fig. 7a) is small compared to the size of the colliding plates, the thicknesses of the 
spall plates for all the cases considered are close to each other. The differences in the results are that the surface 
roughness of the continuous medium during spalling is different, i.e. while reducing the size of the partition we will 
aim at a fairly flat surface of the spall plate. And when using the additive approach, we obtain surfaces likes those 
for a homogeneous medium with effective mechanical parameters. However, direct numerical simulation of 
heterogeneous media shows the complexity of the wave processes that occur during shock loading of such media. 

CONCLUSIONS 

The calculations showed that coarse-grained inclusions of ceramics in steel lead to multiple spallation, with a 
coarse roughness of the spall surfaces, and the spall cavity is filled with cermet fragments. A decrease in grain size 
brings the supercritical spalling in a heterogeneous medium closer to the classical spalling for homogeneous media. 
The thickness of the spall in the gradient plates corresponds to the thickness of the spall in the material that is on the 
back of the target plate. 
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Abstract. The development of two-dimensional subsonic disturbances in a supersonic boundary layer of a vibrationally 
excited gas on a flat plate was studied on the basis of the linear stability theory. A system of two-temperature gas 
dynamics including the Landau–Teller relaxation equation used as initial model. The unperturbed flow was described by 
a selfsimilar boundary layer solution for a perfect gas. In the linearized system of equations the temperature disturbances 
of the transport coefficients were taken into account. The neutral stability curves for the first and second most unstable 
modes are calculated. It is shown that for both modes the critical Reynolds numbers at maximum excitation exceed by 
approximately thirteen percentages the corresponding values for a perfect gas. For independently verification of the direct 
numerical solution neutral stability curves are also calculated on the basis of the asymptotic approach. It is shown that the 
thus-calculated neutral stability curves agree well with the results of the numerical solution of the original spectral 
problem. 

INTRODUCTION 

In modern aerodynamics interest has arisen to the problems of hydrodynamic stability of the flows of chemically 
reacting, optically active, and thermally nonequilibrium molecular gases (see, for instance, the literature cited in 
monographs [1, 2]). The effects of the strong thermochemical nonequilibrium at the laminar–turbulent transition at 
hypersonic flow around thin cones were systematically investigated in several experimental and numerical studies 
[3]–[5]. 

The influence of relaxation of the internal degrees of freedom of molecules on the stability of the boundary layer 
on a flat plate was considered in paper [6]. The flight conditions at a height of H = 12 km at the Mach number M = 
4.5 were simulated numerically, when the relaxation consists in the excitation of vibrational modes. Simulation of 
these conditions in the wind tunnel were also considered, where, on the contrary, the energy of vibrational modes 
“frozen” at the stagnation temperature increases the static temperature of the flow. The ambiguous results of the 
influence of relaxation on the stability of the flow were obtained. Thus, for the case of rotational modes relaxation 
only, which, in contrast to the usual approach [2], was described by the Landau–Teller relaxation equation, a slight 
decrease in the growth rates of the second acoustic mode was recorded. In the case when the excitation of 
vibrational modes was taken into account, which under these conditions could not be significant, a strong 
destabilizing effect was noted for the first mode with the wave angle  = /3 relative to the carrier flow. In this case, 
as follows from the calculations, the first mode with this wave angle turned out to be the most unstable also for a 
perfect gas. This contradicts the generally accepted results [7], according to which the second acoustic mode with 
the wave angle  = 0 is the most unstable one for M > 4. For this mode, only a weak stabilizing effect was obtained 
for the boundary layer on the plate with a sharp leading edge. 

High-Energy Processes in Condensed Matter (HEPCM 2020)
AIP Conf. Proc. 2288, 020013-1–020013-7; https://doi.org/10.1063/5.0028576

Published by AIP Publishing. 978-0-7354-4018-0/$30.00

020013-1



In this paper, the linear stability of subsonic two-dimensional disturbances in a supersonic boundary layer of a 
vibrationally excited gas on a flat plate is investigated. For independent verification of the direct numerical solution 
neutral stability curves are calculated on the basis of the asymptotic approach 

BASIC EQUATIONS 

In the framework of the linear stability theory, the development of two-dimensional disturbances is considered 
for a plane flow past semiinfinite plate of a vibrationally excited gas. The origin of the Cartesian coordinate system 
(x, y) coincides with a leading edge of the plate, the x coordinate is oriented along the plate in the direction of the 
carried flow, and the y coordinate is directed to the flow along the normal to the plate, respectively. The flow is 
described by a system of equations of the two-temperature gas dynamics [2]. The current distance x = L along the 
plate and parameters of the unperturbed flow outside the boundary layer, marked by the index  were chosen for 
nondimensionalization. Namely, the speed, U , the density, , and the temperature, T , the coefficients of the shear 
and bulk viscosities,  and b , correspondingly, the thermal conductivity coefficient due to the energy transfer in 
translational and rotational degrees of freedom, = t  + r , the coefficient of thermal conductivity describing the 
diffusion transfer of the energy of vibrational quanta, v . For nondimensionalization of the pressure and time, the 
combined values of 2U  and L/U , respectively were used. For the temperature dependence of the shear viscosity 
the Sutherland formula is used. The coefficients of thermal conductivity are analogous to [2, 7] expressed in terms of 
the shear viscosity and heat capacities by means of semiempirical Eucken relations. It is assumed that heat capacities 
are constant. It is also supposed the translational and rotational degrees of freedom of the molecules are in 
quasiequilibrium and are determined by the equilibrium relations. The initial system of equations was linearized on a 
stationary selfsimilar boundary layer solution for a perfect gas [8]. In deriving the linearized equations for 
disturbances the instantaneous values of the hydrodynamic variables were represented in the form 

,,,,,, ****** pppTTTTTTuuuUu svsvssyyxsx  

.)()(,)()(,)()( *
,

*
,

****
vsvTsvsvvsTsssTss TTTTTTTTT  (1) 

Here the temperature perturbations of the transport coefficients were taken into account 
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The subscript “s” denotes the values of the hydrodynamic variables related to the stationary flow, and the 
subscript “*” denotes the disturbances of these variables.  

Substituting (1) into the initial system of equations of two-temperature gas dynamics and taking into account 
terms up to the values of the first order of smallness leads to a system of equations for disturbances. The 
disturbances in the form of traveling plane waves periodic along the longitudinal coordinate x are considered. The 
system of equations for the perturbation amplitudes , u, v, , v, and p has the form: 
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Here we used the following notations 
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 is the wave number along the periodic variable x, c = cr + ici is the complex phase velocity, i is the imaginary unit, 
and the primes in functions denote differentiation with respect to the variable y. 

In system (2) — (7) the parameter  = b /  is the ratio of the bulk viscosity to the shear viscosity,  = cp/cV is 
the ratio of specific heats, cV = cV,t + cV,r and cp = cV + R are the specific heats at constant volume and pressure 
correspondingly, which are presented as the sum of specific heats induced by translational and rotational motion of 
molecules. v = cV,v/(cV,t + cV,r) is the parameter characterizing the degree of nonequilibrium of the vibrational mode, 
cV,v is the specific heat at constant volume corresponding to the relaxing vibrational mode,  is the characteristic time 
of relaxation of the vibrational mode, R is the gas constant, Re = U L/  and M = U /( RT )1/2 are the Reynolds 
and Mach numbers, respectively, Pr = cV/  is the Prandtl number. 

VISCOUS DISTURBANCES AND NEUTRAL STABILITY CURVES 

Calculations of the spectra of viscous disturbances were carried out on the basis of the complete system of Eqs. 
(2) — (7), in which the Reynolds number determined on the current length L was replaced by the number Re  = 
Re1/2, determined on the local thickness of the boundary layer. Here the phase velocities of the viscous disturbances 
c = cr + ici are eigenvalues. The parameters of the problem were the number Re  = 2×102 — 2×103, the Mach 
number M = 2.2 and 4.5, wave number  = 0.01 — 0.3, and  = 1. The algorithm for calculating the curves of neutral 
stability is described in monograph [2]. 

The neutral stability curves of the first and second modes for different Mach numbers are shown in Figs. 1, a and 
1, b. For Mach M = 2.2 there exists only the first unstable mode (see Figs. 1, a and 1, b), which is a generalization of 
the Tollmin–Schlichting wave for compressible boundary layer [7]. It can be seen that the vibrational excitation 
shifts the neutral stability curve to the region of large wave numbers and increases the critical Reynolds number in 
comparison with the perfect gas. On the graph, as the asymptote, the value of the wave number of the first inviscid 
mode is plotted. At higher Mach number M = 4.5 the general character of the effect of vibrational excitation is 
conserved (see Figs. 1, c and 1, d). Here the most unstable, as in the inviscid case [7], is the second acoustic mode, 
for which the critical Reynolds numbers are more than two times smaller than for the first mode. At the same time, 
for both modes, the upper branches of the neutral stability curves approach from below to the corresponding 
asymptotic inviscid wave numbers, that is, the viscosity in this case stabilizes both modes. Table 1 shows the 
numerical values of the critical Reynolds numbers Re cr and wave numbers cr corresponding to the graphs of 
Fig. 1. As can be seen from the Table 1, the vibrational excitation raises the values of Re cr by more than 13 % for 
the most unstable second mode. 
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(a) (b) 

  
(c) (d) 

FIGURE 1. Neutral stability curves Re ( ) for modes I and II. The solid and dashed curves show the results of calculations by 
spectral problem (2) — (7) and the secular equation (18) of the asymptotic theory, correspondingly. 

K1 and 1K  are the critical points of the mode I. K2 and 2K  are the critical points of the mode II 
 

TABLE 1. The critical Reynolds numbers Re ,cr and corresponding wave numbers cr for modes I and II. 
   M = 2.2   M = 4.5 

Moda I 

v  s
cr,Re  s

cr,  a
cr,Re  a

cr,  s
cr,Re  s

cr,  a
cr,Re  a

cr,  

0 281 0.0580 240 0.0626 462 0.0650 396 0.0653 
0.667 317 0.0635 271 0.0685 521 0.0708 446 0.0712 

Moda II 
0 — — — — 221 0.2001 191 0.2015 
0.667 — — — — 250 0.2060 214 0.2072 

ASYMPTOTIC STABILITY THEORY 

The asymptotic solutions of the system (2) — (7) for large the Reynolds numbers Re are constructed in the form 
of a perturbation series q = q0 + Re-1q1 + …, where q = ( , u, v, , v, p) [9]. In the zero approximation one obtains a 
system of equations for inviscid perturbations. In monograph [2] has been shown that this system is reduced to the 
second order linear equation for pressure perturbation. Thus the zero approximation allows us to find only two the 
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linearly independent solutions. The remaining six solutions one has to determine by direct consideration a full 
system. In this case, only decreasing solutions at Re  should be used to derive the secular equation of 
asymptotic theory. 

Two linearly independent inviscid solutions for the pressure perturbations are obtained from equation [2, 9] 

                 .,4)(,2)(,0)()( 2
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For the neutral perturbations considered below, we have c = cr. As the first Rayleigh condition cr = [0, 1] [2, 9] 
has also to be satisfied for neutral perturbations, then y = yc is a regular singular point of Eq. (8). Its solutions in the 
neighborhood of the singular point are found by the Frobenius method [10, 11]. In what follows the subscript “c” is 
used to indicate the values of the variables at the point yc, where the phase velocity is equal to the free-stream 
velocity (in the critical layer): Us(yc) = cr. Using the Frobenius expansions  equation (8) was solved up to the 
boundaries numerically. The algorithm of its solution can be found in the work [11]. The remaining inviscid 
solutions are expressed via the pressure perturbation as 
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(9) 

To find viscous solutions the system (2) — (7) with using some simplifications was reduced to form which 
analogical to the Dunn–Lin viscous system [11]: 
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For diatomic gases one can approximately suppose that 33/(20 ) 1. It allows one by summation and subtraction 

Eqs. (12), (13) to introduce equations for auxiliary functions + =  + ( v v/ ), – =  – v. Then temperatures are 
correspondingly expressed by formulae 

            
.)(,

v
v

v

v  
 

(14) 

The momentum equation for u and equations for functions +, – were reduced to the Airy equations. Its 
solutions were presented through the generalized Airy functions of first and second orders Ak(z, n) [12]. As a result, 
using (14) solutions for temperatures were found. This allow one to splinter the last equation from system (10) — 
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(13) and to transit by such a way to a sixth order system. The reduced system has two trivial solutions u = v =  = 
v= 0 and u = 1, v = –iy,  = v = 0. Since here we consider only decreasing (bounded) solutions as Re , the only 

zero trivial solution satisfying this condition will be replaced by the inviscid solution (9): 

.)](),(),([)( )()()(
1 yyvyuy iiiV  

(15) 

Linearly independent solutions for disturbances of transversal velocity are obtained by integration of the 
momentum equation for u for two alternatives: 1)  = 0, u 0 and 2) u = 0,  0. Its also were expressed through 
the generalized Airy functions of first and second orders. As a result, it was shown that the linearly independent 
decreasing (bounded) solutions as Re  of simplified viscous system have the form: 

.)](),(,0[)(,]0),(),([)( )()(
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(16) 

For derivation of a secular equation it is necessary to require that a linear combination of independent solutions 
(15) and (16), should satisfy the homogeneous boundary conditions 

.0)0()0()0( 332221 VVV ccc  (17) 

The homogeneous system (17) has nontrivial solutions (c1, c2, c3) if its determinant equals to zero. This equality 
represents the original form of the secular equation. Use of the Airy functions allows one to represent the viscous 
part of secular equation through the tabulated Tietjens function F(z) and the auxiliary function G(z+), which are 
usually applied in the traditional asymptotic theory of stability [11, 13]. The secular equation obtained by such a way 
has the form: 
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The secular equation (18) has a characteristic structure, which coincides with analogical equations [11, 13]. Left 
“inviscid” part of Eq. (18) depends on the phase velocity c and wave number . At the same time a right “viscous” 
part of Eq. (18) is expressed through tabulated functions of variable z also depended on the phase velocity c. 

Therefore, points on neutral stability curves Re ( , v, M) are calculated on plane (Re , ) in the next sequence. 
The value of the phase velocity c was set for fixed values of the Mach number M and the degree of vibrational 
nonequilibrium v in interval c = [0, 1] with step c = 10–4. The integral in right-hand side of Eq. (18) was calculated 
by the Simpson formula. The real and imaginary parts of right-hand side of Eq. (18) are depended on the variable z. 
The arrays of their values was calculated for z = [0, 10] using tables [11, 14]. The table step z = 0.04 was picked 
out. 

The arrays of left side of Eq. (18) for a fixed value of the phase velocity c were calculated for  = [1, 3] with a 
step  = 10–4. Calculated arrays of right and left sides of Eq. (18) were compared up to obtaining coincide within 
the accuracy 10–8 if such a state could be achieved for a given value of c. 

Then calculation was repeated for next value of the phase velocity c. As a result, we constructed arrays of values 
of wave numbers k, phase velocities ck, and of variable zk, which correspond to points on neutral curve. Using 
formula 
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values of the Reynolds number Re ,k on neutral curve were calculated. 

Figure 1 shows the results of calculations of neutral stability curves for a perfect ( v = 0) and of the vibrationally 
excited ( v = 0.667) gases at the Mach numbers M =2.2 and 4.5 on the base of numerical spectral method and 
asymptotic theory. It is seen, that asymptotic dashed curves are in satisfactory agreement with numerical calculations 
of origin spectral problem (2) — (7). In particular, dissipative effect of the vibrational relaxation is reflected clearly. 
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The transition to the asymptotic theory extends slightly an instability area and reduces the critical Reynolds 
numbers. 

Table 1 allows one to compare data of numerical calculations of spectral problem (2) — (7) and asymptotic 
theory with respect to critical values of the Reynolds numbers Re ,cr and wave numbers cr  for perfect and 
vibrationally excited gases. It is seen that values a

cr,Re  are approximately 14% — 15% less than corresponding 

values s
cr,Re . At the same time, the critical Reynolds numbers s

cr,Re  and a
cr,Re  are increases with excitation 

enhancement of the internal degrees of freedom of molecules, and the neutral stability curves are shifted toward the 
domain of higher wave numbers. For both modes, the critical Reynolds numbers s

cr,Re  and a
cr,Re  at maximum 

excitation exceeds by 12% — 13% the corresponding values for the perfect gas. One can see the greatest increase in 
the critical Reynolds number occurs for the most unstable second mode. 

CONCLUSIONS 

On the basis of the linear stability theory the development of two-dimensional subsonic disturbances in a 
supersonic boundary layer of a vibrationally excited gas on a flat plate was studied. For the finite Reynolds numbers, 
the neutral stability curves for the first and second most unstable modes for Mach numbers M = 2.2 and 4.5 were 
calculated. For both modes, the critical Reynolds numbers Re cr at maximum excitation exceed by 12 % — 13 % the 
corresponding values for a perfect gas. In this case, the greatest increase in the critical Reynolds number occurs for 
the most unstable second mode. The asymptotic theory of the neutral stability curve for a supersonic boundary layer 
of a vibrationally excited molecular gas on a plate is constructed. It is shown that the calculated asymptotic neutral 
stability curves agree well with the obtained results of the numerical solution of the original spectral problem. 
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Abstract. The formation of composite nanoparticles with a metal/semiconductor contact is simulated by the molecular 
dynamics method. It is shown that, depending on the experimental conditions, particles of different types are created. The 
pair distribution functions of the formed copper and Cu @ Si nanoclusters are calculated. Approaches to determining the 
electrophysical properties of Janus-like nanoparticles are considered. 

INTRODUCTION 

In recent years, the tendency to reduce the size of electronic devices has “exhausted itself”. In this regard, 
molecular electronics, in which molecules are used to create a functional electronic device, looks like a promising 
technology. To describe the local electronic structure, chemical contacts (for example, electrodes [1, 2]) in real 
nanoelectronic devices, quantum-chemical properties are crucial. This is most clearly expressed in two-dimensional 
devices with a thickness of one atom [3–5], where the electronic behavior is determined at the atomic level [6–10]. 
Using various ab-initio methods [11–13], in particular, the density functional theory (DFT) [14, 15], this behavior 
can be investigated. Composite metal/semiconductor nanoparticles have plasmon-polariton properties and are 
promising as an elemental base for microwave and THz radio-electronic devices. Thus, the urgent task is to study 
the transport, including electrophysical properties of such nanoparticles at the atomic level. Composite metal 
nanoparticles Cu / Si, Ag / Si were obtained by gas-phase synthesis under the action of a relativistic electron 
beam [16, 17]. This paper presents the main results of modeling the processes of formation of copper and composite 
nanoparticles, and the calculation of the radial distribution function. 

RESULTS AND DISCUSSION 

Molecular Dynamics Simulation 

Molecular dynamic modeling of the formation of composite nanostructures of copper and silicon was carried out 
by the method of multiparticle potential. The dependences of the internal structure on the cooling rate and the ratio 
of elements are investigated. The possibility of the formation of Cu-Si nanoparticles both from a homogeneous alloy 
and from two initial drops at a short distance is shown. A comparative analysis showed that the diameter distribution 
of copper and silicon atoms in the experimental particles coincides with the simulation results with a silicon content 
of 50%. Also, an estimate was made of the effective experimental cooling rate. 

The simulation results show that the creation of a nanoparticle of the Cu-Si shell core from the liquid fcc phase 
of randomly distributed silicon and copper atoms in a lattice with a silicon content of 10% is possible at a cooling 
rate of 1 K/ps. The formation of Janus-like nanoparticles from two adjacent nanoclusters with a liquid occurs at 
lower cooling rates compared to core-shell nanoparticles, if the silicon content is 50%. The formation of a Janus-like 
shape of nanoparticles from two adjacent liquid nanoclusters with a high silicon content of 50% occurs at lower 
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cooling rates compared to core-shell nanoparticles. A significant decrease in the cooling rate to a value 
of 0.002 K/ps leads to the fact that the core-shell structure begins to separate and form a Janus-like nanocluster. 

For a more detailed study of the structure of the nucleus, the functions of the pair distribution of atoms were 
calculated. The distribution function of radial pairs g (r) measures the probability of a particle at a distance r, given 
that the particle is in position r = 0; in fact, this is a histogram of pair distances between particles. The pair 
distribution function is normalized to the average particle density (i.e., the total number of particles in the simulation 
cell divided by its volume). Figure 1 a,b shows the partial components of the radial distribution function of the fcc 
structure of copper. Peak broadening is noticeable, which indicates the convergence of a larger number of atoms. 
This is due to defects in the crystal structure of the resulting clusters. Figure 1 c,d shows the partial components of 
the radial distribution functions of the structures of core-shell and Janus-like nanocluster. 

 

 

FIGURE 1. Functions of pair distribution of atoms: a) bulk copper, b) copper nanocluster of 1800 atoms,
c) nanocluster core-shell, number of atoms 4600 g) Janus-like nanocluster, number of atoms 4600 

 
The results of experiments and computer simulations allow us to conclude that the internal structure of a 

composite cluster depends on the type of initial objects, the concentration of silicon in the alloy, and the cooling 
rate. Thus, the possibility of controlling the internal structure of nanoparticles to vary their electrophysical properties 
is shown. 

Current-Voltage Characteristic of the Metal/Semiconductor Ag/Si Contact 

It is known that, depending on the ratio of the electron work functions of the metal to the semiconductor, a 
Schottky barrier or an ohmic contact will be created. An ohmic contact is a contact between a metal and a 
semiconductor, characterized by a linear and symmetric current-voltage characteristic (I-V characteristic). 
Therefore, not every compound-contact of a metal and a semiconductor leads to the formation of potential at the 
interface. Therefore, quantum-mechanical modeling was carried out to accurately predict the electrophysical 
properties of nanoscale Ag/Si contacts. Materials with different conductive properties, metal contacts, and 
amorphous layers require ab initio processing of their electronic properties. The theory of coupling density 
functional (DFT) with the formalism of the nonequilibrium Green's function (NEGF) meets this requirement. The 
DFT + NEGF scheme allows predicting the behavior of the metal-semiconductor interface under operating 
conditions by modeling the characteristics of I-Vbias at various bias voltages. In some works, using the methods of 

a 

d c 

b 
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computer simulation, the characteristics of metal-semiconductor contacts were obtained. However, these studies 
were carried out on models formed by several atomic layers, the reliability of which is justified from the local nature 
of the electronic disturbance caused by the interface. For similar reasons, most studies considered doped interfaces, 
since the models needed to describe the statistically significant distribution of dopants in a semiconductor would be 
overly demanding. And last but not least, these model calculations describe the system only in equilibrium (i.e., at 
Vbias = 0 V), thereby missing a direct connection with I-V measurements. To measure the current-voltage (I – V) 
characteristics of Ag / Si metal-semiconductor contacts, atomistic modeling was performed using the density 
functional theory (DFT) together with the nonequilibrium Green's function (NEGF) method. The simulation was 
carried out using the TranSIESTA quantum-mechanical package, which includes all the relevant components 
necessary for modeling the metal-semiconductor interfaces [18, 19]. This software package has proven itself in the 
study of the electrical conductivity of molecular complexes. TranSIESTA is a method of calculating the electronic 
structure of open systems formed by a finite subsystem sandwiched between two infinite conductive contacts. 
TranSIESTA calculations include calculating the electron density using the DFT Hamiltonian using Green's function 
methods, instead of the usual diagonalization procedure. The calculation of transport properties includes the 
calculation of the characteristics of the electrodes and the scattering region (the studied object + electrodes). In the 
calculations, we used the Kaperley-Alder exchange-correlation functional (local density approximation - LDA) and 
pseudopotentials obtained by the method of N. Tullier and J.L. Martins [20]. The choice of the LDA approximation 
is due to the weak interaction between silicon and silver. The weak van der Waals interaction is traditionally poorly 
described in the framework of the GGA approximation, which forced the authors of some works [21, 22] to use local 
exchange-correlation functionals. Modeling was carried out in several stages: 1. Determination of the equilibrium 
configuration by optimizing its geometry (Fig. 2). 2. Doping on the silicon side of the interface. Here, doping is 
achieved by introducing localized charges bound to individual silicon atoms. 3. Calculation of the CVC in the 
TranSiesta package. 

 

 
FIGURE 2. Ag/Si contact structure. Left - fcc silver lattice, right - silicon 

Modeling with donor doping of silicon showed that the Ag/Si contact is ohmic at a concentration of n = 1020 cm-3

(see Fig. 3). 
 

 
FIGURE 3. I – V characteristic of the ohmic contact of Ag / Si with the structure shown in Fig. 2 

Following the theory of thermionic emission for the direct branch of the current-voltage characteristic, the 
dependence of the forward current strength I on the applied voltage V for semiconductors is described by the 
following formula: 
 
 exp( / )(1 exp( / ))I Io qV nkT qV kT (1) 
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where I0 is the saturation current, T is the absolute temperature, V is the applied voltage, q is the elementary electric 
charge, k is the Boltzmann constant, n is the ideality coefficient of the Schottky diode. At a concentration of dopants 
of 1020 cm-3, the ideality coefficient is 1.7, which means that the system deviates significantly from the ideal 
behavior of the Schottky diode. This can be explained by the fact that at such concentration silicon becomes a 
degenerate semiconductor. In the future, it is planned to reduce the concentration of alloying substances to reduce 
the influence of the electrical properties of the impurity. 

CONCLUSION 

The simulation results show that the creation of a nanoparticle of the Cu-Si shell core from the liquid fcc phase 
of randomly distributed silicon and copper atoms in a lattice with a silicon content of 10% is possible at a cooling 
rate of 1 K/ps. The formation of Janus-like nanoparticles from two adjacent nanoclusters with a liquid occurs at 
lower cooling rates compared to core-shell nanoparticles, if the silicon content is 50%. The formation of a Janus-like 
shape of nanoparticles from two adjacent liquid nanoclusters with a high silicon content of 50% occurs at lower 
cooling rates compared to core-shell nanoparticles. A significant decrease in the cooling rate to a value 
of 0.002 K/ps leads to the fact that the core-shell structure begins to separate and form a Janus-like nanocluster. 

The results of experiments and computer simulations allow us to conclude that the internal structure of a 
composite cluster depends on the type of initial objects, the concentration of silicon in the alloy, and the cooling 
rate. Thus, the possibility of controlling the internal structure of nanoparticles to vary their electrophysical properties 
is shown. 
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Abstract. The orientation dynamics of nematic liquid crystals (NLCs) is rotation of the director, i.e. a unit vector representing the
preferred direction of orientation of molecules, under the action of elastic forces and an electromagnetic field (EMF). A numerical
method for solving the equations of the orientation dynamics is proposed and details of its implementation are discussed. A special
attention is paid to coupling of numerical solvers for the orientation dynamics of NLCs and for Maxwell’s equations describing
the light propagation in an anisotropic non-uniform medium. A numerical solution of the problem of the Fréedericksz transition is
compared with its analytical solution, other examples of numerical simulations of physical phenomena in liquid-crystalline media
interacting with electromagnetic waves are given.

INTRODUCTION

Liquid crystals (LCs) are one of the most practically important examples of soft matter, i. e. material media whose
physical and, in particular, optical properties can be changed even by a relatively weak external impact of energy
[1]. When simulating numerically the light propagation through a LC, the latter is often considered as an optically
anisotropic and inhomogeneous medium with specified properties, which already allows one to reproduce a lot of
interesting phenomena related to light beam transformation [2–9]. However, the propagation of an intense laser beam
can change the orientation of LC molecules and even cause the flow of a liquid crystalline medium, leading to a
complex nonlinear interaction between light and matter [10, 11]. Numerical simulation of such phenomena requires a
coupled solution of the equations of EMF and the equations of continuum mechanics of a LC. This paper describes
a numerical method for such a coupled solution of Maxwell’s equations and the equations of orientation dynamics
(elastodynamics) of a NLC and provides examples of numerical simulations.

NUMERICAL METHOD

FDTD Solver for EMF in Non-homogeneous Anisotropic Medium
A beam of monochromatic light propagates through a NLC layer. It is assumed that in addition to the rapidly changing
field of the electromagnetic wave, static electric E◦ and magnetic H◦ fields can be also imposed on the crystal. Taking
the speed of light in vacuum as a velocity scale and the period of the light wave as a time scale, we separate explicitly
the time dependency corresponding to the carrier frequency: E(r, t) = Ê(r, t)e−2πit for the electric field, and, similarly,
for the magnetic field H, electric and magnetic inductions D and B, electric and magnetic currents J and M. Then the
equations for slowly changing complex amplitudes of the fields take the form:

∂D̂
∂t
= −

(
Ĵ + σ̂eÊ

)
+ 2πiD̂ + ∇ × Ĥ, D̂ = ε̂ Ê, (1)

∂B̂
∂t
= −

(
M̂ + σ̂mĤ

)
+ 2πiB̂ − ∇ × Ê, B̂ = μ̂ Ĥ. (2)
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Here σe and σm are electric and magnetic conductivities; the tensors of dielectric permittivity ε̂ and magnetic per-
meability μ̂ depend on the preferred orientation direction of NLC molecules described by a unit vector, the director
n = (nx, ny, nz) [12]:

ε̂i j = ε⊥δi j + (ε‖ − ε⊥) nin j, μ̂i j = μ⊥δi j + (μ‖ − μ⊥) nin j.

The well-established, 2nd-order, staggered-grid FDTD method [13] modified for an anisotropic medium is em-
ployed to solve Eqs. (1, 2) numerically.

Non-reflecting boundary conditions on far-field boundaries of the computational domain are imposed using the
PML (Perfectly Matched Layer) technique [13]. The thickness of the PML is to be taken, at least, equal to a half of the
light wavelength. In our computations, spurious reflections from the PML are traced using such a sensitive quantity
as the phase of the modulus of the electric (or magnetic) field vector, which is the time moment when the modulus
reaches its maximum.

It is assumed, in the numerical simulations below, that the light source is a fiber laser. Since we do not know the
values of all tangential components of the radiated field on a closed surface outside the fiber, the well-known TF/SF
technique [13] cannot be applied for generating the incident field. Instead, it is generated by prescribing a current
distribution on a rectangular area perpendicular to the beam propagation direction. The current density value J is
calculated from the specified tangential components of the magnetic field of the generated beam. If the current plane
is located at z = z0, then

Jx(x, y, z0)Δz = 2Hy(x, y, z0 + Δz/2), Jy(x, y, z0)Δz = −2Hx(x, y, z0 + Δz/2),

where Δz is the grid cell size along z. The magnetic field components are calculated from the analytical solution for
fiber eigenmodes [14]. The eigenmodes used, HE11 and HE11+HE−11, resemble Gaussian beams: the former — with
a linear polarization and the latter — with a circular polarization (Fig. 1).

FIGURE 1. Instantaneous distribution of Ez (isosurface), the field of the Poynting vector in the transverse plane, and radial
distribution of the period-averaged density of energy for the HE11 mode (left) and for a superposition of two modes with the
opposite rotation directions HE11 + HE−11 (right). The vertical cylinder corresponds to the boundary of the optical fiber core.

To reduce the distortion of the generated beam because of diffraction effects, the current should be distributed
over an area as large as possible, however the area is limited by the size of the computational domain cross-section.

An abrupt increase in the current at the initial moment leads to generation of an artifact steady electromagnetic
field. This happens even if the circuit is closed and there is no accumulation of a spatial electric charge. The artifact
fields can be reduced to a negligible size if the current amplitude increases gradually, reaching the maximum value at
least for time equal to the period of the generated wave.

It has been observed that the distribution of the electromagnetic field becomes stationary in a time approximately
equal to the time it takes for light to travel through the computational domain twice. Therefore, the final time T and
the number of steps Nt can be estimated using the maximum refractive index over the computational domain.

The FDTD solver was validated by comparing numerical solutions of two problems with their analytical soluti-
ons. In the first, above-mentioned, problem, the optical fiber eigenmodes were calculated numerically. The comparison
is presented in Fig. 2, which shows the radial distribution of the longitudinal component of electric fields Ez. The se-
cond considered problem was the normal incidence of a plane electromagntic wave on a cholesteric LC [15].
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FIGURE 2. Comparison of numerical and analytical solutions for the fiber eigenmode HE11. The radial distribution of Ez. The
peaks correspond to the boundary between fiber core and cladding.

Numerical Algorithm for the Equations of Orientation Dynamics
The orientation of NLC molecules can change as a result of action of elastic and electromagnetic forces [12, 16]:

∂n
∂t
= h/γ, (3)

where γ is the rotational viscosity, h ≡ G − n(n ·G), and G is the so-called molecular field:

G = GS +GT +GB +Gst +Gdyn,

GS = K1∇ (∇ · n) , GT = −K2 {A∇ × n + ∇ × (An)} , GB = K3 {C × (∇ × n) + ∇ × (n × C)} ,
Gst = (ε◦‖ − ε◦⊥)E◦(n · E◦) + (μ◦‖ − μ◦⊥)H◦(n ·H◦), Gdyn =

1

2
(ε‖ − ε⊥)Re

[
Ê(n · Ê∗)

]
,

A = n · (∇ × n), C = n × (∇ × n).

Here K1,K2,K3 are the splash, twist and bend elastic constants respectively. Equation (3) can be obtained by taking
the variational derivative of the free energy integral that includes contributions from elastic forces as well static and
dynamic electromagnetic fields:

F = Felast + Fst + Fdyn,

Felast =
1

2
K1 (∇ · n)2 +

1

2
K2 (n · ∇ × n)2 +

1

2
K3 [n × (∇ × n)]2 ,

Fst = −1

2

(
ε◦ikE◦i E◦k + μ

◦
ikH◦i H◦k

)
, Fdyn = −1

4
εi jEiE∗j .

The right-hand side of the equations of orientation dynamics (3) is calculated using the 2nd-order central diffe-
rence scheme on a 19-point stencil to approximate spatial derivatives. From the equation of orientation dynamics of
the NLC (3), it follows that the vector n rotates with an angular velocity equal to the modulus of the right side of the
equation. On the other hand, it must remain a unit vector. Thus, the director at a new time level can be calculated as

n(t + Δt) = n(t) · cos (|h|Δt/γ) + h/|h| · sin (|h|Δt/γ) . (4)

Verification of the algorithm for solving the equations of orientation dynamics was performed by considering the
simplest version of the classical Fréedericksz transition problem [17]: a stationary uniform electric field E is directed
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along z, all elastic Frank constants are equal to K (one-constant approximation), the distribution n = (cos θ, 0, sin θ)
is already converged. The spatial distribution of the director obtained with the numerical method described above was
in close agreement with the solution of the equation

d2θ

dz2
+
ΔεE2

4πK
sin θ cos θ = 0, Δε = ε‖ − ε⊥,

integrated using the fourth-order Runge–Kutta scheme.

Coupling of EMF and Orientation Dynamics Solvers
In order to determine time-independent distributions of the complex amplitudes of EMF along with director field, Eqs.
(1, 2) and (3) are solved sequentially by iterations. It should be mentioned that a similar approach was used earlier in
[18, 19].

The FDTD methods employs a staggered grid so that the values of E, B and n are calculated in different points.
In order to obtain them in the same point, the trilinear interpolation is used, which for E, B is reduced to a simple
averaging. The situation is more delicate for the director because the opposite directions of the director n and −n
are physically equivalent and also its length should not be changed after averaging. The director e in the cell center
can be calculated from the requirement for the maximum sum of projections of the directors in eight grid nodes nα,
α = 1, . . . , 8: ∑

α

(nα · e)2
= max .

For this purpose, the symmetric matrix σ̂i j =
∑
α nαi nαj , i, j = x, y, z is constructed and its maximum eigenvalue λmax is

determined. The eigenvector e corresponding to this eigenvalue, σ̂e = λmaxe, satisfies the above requirement.
A general scheme of the coupled EMF/NLC numerical simulations is shown in Fig. 3. First, Maxwell’s equations

(1), (2) are solved (step 1). After that, the calculated fields are used to determine the relaxation of the director field
(step 2).

FIGURE 3. Coupled numerical algorithm.

The maxumum values of residuals, i.e. the module of the right-hand side of equations, calculated over the entire
area computational domain, and the free energy value F :

F =
∫

(Felast + Fst + Fdyn) dV

are monitored and employed to decide if the convergence has been reached or the iterations are to be continued.
The residual was also used to determine the available time step when integrating Eq. (3): the step is selected so

that the residual does not grow.
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NUMERICAL SIMULATION OF GIANT OPTICAL NONLINEARITY OF NLC

The coupled numerical method developed in the paper was used to simulate the so-called giant optical nonlinearity of
NLCs [20, 21]. A beam of the linearly polarized light propagates through a NLC layer along the axis z. Initially, the
director field is uniform: n = (0, sin π/4, cos π/4) everywhere inside the LC volume. The propagating beam induces
a small deviation of the director from its original direction. The results of numerical simulation of this problem are
shown in Fig. 4.

FIGURE 4. Electric field and lines of the Poynting vector (left), the deviation angle and lines of the director in the central longitu-
dinal cross-section.

It can be seen that the beam deviates noticeably when it propagates through the NLC. Also, the value of the
electric field increases approximately by 10%. The non-uniform distribution of |E| is caused by the interference of the
primary beam with the light reflected from the rear boundary of the NLC layer. Figure 4 shows that the deviation of
the vector n inside the NLC layer is small, not greater than 0.01 radian. Qualitatively, the deviation angle matches the
estimate obtained in [20].

The behavior of the free energy integral F and the residual η during the computation is shown in Fig. 5. It is
seen that F reaches its maximum value at the end of the computation. while the residual decreases to some small but
non-zero value.

FIGURE 5. The free energy integral F (left) and the maximum residual η (right) as functions of the number of iterations. Red
circles indicate the moments when the computation of the director relaxation was interrupted to repeat the computation of light
propagation.
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CONCLUSIONS

A numerical method for simulation of the interaction of a light beam with a nematic liquid crystal is proposed. It
is based on a coupled solution of Maxwell’s equations for electromagnetic field in an inhomogeneous anisotropic
medium and the equations that govern the dynamics of the director field under action of elastic and electromagnetic
forces. The numerical solvers developed for solving these two systems of equations are validated using analytical
solutions of test problems. A numerical simulation of the so-called giant optical nonlinearity of nematic liquid crystals
has been performed and its results are in qualitative agreement with theoretical predictions.

ACKNOWLEDGEMENTS

The work was supported by the Russian Foundation for Basic Research (joint Russia-India project No. 16-57-48007).
This support is gratefully acknowledged.

REFERENCES

[1] M. Kleman, O. D. Lavrentovich, Soft Matter Physics (Springer, 2003).
[2] B. Witzigmann, P. Regli, W. Fichtner, J. Opt. Soc. Am. A 15, 753–757 (1998).
[3] E. E. Kriezis, S. J. Elston, Opt. Commmun. 177, 69–77 (2000).
[4] E. E. Kriezis, C. J. P. Newton, T. P. Spiller, S. J. Elston, Appl. Opt 41, 5346–5356 (2002)
[5] D. K. Hwang, A. D. Rey, Appl. Opt. 44, 4513–4522 (2005).
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Abstract. Numerical calculations of the flow in a plane supersonic boundary layer of vibrationally excited gas in locally 
self-similar and original formulations were carried out. Some characteristic conditions of the external flow and heat 
transfer at the boundary were considered. It is shown that in all the cases of locally self-similar solutions the profiles of 
hydrodynamic variables converge to some limit values for the longitudinal coordinate x ≥ 8 — 15. For all regimes, the 
maximum local deviation of these limits from profiles calculated in the full formulation does not exceed 5 %. This 
justifies the use of easily calculated locally self-similar solutions in corresponded problems of the linear stability theory. 

INTRODUCTION 

When solving problems of stability of boundary layers, it is necessary to know the profiles of hydrodynamic 
parameters of the basic stationary flow. In many cases, it is necessary to simultaneously take into account many 
processes of the real gas, such as thermal relaxation, dissociation–recombination, chemical reactions, radiation, and 
others. For calculations of such flows, the only fully adequate approach is to use finite-difference methods for 
solving corresponding boundary layer equations or complete equations of the Navier–Stocks type that include all the 
necessary effects of a real gas. 

In practice, various simplified approaches are often used to avoid complex calculations. First of all, we can 
simply use profiles of well-known the Blasius or Dorodnitsyn–Howarth self-similar solutions[1], and additional 
factors — vibrational excitation of molecules, dissociation–recombination, etc., we can take into account in the 
equations of the linear stability theory [2]–[4]. The best approximation is using locally self-similar solutions [5, 6] 
that depend on the coordinate along the flow as a parameter. However, depending on the setting specific task — the 
type of boundary conditions, the presence of chemical reactions with heat effect etc., there are two alternatives. The 
preferred case is when locally self-similar solutions with increasing coordinate parameter converge to some limit 
solution, which should be used instability calculations. In the other case, there is no such a limit. In this case, the 
longitudinal coordinate, on which the locally self-similar solution is calculated, is determined by the Reynolds 
number specified in the stability problem, which leads to some undefined error. 

In any case, when locally self-similar solutions are used, it is necessary to determine their dependence on the 
longitudinal coordinate, as well as, if possible, to evaluate their deviation from the numerical solutions obtained in a 
complete formulation that takes into account all the necessary effects. 

In this paper, this problem is considered in relation to the boundary layer of vibrationally excited gas on a plate 
for a number of characteristic boundary conditions. 
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BASIC EQUATIONS AND LOCALLY SELF-SIMILAR SOLUTIONS 

The initial system of equations for the plane boundary layer of a vibrationally excited gas in the Prandtl 
approximation was obtained from the complete equations of two-temperature relaxation aerodynamics of a 
vibrationally excited gas [7] based on the standard procedure [1]. As characteristic values for the dimensionless were 
used the current distance x = L along the plate, the parameters of the undisturbed flow outside the boundary layer — 
the velocity U∞, density ρ∞ and temperature T∞, the shear viscosity coefficient μ∞, the thermal conductivity 
coefficient due to energy transfer in translational and rotational degrees of freedom λ∞ = (5cVt/2+6cVr/5)μ∞(T), the 
thermal conductivity coefficient describing the diffusion energy transfer by vibrational quanta λv,∞ = 6cVvμ∞(T)/5. 
Here the thermal conductivity coefficients are expressed in terms of the shear viscosity coefficient μ∞(T) using semi-
empirical the Eiken ratios [7], and the specific heats cVt, cVr, cVv are assumed to be constant. The dependence of 
viscosity on temperature is described by the Sutherland's formula. The combined values of ρ∞U∞

2 and L/U∞ are used 
for the dimensionless of the pressure and time, respectively. 

In such dimensionless variables, the system has the form: 

0,u v
x y
ρ ρ∂ ∂

+ =
∂ ∂

 
 

(1) 

,u u uu v
x y y y

ρ ρ µ
 ∂ ∂ ∂ ∂

+ =  ∂ ∂ ∂ ∂ 
 

 

(2) 

2
2 ( )

( 1) M ,
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v vT TT T u Tu v
x y y y y

γ ργρ ρ γ µ µ
τ

    −∂ ∂ ∂ ∂ ∂
+ = − + +   ∂ ∂ ∂ ∂ ∂   
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∞
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R is the gas constant. 
Standard notations of hydrodynamic variables are used in (1) — (5) [1, 7]. The coefficient γ = cp/cV = 

(cVt+cVr+R)/(cVt +cVr) is ratio of specific heats, and τ is the characteristic relaxation time of the excited vibrational 
mode. The criteria M = U∞/(γRT∞)1/2and Pr = cpμ∞/λ∞ are respectively the Mach and Prandtl numbers of a non-
perturbed flow. 

Locally self-similar equations are derived from the system (1) — (5) in the same way as self-similar equations 
for a perfect gas [1]. They have the form: 

( ) 0,
T
µ φ ζ φφ

′
 ′′ ′′+ = 
 

 
 

(6) 

( )22 4Pr( 1) Pr M Pr ( ) 0,
4

v
vT T T T

T T
ξ γµ γ µγ φ φ
τ

′ − ′ ′′ ′+ + + − = 
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20 4PrPr ( ) 0,
33 v v vT T T T

T
γ µ ξφ

τ

′
 ′ ′+ + − = 
 

 
 

(8) 
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where the primesmean differentiation by the transverse self-similar coordinate (2 )ζ η ξ= , 

ζ

0 0

, , ( ) 2 ( ) .
y

x dy u dξ η ρ φ ζ ζ ζ= = =∫ ∫  

The ξ and ζ are Dorodnitsyn–Howarth variables [1], φ  is the auxiliary function. 
 

   
(a) (b) (c) 

FIGURE 1. Locally self-similar profiles. (a) is the longitudinal velocity u. (b) is the static temperatureT. 
(c) is the vibrational temperature Tv. The flow mode 1 

 

   
(a) (b) (c) 

FIGURE 2. Locally self-similar profiles. (a) is the longitudinal velocity u. (b) is the static temperatureT. 
(c) is the vibrational temperature Tv. The flow mode 2 

 
The longitudinal velocity at the borders is (0) 2 (0) 0, ( ) 2 ( ) 2,u uφ φ δ δ′ ′= = = = where δ is a coordinate of upper 

border of the boundary layer. In the incoming flow and on the surface of the plate we considered two characteristic 
conditions for temperatures, corresponding to various aerodynamic situations. 

Flow mode 1 — “supersonic flight in an undisturbed atmosphere”, adiabatic wall: 
2(0) 0, (0) 1 0.5( 1) Pr M , ( ) ( ) 1.v vT T T Tγ δ δ′ = = + − = =  

Flow mode 2 — “supersonic flight in an undisturbed atmosphere”, the isothermic wall cooled up to the 
temperature of the external flow: 

(0) (0) 1, ( ) ( ) 1.v W vT T T T Tδ δ= = = = =  
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The system of Eqs. (6) — (8) was reduced to a normal form. The two-point boundary value problem was solved 
by the “shooting” method using the fourth-order Runge–Kutty procedure on the interval [0, δ].Calculations were 
carried out for the following parameters: γ = 1.4, γv = 0.4, τ = 1, Pr = 0.75, M = 2.2 and 4.5, δ = 8, ξ = 0÷30. 

The profiles of hydrodynamic values are shown on Figures 1 and 2 for the flow modes 1 and 2, respectively. In 
all cases the locally self-similar longitudinal velocity and temperature profiles converge to their limit values at ξ ≡ x 
= 8— 12.To estimate the convergence of locally self-similar solutions to the limit a relative deviations of profiles 
εu(ζ), εT(ζ), εTv(ζ) were calculated depending on the longitudinal coordinate. The profiles obtained at ξ = 15 were 
selected as the limit profiles. The dependencies εu(ζ), εT(ζ), εTv(ζ) were calculated using the formula: 

, ,
[ , , ]( , )

( ) 1 100%, 8,10,12.
[ , , ]( , 15)

v
u T Tv

v

u T T
u T T

ζ ξ
ε ζ ξ

ζ ξ
= − ⋅ =

=
 

The greatest relative deviations of the velocity and static temperature profiles for the flow mode 1 are obtained 
near the wall and have the orders (0.4 — 1.3)×10-3 and (2 — 5)×10-3, correspondingly. The greatest relative 
deviations of the oscillatory temperature profiles are observed at a height of ζ ≈ 0.7 from the plate surface and have 
the order (1.8— 4.8)×10-3. On the contrary the maximum deviations of the velocity profiles for the flow mode 2 are 
observed at a height of ζ ≈ 1 from the plate surface (1.7 — 5.8)×10-5. The same values for the static and oscillatory 
temperature profiles are obtained at a height of ζ ≈ 0.8 from the plate surface and have, correspondingly, the orders 
(2.5 — 9)×10-4 and (0.9 — 3.5)×10-3. 

NUMERICAL CALCULATIONS OF THE BOUNDARY LAYER IN FULL 
STATEMENT 

The system of Eqs. (1) — (5) for a plane boundary layer of vibrationally excited gas can be represented in the 
following generalized form: 

0,u v
x y
ρ ρ∂ ∂

+ =
∂ ∂

 

, 1, 2, , .i i i
i i i i i i

f f f
a b c d e f i k

x y y y
 ∂ ∂ ∂∂

+ = + + = ∂ ∂ ∂ ∂ 
  

 
(9) 

Here the index i refers to the corresponding value, for example, the component of the longitudinal velocity u, the gas 
temperature T, etc. The coefficients ai, bi, ci, di and ei included in Eqs. (9) may depend on both values fi and their 
derivatives. 

The finite–difference method described in [8, 9] was realized to solve Eqs. (9). The calculation domain was 
covered by a rectangular grid with spatial coordinates: xn=x0+nhx, yj=jhy (n, j = 0, 1, 2, …), where hx, hy are the grid 
steps in the directions x and y, correspondingly. Additionally, an auxiliary grid with half-integer indexes was 
introduced: xn+1/2 = x0+(n+1/2)hx, yj = jhy и xn = x0+nhx, yj+1/2 = (j+1/2)hy. The finite–difference Crank–Nicholson 
scheme was used to approximate equations (9): 

1 1/2 1/2
1 11/2 1/2

n n n n
i j i j i j i jn n

i j i j
x y

f f f f
a b

h h

− − −
+ −− −− −

+ =  

1/2 1/2
1/2 1/2 1/2 1/2 1/2
1/2 1/2

1/2 1/2

1 ,
n n

n n n n n
i j i j i j i j i j

y i j i j

f fc c d e f
h y y

− −

− − − − −
+ −

+ −

    ∂ ∂ = − + +    ∂ ∂    
 

 
(10) 

where 1/2 1(1 ) .n n n
i j i i j i i jf s f s f− −= + −  

In the calculations the weight parameters were selected si = 0.5. The values of coefficients ai, bi, ci, di and ei are 
calculated in the nodes of the auxiliary grid with half-integer index(n−1/2, j), n, j = 1, 2, 3, … . The system of 
difference Eqs. (10), taking into account finite–difference approximations of boundary conditions, has a three-

030003-4



diagonal matrix and was effectively solved by the sweep method. At the next step of the variable x all values 
n

i jf were calculated along the thickness of the boundary layer. 
The transverse velocity was calculated from the difference equation: 

1 1 1/2 1/2
1 1 1(ρ ) (ρ ) (ρ ) (ρ ) (ρ ) (ρ )

0,
2 2

n n n n n n
j j j j j j

x x y

u u u u v v
h h h

− − − −
+ + +− − −

+ + =  
 

(11) 

approximating the continuity Eq. (1). The density included in equation (11) depends only on the temperature T and 
is assumed to be a known value. From the Eq. (11) a recurrent relation was derived for 1/2

1
n
jv −
+ through 1/2n

jv − . Thus, 

having the value 1/2
0
nv − from the boundary condition on the plate, the transverse velocity was determined in half-

integer nodes (n−1/2, j), j = 1, 2, 3… . 
To calculate the coefficients ai, bi, ci, di and ei that depend on v and n

i jf  in the nodes of the auxiliary grid, it was 
used linear interpolation formulas for these values determined from the values in the nodes of the main grid: 

1/2 1
1/2 1( ) / 2, ( ) / 2.n n n n n n

i j i j i j i j i j i jf f f f f f− −
+ += + = +  

To calculate the values n
i jf  on the n-th layer, it was need to know the coefficients 1/2n

i ja − , 1/2n
i jb − , 1/2n

i jc − , 1/2n
i jd −  

and 1/2n
i je − , which, according to the above formulas, themselves depend on unknown values n

i jf  on the n-th layer. 
Here an internal iteration algorithm was used, which consists of the following.  In the first approximation it was used 
the values of these functions on the (n−1)-th layer, for example: ,1 1n n

i j i jf f −= . The subsequent approximations were 

taken into account in the iterative process 1/2, , 1( ) / 2,n k n k n
i j i j i jf f f− −= +  where k is the index of internal iterations. The 

iterations at each step on the variable x were fulfilled until the convergence. The convergence to the established 
solution was determined by the difference in the relative values of the grid function in a uniform norm: 

, , 1

,max ,
n k n k

i j i j
n kj

i j

f f
f

ε
−−

<  

whereε is the specified accuracy, which was chosen to be 10-8 in the calculations. 
The system of Eqs. (1), (9) requires setting initial conditions at the input boundary of the boundary layer: u(x0, y) 

= u0(y), T(x0, y) = T0(y), etc. The distribution of the transverse velocity v(x0, y) was found from the numerical 
solution of Eqs. (10), (11) using internal iterations. The solutions of boundary layer equations in locally self-similar 
variables for ξ = 1 were taken as initial data. The resulting solution v(x0+hx/2, y) for a sufficiently small hx was 
assumed to be equal to v(x0, y). 

 

   
(a) (b) (c) 

FIGURE 3. Comparison of the profiles of hydrodynamic parameters. (a) is the longitudinal velocity u. (b) is the static 
temperature T. (c) is the vibrational temperature Tv. The flow mode 2, M = 4.5. The solid lines are local self-similarity solution, 

the dashed lines are numerical solution of the full problem 
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(a) (b) 

FIGURE 4. Relative deviations of hydrodynamic parameters. (a) is M = 2.2. (b) is M = 4.5. The flow mode 2 
 
The accuracy of numerical method was studied using comparison with known self-similar solutions of the 

Blasius and Dorodnitsyn–Howarth [1].The relative deviations of the profiles of longitudinal velocity, density and 
temperatures from the self-similar profiles for a fully developed boundary layer (ξ ≈ 30) did not exceed 1 %. 

Let’s consider the flow mode where the greatest deviations are appeared. Figure 3 shows the profiles obtained in 
both numerical approaches for flow mode 2 at M = 4.5. The relative deviations of the limit locally self-similar 
profiles at ξ = 30 from the numerical calculations at the longitudinal coordinate x = 40, where the boundary layer can 
be considered as fully developed, are given in Fig. 4 for M = 2.2 and 4.5.The relative deviations of the longitudinal 
velocity profiles εu(ζ), density ερ(ζ), and temperatures εT(ζ), εTv(ζ) were calculated by the formula: 

( , 40)( ) 1 100%, ( , , , ).
( , 30) v

x u T Tζε ζ ρ
ζ ξ

=
= − ⋅ =

=q
q q
q

 

It can be seen that under these conditions the maximum deviation is shown by temperature profiles at M = 4.5 
which does not exceed 4.5 %.Note that for another flow mode 1 the all deviations also remain within about 3 %. 

The obtained results allow us to conclude that for the considered boundary and initial conditions the locally self-
similar solutions are so close to the numerical solutions of the complete problem that they can be used for 
calculationin the linear stability of the corresponding boundary layers. 

CONCLUSIONS 

1. The locally self-similar solutions for the supersonic boundary layer of vibrationally excited gas on the plate 
are calculated for general conditions of external flow and heat transfer at the boundary. It is shown that in all 
considered cases the profiles of hydrodynamic variables converge to certain limit values at x = ξ ≥ 8 — 15. 

2. For the same conditions the exact numerical solutions of the system of equations for a flat boundary layer 
are obtained in the full formulation. 

3. The comparison of the profiles of the hydrodynamic variables which were calculated in a locally self-similar 
and full formulations was carried out. It is shown that for the all considered boundary and initial conditions 
the limiting locally self-similar profiles approximate the profiles of a fully developed boundary layer 
calculated in the full statement within the range 3 — 5 %. This makes it possible to reasonably use the easily 
calculated limiting locally self-similar profiles in calculations of linear stability theory. 
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Abstract. Numerical simulations of detonation wave propagation in a channel are performed and the formation of the 
detonation wave multifront structure is studied. An in-house numerical code running on hybrid supercomputers is 
employed for the numerical simulations. The code is written in C++ with the use of MPI, OpenMP and CUDA parallel 
technologies. Four different chemical reaction mechanisms for description of hydrogen/oxygen mixture combustion are 
considered. The mechanisms are compared in terms of the Chapman-Jouguet detonation speed, the predicted number of 
detonation cells and the shape of detonation wave front. 

INTRODUCTION 

There is a wide variety of reaction mechanisms for the description of chemical kinetics of hydrogen/oxygen 
mixture combustion available in literature. There are mechanisms with more than a hundred reactions and dozens of 
species and much simpler mechanisms with tens reactions and less than 10 species, usually being the reduced 
versions of the former ones. The studies of detailed chemical mechanisms [1, 2] mention that these models are able 
to predict the ignition delay quite well and are in good agreement with experimental data in terms of the speed of 
detonation wave (DW). At the same time, the profiles of gasdynamic quantities and cellular structure parameters 
such as the detonation cell size can differ significantly for the mechanisms with different sets of chemical reactions, 
varying accuracy of evaluation of reactions rates and other factors, so that the choice of chemical mechanism is 
crucial for accurate description of detonation phenomena. 

Another popular approach is based on the so-called two-step kinetics models, in which the process of 
combustion is divided into the induction stage and the chemical transformations stage [3, 4]. However, the use of 
these models is not always possible because the parameters of the models cannot be determined in sufficiently wide 
range of regimes, required for comparison with experimental data. The choice of chemical kinetics mechanism for 
the numerical simulation of detonations is important and challenging problem of modern computational fluid 
dynamics. The goal of the present paper is to investigate and compare the processes of formation and evolution of 
the DW cellular structure for different chemical models, to assess the kinetics mechanisms used for numerical 
simulation of detonations and choose the ones providing the closest agreement with the experimental data available.  

All computations of DW propagation are performed with an in-house numerical code for hybrid computational 
systems. The code is written in C++ with the use of MPI, OpenMP and CUDA parallel technologies [5]. 
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GOVERING EQUATIONS AND CHEMICAL MODELS 

The propagation of DW in a chemically reactive gas mixture can be described by the Euler equations solved 
jointly with the chemical kinetics equations: 

 + ( ) + ( ) + ( ) = , = 1, … , . (1) 

Here t and x, y, z are the time and spatial coordinates, respectively,  is the density of the mixture, u = (u,v,w) is the 
gas velocity, N is the number of species in mixture, Yi is the mass fraction of ith species, Wi is its molecular weight, 

  is the molar production rate of ith species in chemical reactions. The number of independent equations in Eq. 1 is 
equal to N-1, because the sum of the densities of all species has to be equal to the density of the mixture.  To 
minimize the numerical errors usually the species with maximum mass fraction is excluded. 

Chemical Models Description 

In the present work, 4 different models for hydrogen/oxygen mixture combustion are considered. Models contain up 
to 19 reversible chemical reactions. The reaction rates are given by the Arrhenius law: 

 ( ) = ( ), (2) 

where A and  are constants and the activation energy Ea depend on the chemical mechanism used. 
As was mentioned before, 4 chemical models are considered: the ONERA model, the Deiterding-Westbrook 

model, the Wilson-MacCormack model, and the Peterson-Hanson model. The ONERA model [6] is the simplest of 
all considered models, created specifically for supersonic combustion. It includes 6 species (H, O, H2, O2, OH, H2O) 
and 7 reactions. Three other chemical mechanisms include 8 species (H, O, H2, O2, OH, HO2, H2O, H2O2). The 
Deiterding-Westbrook model described in Deiterding’s PhD thesis [7] is a reduced version of the early Westbrook 
model [8] with 17 reactions. The Wilson-MacCormack model [9] including 19 reactions is based on the 
Jachimowski model [10] modified for supersonic combustion. The Peterson-Hanson model [11] was specifically 
constructed to take into account the dependency of chemical reactions rates on the pressure. Although only one of 19 
reactions depends on the pressure, it has a considerable effect on the results of numerical simulations. 

RESULTS 

When comparing results of numerical simulation of DW propagation with experimental data, the regime of a 
self-sustained detonation is of important interest. To perform computations in this regime, the Chapman-Jouguet 
detonation speed DCJ is calculated using the open-source toolkit SDTools [12]. 

Only the ONERA model has the value of DCJ slightly different from other models, namely DCJ = 2835.194 m/s 
for pini = 101325 Pa and DCJ = 2710.315 m/s for pini = 10132.5 Pa. The rest of the models considered yield DCJ = 
2834.971 m/s for pini = 101325 Pa and DCJ = 2710.250 for pini = 10132.5 Pa. Since the Chapman-Jouguet detonation 
speed depends only on the set of species used in the model, it is the obvious reason for the different DCJ value in the 
ONERA model. 

All computations are performed for the Chapman-Jouguet detonations at the initial pressure pini = 10132.5 Pa and 
Tini = 300 K. The stoichiometric mixture of hydrogen and oxygen is considered (2H2+O2). The Zeldovich-von 
Neuman-Döring (ZND) solution is used to set the initial flowfield. The channel height is equal to H = 2 cm and its 
length is varied from 6 to 30 cm, depending on the model used. The resolution of the numerical grid is taken in such 
a way that there are at least 24 grid cells per the half-reaction zone, which makes 800 cells across the channel and up 
to 2 million points in the whole computational domain. Figure 1 shows the cellular structure of DWs formed during 
the propagation for all models considered.  

For each model two stages of structure evolution are shown. The first (linear) stage is characterized by smaller 
and regularly spaced detonation cells. At the second (non-linear) stage, the detonation cells merge into bigger ones. 
It should be noted that even during the linear stage different models yield different number of detonations cells. 
Moreover, the shapes of the cells and DW front also differ. The number of detonation cells and the shape of DW 
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front predicted by the ONERA and the Peterson-Hanson models are close to each other but different from the 
predictions of two other models. 

 

 
FIGURE 1. The linear and non-linear stages of DW cellular structure formation 

 
At the non-linear stage all models show satisfactory agreement. But despite the fact that differences are relatively 

minor, they indicate the need for further more detailed investigation of DW cellular structure formation. The change 
in number of cells during the DW evolution is tracked and the results for all models are shown in Figs. 2 and 3. The 
Fourier transform of the DW front shape is used to extract the number of detonation cells.  

 

  
(a) (b) 

FIGURE 2. The number of detonation cells as a function of time for the ONERA (a) and Peterson-Hanson (b) models 
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Figures 2 and 3 also demonstrate that the number of cells at the first stage of DW structure formation depends 
strongly on the model used. In studies [13, 14] it was shown that in the case of the one-step chemical model the 
number of detonation cells is in direct correlation with the model parameters and the channel height. In the case of 
the detailed chemistry, the difference between models at the linear stage seems to be caused by the same factors, i.e. 
different sets of reactions and different reaction rates. Unfortunately, the mechanism of cell merging at the later 
stages is not yet studied and understood. Since there is a reasonable agreement between models at the non-linear 
stage, one of the possible explanations is that the non-linear effects dominate over all other factors, including models 
parameters. However, this hypothesis requires a thorough investigation. 

 

  

(a) (b) 

FIGURE 3. The number of detonation cells as a function of time for the Deiterding-Westbrook (a) 
and Wilson-MacCormack (b) models 

 
As can be seen in figures 2 and 3, the ONERA and the Peterson-Hanson models have a more prolonged and 

pronounced linear stage and the transition to the non-linear stage is faster and more distinct in these models. The 
other two models demonstrate more smooth process of DW structure formation with less distinct stage separation. 

The final cell size for all presented chemical models can be easily calculated from the numerical presented in m 
figures 2 and 3. For the ONERA model cell size is approximately 1 cm, the Peterson-Hanson model yields 1.3 cm 
cells, the Deiterding-Westbrook model predicts cell sizes ranging from 1.3 to 4 cm, and for the Wilson-
MacCormack model cell sizes vary from 1 to 4 cm. The cell size variation in such a wide range for the last two 
chemical models can be explained by irregular detonation cell patterns produced by these models for the 
stoichiometric mixture [15]. It is difficult to say without an additional investigation if this effect is really reproduced 
by these models. The experimental data [15] yield the detonation cell size around 1.5 – 1.6 cm with a highly 
irregular cellular structure. 

CONCLUSION 

Numerical simulations of DW propagation in a 2D channel using 4 different detailed chemical mechanisms 
showed that they yield different flow structures at the initial stage of the cellular structure formation.  It is natural to 
expect that the flow evolution at this stage is driven by the linear instability of the plane DW solution. The linear 
stability characteristics can be strongly dependent on the chemical mechanisms, which can explain the substantial 
difference observed in the numerical simulations. This assumption can be verified by comparing the amplification 
rates predicted by the linear stability theory with those obtained directly from numerical simulations, in the same 
way as was done in [14]. However, it requires to develop the linear stability theory for the detailed chemical models 
that will inevitably lead to a large-size, cumbersome system of linearized equations. 

At the non-linear stage of DW cellular structure formation, all chemical models considered predict relatively 
close numbers of detonation cells. The comparison of numerical simulations with experiments in terms of the 
detonation cell size shows a good agreement for the ONERA and Peterson-Hanson models and reasonable 
agreement for the Deiterding-Westbrook and Wilson-MacCormack models. For a more accurate and detailed 
investigation, numerical simulation ought to be performed in wider channels, so that the detonation cell size could 

030004-4



reach its limiting value as predicted by the linear stability theory [13] and observed in experiments. A comparison of 
models in these conditions would be more correct and elucidating. 
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Abstract. A two-dimensional model of a porous medium with a skeleton formed by randomly located overlapping disks 
is proposed. The skeleton of a porous medium is constructed by randomly adding disks to a rectangular region. Disks are 
characterized by shallow depth h, radius R, and center coordinates. The construction algorithm uses two dimensionless 
model parameters: characterizing the values of the minimum overlap of intersecting disks and the minimum gap between 
disjoint disks. Geometry and computational grid are built in the open Salome package. The flow of Newtonian fluid in 
the longitudinal and transverse directions is calculated and its flow rate is determined. The numerical solution of the 
Navier-Stokes equations for a given pressure drop at the boundaries of the region is implemented in the open 
OpenFOAM package. The calculated flow rate value was used to determine the permeability coefficient based on Darcy's 
law. The analysis was carried out for the filtration-capacitive properties of the model in a wide range of dimensionless 
parameters. 

INTRODUCTION 

When describing the flow of fluids in a porous medium, the computational fluid dynamics methods are widely 
used, which reduce to integrating the Navier – Stokes equations in pore space. Modeling of microinhomogeneities of 
porous media using randomly located elements allows reproducing the main measured properties of porous media: 
porosity, permeability, and particle size distribution. An algorithm for constructing a two-dimensional model of a 
porous medium with random micro-inhomogeneities of the skeleton in the form of intersecting disks was proposed, 
in [1] and developed in [2]. 

PROBLEM FORMULATION 

The skeleton of a two-dimensional porous medium was constructed by randomly arranging disks in the 
computational domain in the form of a rectangular parallelepiped with sides Lx × Ly. Radii of disks take values from 
Rmin to Rmax. The algorithm for constructing the skeleton of a porous medium includes two model parameters: in 
and out, which characterize the values of the minimum overlap of intersecting disks and the minimum gap between 
disjoint disks. The algorithm randomly disposes the i-th disk in compliance with the following conditions: + = 0,+ = 0,        (1, … , 1),   (1) 

where dij is the distance between the centers of the i-th and j-th disks. The first equation corresponds to the condition 
for intersecting disks, the second equation corresponds to the condition for non-intersecting disks, j is the index 
running through the numbers of all disks previously added to the computational domain. The process of porous 
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structure formation is illustrated by Fig. 1, which schematically shows the location of the disks for a fixed point in 
time. 

 
FIGURE 1. The layout of the disks in the calculation area 

 
According to the results of many numerical experiments of the authors in the process of generating a structure, 

the dynamics of its porosity m depending on the number of disks N placed is well described by the expression ( ) = + (1 ) ,     (2) 

where ma and Ne are empirical parameters. Writing equation (2) twice for two states of the generated structure, we 
obtain a system of equations for the parameters ma and Ne: ( ) = = + (1 ) ,      ( ) = = + (1 ) .  (3) 

Solving the system of equations (3) with N2 = 2·N1, we get: 

= ,       = .     (4) 

Introducing the parameter  = m – ma, via (4) we obtain a criterion for stopping the process of generation of a porous 
medium: =

Figure 2 shows (as an example) the dependences of the parameters , m, ma, Ne, Nat (the accumulated number of 
attempts to place the next disk on the plane) on the number of disks placed in the computational domain. 

 

  
(a) (b) 

FIGURE 2. The dependences of parameters , ma (a) and Ne, Nat (b)  
on the number of disks placed in the computational domain 
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This approach allows one to significantly accelerate the process of generating a porous medium and to study its 
properties in a wide range of parameters in and out (Fig. 3). 

 

 
FIGURE 3. Examples of generated porous media at various values of model parameters 

(gray color corresponds to the pore space) 

MATHEMATICAL MODEL 

We transform the generated two-dimensional porous medium into a three-dimensional by pulling it in the 3rd 
direction to a depth of h. Consider the stationary flow of a viscous incompressible fluid in the pore space of such a 
medium: = 0,   = 1 + , 
where u is speed, p is pressure,  is density. 

The following boundary conditions are accepted: the condition of sticking at the boundary of the skeleton and 
p between the front (fluid 

flows) and rear (fluid leaks) faces (Fig. 4). Generally speaking, for this problem it is not necessary to solve the three-
dimensional Navier-Stokes equations, since they are reduced to solving the Dirichlet problem for the Poisson 
equation in the 2-dimensional plane of the constructed pore space with the boundary condition of adhesion. 
However, we used the ready-made functionality of open packages. Pore space geometry and computational grids are 

in=0.1·R out=1.0·R in=1.0·R out=1.0·R 

in=0.3·R out=0.3·R in=1.0·R out=0.1·R 
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created in the open Salome package. In the considered area, hydrodynamic modeling was performed in the 
OpenFOAM package. According to the calculation results, the volumetric flow rate through the front face is 
determined. Based on Darcy's equation: 

= , =  

the permeability of the medium is found for given values of the model parameters and porosity: 

=  . 

 
FIGURE 4. Example of a computational domain with borders 

CALCULATION RESULTS 
The calculations were carried out with the following parameters: Lx = Ly = 1 mm, Rmax = Rmin = R = 20 m h=0.1 

mm;  = /  = 10-6 m2/sec, p = 1 Pa. 
Figure 5 shows the depends of permeability on porosity according to a law that is close to exponential for most 

of the design points, which is typical for real rocks. 

 
FIGURE 5. The dependence of permeability on porosity 
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Figure 6 shows the dependences of porosity (left) and permeability (right) on dimensionless model parameters in 
= in /R and out = out /R. As can be seen from the Fig. 6, the porosity changes by more than an order of magnitude: 
from 5% to 65%, the permeability changes by more than two orders of magnitude. 

 

  
(a) (b) 

FIGURE 6. Dependences of porosity (a) and permeability (b), m2 on dimensionless model parameters in and out 
 

Figure 7 shows the number of disks in the computational domain (left) and the accumulated number of attempts 
to place the next generated disc in a random location in the computational domain (right), depending on the 
dimensionless parameters. Both quantities N and Nat increase as the parameters in and out approach zero. 
 

  
(a) (b) 

FIGURE 7. Dependences of N (a) and Nat (b) on dimensionless model parameters in and out 
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CONCLUSIONS 

A two-dimensional model of a porous medium with a skeleton formed by randomly located overlapping disks is 
proposed. The construction algorithm uses two dimensionless model parameters: characterizing the values of the 
minimum overlap of intersecting disks and the minimum gap between disjoint disks. Geometry and computational 
grid are built in the open Salome package. The flow of Newtonian fluid in the transverse direction is calculated, its 
flow rate is determined. The numerical solution of the Navier-Stokes equations for a given pressure drop at the 
boundaries of the region is implemented in the open OpenFOAM package. The calculated flow rate value was used 
to determine the permeability coefficient based on Darcy's law. The analysis was carried out for the filtration-
capacitive properties of the model in a wide range of dimensionless parameters. It was shown that porosity changes 
by more than an order of magnitude: from 5% to 65%, permeability changes by more than two orders of magnitude. 
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Abstract. The evolution of the artificial wave packet in the inhomogeneous supersonic boundary layer of swept wing 
was experimentally studied for the first time by hot-wire measurements. To create an inhomogeneous flow in the 
boundary layer of the swept wing, periodic stickers of various shapes were used. The localized disturbances were 
generated by pulse glow discharge. Analysis of the mean flow, integral dependences and the averaged waveforms of 
wave packet in supersonic boundary layer of swept wing has been executed. The stickers used in the experiments 
produced modulations of the swept wing boundary layer with amplitude equal about 30% from the incoming flow. 
Inhomogeneity of the mean flow transforms the wave packet, its development slows down somewhat.  

INTRODUCTION 

A fundamental feature of the boundary layer, which realized at the flow over a swept wing, is the presence of a 
cross flow, because of which new instabilities appear in a shear layer, as compared to the case of a flat plate. 
Theoretical analysis of the mechanisms of turbulence origin in the swept wing boundary layer allows it to single out 
several basic types of instability. This is the instability of the flow along the attachment-line of leading edge of the 
wing; the instability of the transverse flow to stationary and traveling disturbances; instability of Tollmien–
Schlichting waves [1]. The role of these instabilities in the process of transition strongly depends both on the flow 
parameters and on the design features of the model itself.  

Experiments under controlled conditions showed that pulsed blowing or suction through a gap of part of the 
incompressible boundary layer leads to the formation of coherent structures in the shear flow, such as streaks and 
lambda structures, which play an important role in the late stages of the laminar-turbulent transition [1]. A similar 
technique of pulsed excitation of the wave packets was applied to supersonic flow. The origin of turbulent spots was 
not detected in experiments on a flat plate, however, the structure of the wave packet was studied in detail, its main 
characteristics were determined, and the features of its propagation in a compressible flow were revealed. It has also 
been experimentally shown that the reaction of a supersonic boundary layer to a pulsed action is similar to an 
incompressible case [2].  

Subsequent experiments on the development of the wave packet in the supersonic boundary layer of a swept 
wing showed the promise of this method in studies of the occurrence of turbulence [3]. Estimates of the most 
unstable pulsations of the wave packet showed that perturbations caused by a pulsed discharge propagate in the 
boundary layer of the swept wing according to the linear stability theory. However, there are no data on the 
development of the wave packet in inhomogeneous flows at supersonic speeds.  

The present work is devoted to an experimental study of the influence of the swept wing surface inhomogeneity 
on a development localized wave packet downstream in a spatial boundary layer at Mach number of 2.0. 
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EXPERIMENTAL SETUP 

The experiments were made in the T-325 low-noise supersonic wind tunnel of the Khristianovich' Institute of 
Theoretical and Applied Mechanics SB RAS at Mach number M=2.0 and a unit Reynolds number 
Re1 = (6.0  0.1)·106 m-1. A model of swept-wing with a sharp leading edge was used at experiments. The model 
installed at a zero angle of attack. The swept angle of the leading edge was equal 40 . The model of swept wing has 
a thick (7.7%) profile. The model is schematically shown in Fig. 1.  

 

 
FIGURE 1. Model of swept wing with a source of controlled disturbances 

 
An artificial wave packet was generated by a pulsed glow discharge on the swept wing surface. The discharge 

was ignited between two copper electrodes. The size of the dielectric gap and the electrodes diameter was about 
0.65 0.01 mm. The insulator and electrodes were mounted flush with the model surface. The electrode centers were 
located parallel to the direction of the flow (the x-axis). The origin of the coordinates x, z and z  was set on the far 
electrode from the leading edge. The electrode farthest from the leading edge was located at x=29.1 mm. The 
ignition scheme of a pulsed discharge is described in detail in [2]. 

Measurements of the mean and pulsating characteristics of the flow were carried out by using the constant-
temperature anemometer (CTA). A hot-wire probe, made of 10 μm diameter tungsten wire, was used. The constant 
component of voltage “E” from DC output of the anemometer was measured with a help of a digital voltmeter 
Agilent 34401A. The pulsation voltage from HF output of the anemometer was digitized by a 12-bit analogue-digital 
convertor (ADC) with a sampling frequency of 1.25 MHz. The technique of filtering artificial disturbances from a 
total signal using synchronous averaging has been well developed in early experiments on a flat plate [2]. The length 
of waveforms was 4096 ADC samples. 320 waveforms are recorded synchronously with discharge ignition at each 
point in space. 

To create an inhomogeneous flow in the boundary layer of the swept wing, periodic stickers of various shapes 
were used, which were applied to the working surface of the wing model. Photographs of the wing surface with 
elements that create flow inhomogeneity are shown in Fig 2. The elements of the surface inhomogeneity were 
placed so that electrodes of the glow discharge were between the elements. 

Periodic elements of the longitudinal form were used in the first case, see Fig. 2 (a), which are made using a 
template and varnish. The template dimensions for periodic elements of surface inhomogeneity were selected 
according to the recommendations proposed in [4]. The inhomogeneity elements had the following dimensions: 
width – about 2 mm; length – from 4 to 5 mm; location periodicity – 3 mm. The varnish flowed under the template 
and the elements had a vague shape and variations of sizes. The elements were located in spanwise direction at x=16 
mm from the model leading edge.  

The second case is represented in Fig. 2(b). Elements of inhomogeneity were made of vinyl film with an 
adhesive sublayer. They had the following dimensions: width – 1.5 mm; length – 1 mm; thickness – about 0.08 mm; 
location periodicity – 3 mm. The elements were located in spanwise at x=18.3 mm from the model leading edge.  
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(a) (b) (c) 

FIGURE 2. The elements location that create a inhomogeneous of flow on a model of a swept wing 
 
In the third case, see Fig. 2(c), the inhomogeneity elements were also made of vinyl film. They had the following 

dimensions: width – 2 mm; length – 1 mm; thickness – about 0.08 mm; location periodicity – 4 mm. The elements 
are located in spanwise at the same distance from the leading edge of the model as in Fig. 2(b).  

Measurements for the case of longitudinal elements, Fig. 2(a) are made in a special way. In these experiments, a 
new constant temperature anemometer (CTA) was used [5]. This CTA is controlled by COM-port and has a wide 
range of functions. The total signal is put into the DC output of the anemometer, and the pulsation component of the 
voltage - to HF output. Some CTA control functions were integrated into the automated measurement program: 
measuring bridge turning on/off, setting of the hot-wire resistance, bias voltage setting, gain setting. The total signal 
of the CTA from the DC output was measured in the experiments. The constant component of the total signal was 
determined during the measurements and automatically subtracted by setting the bias voltage. Further, than the 
signal is amplified and is put into the DC output for digitization by the measuring ADC.  

RESULTS 

Consider the results of the wave packet evolution on the swept wing with a smooth surface. Distributions of the 
mean mass flow rate and RMS pulsations of the wave packet along the leading edge of the swept wing are shown in 
Fig. 3 at x=40 mm. The values of the mean mass flow rate are normalized to the level in the incoming flow. The 
pulsations of the wave packet were measured in a supersonic part of the boundary layer, at ( U)/( U) 0,55. The 
maximum of RMS pulsations is located at z =-2.1 mm, which coincides with the previously obtained data [3]. 
Almost the same disturbances were introduced into the supersonic boundary layer, despite the lower power, supplied 
to the electrodes of discharge, relative to previous experiments [3]. The RMS pulsations have a maximum level of 
0.6% relative to the mean flow in both cases. RMS pulsations do not exceed 0.1% beyond the bounds of the wave 
packet. 

The oscillograms of wave packet are presented in Fig. 4 in the form of contours of equal amplitude in the plane 
(z , t) at x=40 mm. The wave packet in the boundary layer of a smooth swept wing has an asymmetric shape in 
spanwise direction that is different from the case of a flat plate. The asymmetry of the wave packet in spanwise 
relatively z =0 mm is associated with the presence of a cross flow. If we compare the shape of the wave packet in the 
(z t) plane with the data published in [3], then a region of positive pulsations in these experiments somewhat 
relocated to the side of negative z  values. The central part of the wave packet, which was previously located in area 
at z 2.1 mm and corresponded to the instantaneous mean flow defect, is practically not visible. Extremums at z <4 
mm are observed in both cases. In general, the wave packet has the same form in the (z , t) plane in different 
experiments. The observed differences are associated with different values of y/  at carrying out measurements 
along transverse coordinate z  and lower power supplied to the discharge.  

Next, we consider the effect of flow inhomogeneity on the development of a wave packet. Modulations of the 
mean flow caused by periodic stickers are shown in Figs. 5a-5c. The result of the flow inhomogeneity influence on 
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the wave packet is also imaged in this figure in type of the rms pulsations of the wave packet. All stickers used in 
the experiments caused approximately the same modulations of the mean flow in the boundary layer of the swept 
wing in amplitude, the level of which did not exceed 30% of the incoming flow. The period of the flow modulations 
corresponds to the periodicity of the elements of inhomogeneity. An analysis of integral pulsations over z  shows 
that the inhomogeneity of the flow reduces the development of the wave packet. There are many peaks in 
distributions of the RMS pulsations, the maximum amplitude of which is several times smaller than the case of a 
smooth wing. The maximum of integral pulsations also relocates toward negative values of the transverse coordinate 
relatively to the case of a smooth wing. 

 

FIGURE 3. Distributions of the mean mass flow rate and RMS 
pulsations of the wave packet in spanwise direction 

FIGURE 4. Contour lines of mass flux pulsations of the wave 
packet in the (z t) plane on the smooth model at x=40 mm 

 
The waveforms of the wave packet in the inhomogeneous supersonic boundary layer of the swept wing are 

shown in Figs. 5d-5f in the form of contours of equal amplitude in the plane (z , t). It is seen from the waveforms 
that the modulation of the mean flow transforms the wave packet. The wave packet becomes periodic in the 
transverse direction. Its complex structure disappears. The periodicity of the wave packet coincides with the period 
of modulations of the mean flow. It is also note a decrease in the amplitude of the wave packet under conditions of 
inhomogeneity of the mean flow on a swept wing.  

The length of the inhomogeneity elements also affects the evolution of the wave packet in the spatial boundary 
layer. At length of elements equal 1 mm, Figs. 5e and 5f, the duration of the wave packet is about 0.2 ms, which 
corresponds to the case of a smooth wing (see Fig. 4). An increase of the elements length leads to an growth of the 
duration of the wave packet to 0.7 ms, Fig. 5(d). That is, the propagation velocity of the wave packet trailing edge in 
the longitudinal direction decreases with increasing length of the inhomogeneity elements.  

For measurements made by the CTA, the dimensionless mass flux pulsations shown in Fig. 5 in the form of lines 
of equal amplitude are determined by the following expression: ,  = ,  ( ) 100 %,      (1) 

where m (t, z) – the dimensionless mass flux pulsations, e (t, z) – pulsation component of voltage from the HF output 
of hot-wire, E(z) – distribution of the constant voltage component over transverse coordinate from the DC output of 
hot-wire, S U - sensitivity of the hot-wire probe to mass flux pulsations [5]. Hot-wire probe sensitivity to mass flux 
pulsations for CTA is constant and equals about 0.26 [5]. 

The usage of expression (1) at decomposition the wave packet over the transverse component of the wave vector 
in the case of a smooth surface does not change the result. Indeed, along the leading edge E(z) equals constant, both 
on a flat plate and on a swept wing, taking into account the measurement inaccuracy. Therefore, normalization on a 
constant voltage does not change the wave characteristics of the disturbances introduced by glow discharge at 
measurements on a smooth surface. 
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FIGURE 5.Distributions of the mean mass flow rate and RMS pulsations in spanwise direction at x=40 mm – (a-c), contour lines 

of the wave packet in (z , t) plane on swept wing model with elements of surface inhomogeneity – (d-f): 
(a, d) – inhomogeneity elements with periodicity of 3 mm and length of 4-5 mm; 
(b, e) – inhomogeneity elements with periodicity of 3 mm and length of 1 mm; 
(c, f) – inhomogeneity elements with periodicity of 4 mm and length of 1 mm 

 
In our case, the normalization of the pulsation signal must be approached carefully. As already noted, the 

inhomogeneity elements located on the wing surface induce a modulation of the boundary layer with an amplitude 
of 30% from the incoming flow. And the normalization of the pulsations voltage on the modulation of the mean 
flow, in fact, is the result of the convolution of two functions. Probably, only in the case of a complete correlation of 
the pulsations voltage with the modulations of the boundary layer in the transverse direction, it is possible correctly 
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apply to the expression (1) to the wave packet at determining the wave characteristics. To check the assumption 
made, in Fig. 6 shows the contour lines of the wave packet in dimensional form for the case of longitudinal elements 
of the surface inhomogeneity adduced in Fig. 2(a Comparing Figs. 6 and 5(d), it can conclude that normalization to 
the mean flow did not affect the periodicity of the wave packet over spanwise. Most likely, the modulations of the 
boundary layer are correlated with the pulsation signal along the z  coordinate. However, this statement requires 
additional verification, which will be done in the near future. In the meantime, the issue of normalization at the wave 
packet decomposition over the transverse component of the wave vector remains open. 

 

 
FIGURE 6. Contour lines of the wave packet in (z , t) plane, represented in dimensional form 

CONCLUSION 

For the first time, the experimental study of the artificial wave packet development in an inhomogeneous 
supersonic boundary layer of a swept wing  at Mach number M = 2.0 in a low-noise supersonic wind tunnel T-325 
SB RAS was performed. The inhomogeneity elements of surface used in the experiments caused approximately the 
same modulations of the mean flow in the boundary layer of the swept wing, the level of which did not exceed 30% 
of the incoming flow. The period of modulations of the boundary layer corresponds to the periodicity of the 
elements of inhomogeneity. Inhomogeneity of the mean flow transforms the wave packet. The wave packet becomes 
periodic in the transverse direction. Its complex structure disappears. In this case, the development of the wave 
packet slows down somewhat.  
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Abstract. The article is devoted to the determination of equivalent stresses and strains in the minimum cross-section of 
the neck during tensile testing of cylindrical specimens. To correct the average tensile stresses, the Bridgman theory is 
used, based on the experimental measurement of the neck. The paper proposes an approach for calculating the radius of 
curvature of the neck based on the approximation equation that describes the entire profile of specimen. Its accuracy was 
estimated using the finite element method. A program has been developed that provides the measure of the diameter of 
specimen in the minimum cross-section of the neck and the calculation of the radius of its curvature from the video 
recording of the test process based on the proposed equation. Using this program, hardening curves for 09G2S steel were 
constructed at engineering, true and equivalent stresses. 

INTRODUCTION 

Tensile testing of specimens is the most common approach to study the mechanical properties of metals and 
alloys, and it is one of the main acceptance tests for metallurgical products. However, the study of the reliable 
properties of materials after localization of deformation in the neck is very rare. There are two main reasons for this. 
Firstly, the existing standards for metallurgical products limit the field of studying mechanical properties up to 
tensile strength; therefore, for engineering practice, the determination of equivalent stresses and strains in the neck is 
not of great importance. On the other hand, for researchers and scientists, the neck formation is of particular interest: 
on a basis of equivalent stress and strain, you can define the hardening curve of a material, calibrate different 
fracture models, study the effects of high strain rates, temperature or stress triaxiality, etc. However, researchers 
commonly face inextricable difficulties associated with the need to take into account the inhomogeneous stress 
distribution in the neck of the specimen. 

According to Bridgman [1], the stress in the neck can be determined using three degrees of approximation. The 
first one does not take into account the presence of a neck at all. To calculate stress in this case you should divide 
the tensile load (P) by the area of the original cross-section of specimen (A0). This approach is the basis for 
engineering practice. The second approximation takes into account the localization of deformation and deals with 
the average values of stress in the neck. In this case, the stress is calculated by dividing the tensile load by the 
current value of the cross-sectional area (A). This approach has a closer correlation with the reliable properties of a 
material; however, the average stress is unsuitable for describing many physical phenomena including fracture. In 
this case, a third approximation is necessary, taking into account the inhomogeneous distribution of stresses in the 
axial and radial directions. As Bridgman showed, as well as a number of other researchers, [2], stress inhomogeneity 
can be taken into account by experimentally measuring the neck profile, namely, the diameter in the minimum cross-
section (d) and the radius of neck curvature (R). 

This work aims to develop a tool, based on the video recording of the test process, which will provide 
experimentally measuring the neck profile at any instant up to specimen failure. When developing such a tool, the 
main task we set was the ability to quickly and accurately process experimental data. Therefore, we propose an 
analytical description of the neck profile, which on the one hand takes into account the difference in the properties 
of materials, and on the other hand allows the use of mathematical tools to calculate the radius of neck curvature, not 
the measurement. The speed and ease of processing experimental data is based on the use of Wolfram Language. 
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METHODOLOGY 

The Analytical Description of Neck Profile 

The current value of the radius of neck curvature is the only parameter that allows you to take into account the 
inhomogeneous distribution of stresses in the minimum cross-section of specimen. To determine its values, 
projectors [1] or instrumental microscopes [3] are used. However, in this case, the measurement of the radius of 
curvature is subjective and requires the specimen being removed from the test setup. Nowadays, the method of 
digital image correlation (DIC) is widely used [4, 5]. Nevertheless, its scope is very limited without the use of an 
additional camera: using DIC, the deformation is determined on the surface of mainly flat specimens, and the 
obtained data are used to solve the inverse problem by the finite element method (FEM). The most accurate methods 
for measuring the neck of specimens were obtained using the DSLR and high-speed cameras in works of Sancho 
et al. [6, 7] and Mirone et al. [8, 9]. However, Sancho does not reveals the method to calculate the radius of neck 
curvature. Mirone, on the other hand, uses the fitting techniques to approximate the profiles by way of second or 
third order polynomials and then calculates derivatives of the polynomials and finally desired curvature values. 
However, he notes that this procedure is very time-consuming and may induce errors up to more than 10%. 
Assuming that the change in neck profile is independent of material properties, he proposes a regression model 
called MLR for characterization of post-necking material behaviour. However, this approach requires strong 
experimental evidence for a wide range of materials. 

Based on the mathematical analysis of the FEM results performed in [10], in this paper, we propose to 
approximate the neck profile using the equation: 

 

 
12

11 1
22 c

zddd , (1) 

 
where z are radial and axial coordinates of points on specimen surface respectively, c is a parameter sensitive 
to a material properties, d is a minimum neck diameter and d1 is a diameter of specimen at the beginning of necking. 

Equation 1 suggests that the neck profile is symmetrical about a plane perpendicular to the axis of specimen and 
passing through the minimum cross-section of neck. It allows you to calculate the radius of neck curvature quite 
simply: 

 

 
dd

cR
1

. (2) 

 
The results of additional computer simulation of tensile tests, performed in this work, show that the proposed 

analytical description of the neck profile is effective regardless of the nature of the material hardening curve and the 
instant of the test (Fig. 1). The largest error in the analytical description of the neck was equal to 1.09% for the data 
presented in Fig. 1 (a), and 0.73% – in Fig. 1 (b). For a better approximation of the neck profile, we recommend to 
use the fitting techniques, taking into account the variation of all parameters included in Eq. 1 despite their physical 
concept. 
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(a) (b) 

FIGURE 1. The comparison of FEM results (shown on graphs by dots) with fitted data by Eq. 1 (continuous lines): 
(a) neck profiles for various materials subjected to equivalent strain of about 1.5;  

 = 0.5 at various instants of tension 

Optical Method for Measuring the Neck Profile 

There is very limited information in the literature on the use of optical systems for measuring the neck of tensile 
specimens. One of the earliest references to this is presented in [11]. G’Shell et al. have applied the tensile testing 
system with the computer-aided video extensometer and the true strain-rate controller. During testing, this system 
automatically processed frames of 512×512 pixels in 256-level greyscale size. In [6], Sancho et al. used the Nikon 
D7000 DSLR camera. For specimen profile extraction, they use an image thresholding method. In order to optimize 
the sharpness of images authors applied additional lightning as well as painted the specimens white. Sancho et al. 
improved the test procedure in [7]. They used only one light placed behind the specimen and recorded the shadow 
produced by the specimen. 

In this work, we investigated the possibility of using the shadowgraph technique as in [7], but we faced 
inextricable difficulty. The problem is that the use of backlight significantly illuminates the boundaries of specimen. 
Therefore, the neck profile extracted from frames with the use of an image thresholding method is less than the real 
specimen has. At the same time, the width of the illuminated area is constant while specimen necking. This leads to 
a varying error which is not possible to take into account for us. 

To overcome this difficulty we used green backdrop. This video technique, known as chromakey, has become 
extremely widespread in movie production. In our research, we used the DSLR Canon 700D camera to record the 
test process with a resolution of 1920×1080 pixels in RGB color space. To extract individual frames from videos 
with a frequency of 10 fps corresponding to the output signal of the Instron 3382 test machine, the FFmpeg open-
source software was used. For the last frame, we pointed the image region of interest in which the specimen 
necking. The image processing procedure for measuring the neck profile involves several steps: 

1. Background removal. 
2. Alignment of the image in order to match the axis of specimen with the vertical. 
3. Extraction of the neck profile using the Sobel filter. 
4. Determination of the coordinates of points on the specimen surface in millimeters. 
5. Fitting of the neck profile on both sides of specimen using Eq. 1 using the least squares method. 

Determination of specimen diameter in the minimum cross-section as the sum of two radii. 
6. Calculation of the radius of neck curvature using Eq. 2 as the mean value of two radii. 
Figure 2 shows some stages of digital image processing. 
Based on the presented image-processing algorithm, we develop the program for optical measurement of the 

neck profile in automatic mode. 
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(a) (b) (c) (d) (e) 

FIGURE 2. Individual stages of the image processing: (a) pointing the frame region to be processed;  
(b) alignment of the cropped image in order to match the axis of specimen with the vertical;  

(c) background removal and image binarization; (d) extraction of specimen borders with the use of digital image 
convolution procedure;  (e) sample image with borders highlighted 

Stress and Strain Calculation 

Stresses and strains during tensile testing of specimens are most commonly represented by engineering values: 
 

 2
0

e
4
d
P , (3) 

 

 
0

0
e l

ll , (4) 

 
where d0 is initial specimen diameter, l0 is original gauge length and l is current value of gauge length. 

However, engineering values of strain are not additive. Therefore, in this work the tensile plastic strain, also 
called the uniform true strain or natural strain, is often calculated as: 

 

 
0

p ln
l
l . (5) 

 
Having a video record of the tensile test process, you can measure the diameter of specimen in any region of the 

interest at each instant of the test. This allows you to take into account the effect of the necking. However, the 
accuracy of measuring the diameter at the initial stage of the test is limited by the resolution of frames. In addition, it 
is assumed that before necking starts, the deformation is uniformly distributed throughout the gauge length. 
Therefore, in this work, the diameter of the specimen at the stage of uniform deformation was calculated by the 
formula: 

 

 
l
ldd 0

0 . (6) 

 
After necking starts, i.e. you can see the maximum on the load diagram, the diameter of specimen in the minimum 
cross-section as well as the radius of neck curvature were determined on the basis of images according to the above 
procedure. 

The average axial stresses in the neck called also the true stresses are determined by the formula: 
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4
d
P . (7) 

 
We applied the most used method to evaluate the von Mises equivalent stress from the average axial stress 

according to the Bridgman theory: 
 

 
1

trueeq 4
1ln41

R
d

d
R . (8) 

 
Finally, equivalent strain values were calculated according to the expression: 
 

 
d
d0

trueeq ln2 . (9) 

Material and Test Setup 

The research material was GOST steel grade 09G2S melted under industrial conditions and having the following 
chemical composition (wt. %): 0.08 C, 1.45 Mn, 0.34 Si, 0.021 S, 0.018 P. For contrasting the structural and phase 
composition, the billets were subjected to the following treatments: 

1. cold plastic deformation by rolling with overall reduction ~ 30% (the initial state was normalized); 
2. normalization at 950°C in order to obtain ferrite-pearlite structure; 
3. quenching from 800°C in order to obtain ferrite-martensite structure; 
4. quenching from 950°C and tempering at 600°Cin order to obtain ferrite-carbide structure. 
Taking into account the aim of this research, only one specimen was prepared for each structural and phase 

composition of steel selected. In accordance with the type of treatment, specimens were marked: specimen-1, 
specimen-2, specimen-3 and specimen-4. We used standard cylindrical tension test specimens with the original 
gauge length equal to 25 mm. Initial diameters were equal to 5.06, 5.04, 5.04 and 5.1 mm respectively. 

Tensile tests were carried out on the Instron 3382 machine with a tensile speed of 2 mm/min.  
The test process was recorded on a camera mounted on a tripod. While recording, overhead illumination was 

used with no additional lighting of specimen or backdrop. 
 

 
FIGURE 3. The approximation of experimental neck profile of specimen-4 immediately before fracture 

RESULTS 

Using the developed program, all frames corresponding to the generation and growth of the neck for each 
specimen were processed. The number of used frames varies with the duration of the tests. A total of 1543 images 
were processed, which took approximately 16 minutes of machine time on a personal computer with average 
technical specifications (core i7-2600 processor with 4 Gb RAM). 

During the processing of each image, the accuracy of approximating the neck profile using Eq. 1 was evaluated. 
To assess the accuracy, we used the largest difference between the actual radial coordinate of the points on the 
specimen surface and the corresponding calculated value in accordance with the fit. The largest errors were 0.113 
mm for specimen-1, 0.070 mm for specimen-2, 0.072 mm for specimen-3 and 0.066 mm for specimen-4. It should 
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be noted that the average size of the pixel was equal to about 0.031 mm. Figure 3 allows you to estimate the 
accuracy of the neck approximation. 

When processing experimental data, the program calculates the values of engineering, true and equivalent 
stresses, as well as tensile plastic strain and equivalent strain values. Figure 4 shows the results of these calculations. 

 

  

(a) (b) 

  

(c) (d) 

FIGURE 4. Experimental stress-strain curves for 09G2S steel: (a) specimen-1 after cold plastic deformation;  
(b) specimen-2 after normalization; (c) specimen-3 after quenching; (d) specimen-4 after quenching and tempering 

 

 
FIGURE 5. The influence of the treatment of 09G2S steel on the necking behaviour 

 
Some authors state that a change in the neck profile occurs in the same manner regardless of the material 

properties [8, 9, 12]. This makes it possible to exclude experimental measurements of the neck, replacing them with 
statistical models to calculate the parameters reflecting the relationship of equivalent stress and average tensile 
stress. In this paper, the possibility of such an approach is evaluated using the example of a single steel grade, but 
having a markedly different character of the hardening curve. As you can see from Fig. 5, the more accurate 
measurement of the neck reveals the dependence of the d/R ratio on material properties. 
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CONCLUSIONS 

The study shows that continuous experimental measurement of the neck during tensile testing of samples is 
necessary to study the correct material properties. The proposed neck profile equation is able to approximate the 
coordinates of points on the specimen surface effectively and allows calculating the radius of neck curvature. The 
developed program allows determine the coordinates of points on specimen surface quickly and accurately. This 
makes it possible to experimentally measure the neck profile at any instant of the test process on the basis of a video 
recording. With the use of these developments, hardening curves of 09G2S steel in various structural and phase 
composition were investigated. 
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Abstract. The article presents key relations of the modified turbulence model, which allows more accurate modelling the 
separation zones near solid surfaces. The numerical-experimental comparison confirms acceptable quality of the date 
obtained in the case of flow around the civil aircraft wings. Various approaches to development of the computational 
code are compared each other and it is shown that, in the case of separation, it is necessary to perform time integration in 
compliance with stability condition determined using flow core parameters. The comparison of numerical and 
experimental data shows that modified turbulence model at the critical regime gives result, which better satisfies the 
experiment. 

INTRODUCTION 

In the case of large incidence angles, the flow around the wing with the take-off and landing mechanization 
released includes separation zones. This type of flow was studied in details by many researchers, for example, in the 
framework of the High Lift Workshop [1, 2]. It was noted that in vast majority of cases, the calculated data give 
overestimated values of the maximum lift force and critical incidence angle in comparison with the presented 
experimental data. Among other reasons, it was shown that separation flow near the released slats and flaps is non-
stationary and, for the correct calculation, it is necessary to use non-stationary methods such as URANS. 
Estimations show that the costs of computer resources in the non-stationary case are an order of magnitude higher 
than the cost typical for stationary calculations. Consequently, the problem of code efficiency and accuracy is of 
paramount importance. At the same time, the main problem of the CFD methodology is to get a quality solution in a 
reasonable time. 

There are a large number of computational and experimental studies of separated flows, for example [3]. These 
data allow the validation of turbulence models for high lift (HL) configurations. Different investigators, for example, 
[4], performed such works and they show that most turbulence models give different predictions for separation 
zones in the case of HL wing. In a number of works, for the correct operation of turbulence models, it is proposed to 
implement a zonal approach using different models in different zones. Corrections of turbulence models are also 
possible in the form of adjusting the character frequency or turbulence production, see paper [5], where the authors 
follow the indicated way. 

In developing the CFD methodology, one should take into account that an explicit scheme under certain 
conditions has an advantage in accuracy over an implicit one, but it loses in speed. In practice, the computational 
grid has significant condensations and, as a result, the smallest cells define the value of the computational time step. 
In other words, unfavorable calculation conditions take place in the most cells of the computational domain. It 
negatively influences both on the calculation speed and on its accuracy. For solving non-stationary problems, two 
procedures are proposed – “fractional” and “dual” time stepping. The “fractional” procedure permits to pass in time 
using special way, when the required number of steps according to an explicit scheme with a maximum stability 
coefficient is diminished essentially. In accordance with this algorithm, big cell makes big step in time and waits for 
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smallest ones, which make a few steps each with final “meeting” of all cells at the same time level. The “dual” 
algorithm is based on so-called artificial time and “internal” iterations. For example, one big step in physical time is 
followed by “internal” iterations. After finishing the “internal” iterations it is possible to make the next physical 
step. Formally, it may be explained as follows. An artificial time  is protruded in the “body” of main discrete 
operator and converged solution of the problem is waited for to be the solution of the physical problem on the next 
time layer 1 ( )nu u . In other words, a complicated non-stationary problem is replaced by a set of simpler 
subtasks and each of them is solved by the pseudo-time iterative procedure. This permits to use for “internal” 
iterations such well-known approaches as a local time stepping or linear implicit methods. 

DIFFERENT NUMERICAL APPROACHES TO HL WING CHARACTERISTICS 
CALCULATIONS AND RESULTS ANALYSIS 

In this article the Navier-Stokes equation system is used. It is averaged according to Favre [6] procedure and 
closed by the SST differential turbulence model [7-8] which includes two additional differential equations: 1) for the 
kinetic energy of turbulence k  and 2) for the characteristic frequency of turbulent pulsations . It is proposed to 
correct this model in the cases of “reversible” flow. In each cell when the local velocity vector is directed opposite 
the main flux it is recommended to use formulas 1PF  (instead *min 1; 10 /PF k P ) and wall 1F  (instead 

wall 2 11 / max 1; /F F a ). Easy to see that corrections are equivalent to a forced transition of the SST 
model to k-
associated with local zones, which can appear or disappear during time stabilization. It works in the case when it is 
possible to select the main direction of the flow. In complex 3D separation zones or wakes it gives no reaction and 
unusable. 

Let us consider an example of the flow around wing airfoil with slat and flap. Such airfoil was experimentally 

with span 2.1 m and three-element RA16SC1 profile. The deflection angles of the slat and flap have been equal to 
30  and 40  respectively. The chord of the wing base part is c = 0.5 m. The ambient Mach number 0.15M  
corresponds to the landing mode of flight, the Re number calculated from the free flow velocity and the base chord 
was equal to 61.7 10 , the incidence angle has been varied in definite range. In the experiment, static pressure 
distributions were measured. The methodology above is implemented for the calculations. A special mesh is created 
around the airfoil. Each airfoil element (slat, base element, flap) is surrounded by a thin zone. For example, around 
the wing base element, the thickness of the “near-wall” zone is approximately 0.2 mm. This is 3% of the boundary 
layer thickness in the middle of the profile base part. The thickness of the mesh blocks near the flap and slat is half 
as much — about 0.1 mm. The total number of cells in the calculation is 45888, 21120 of them are located in the 
“near-wall” zone. The outer boundaries of the computational domain are distant from the profile surface by a 
distance of about 40 lengths of its total chord. All hard surfaces are considered to be thermally insulated. The non-
slipping boundary condition is formulated on these boundaries. The drag and lift coefficients are calculated in the 
coordinate system associated with the longitudinal axis x, oriented along the velocity vector of ambient flow, and 
with the y axis, perpendicular to this vector. First, let’s analyze the flow structure. Calculated results are presented in 
Fig. 1, where streamlines are shown in the vicinity of all airfoil elements against the Mach number distribution 
background. 
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FIGURE 1. Mach numbers and streamlines. 0.15, 17.5M  

 
This Figure allows you to see the flow 

located at the bottom surface of the slat, the second one is under the base element of the profile; the third one is 
above the flap and it is caused by the flow separation from its trailing edge. The calculation shows that behind the 
wing base element the boundary layer becomes turbulent at a distance of about one sixth chord from the leading 
edge. Downstream from the trailing edge of the wing base element, a mixing layer, where flows from the upper and 
lower surfaces are mixed, is turbulent from the very beginning. A similar mixing layer appears behind the slat. The 
flow separation is accompanied by a decrease in lift. Appropriate data are presented in Fig.2. 

 

 
FIGURE 2. Airfoil lift coefficient versus AoA, 0.15M  

 
Similar phenomena can be seen in the case of the flow around the wing. To verify the working capacity and 

efficiency of chosen numerical approach for solution of real 3D problems, a test based on the experiments in 
European transonic wind tunnel (ETW, Cologne, Germany) has been chosen. The tested model was named as 

-element wing KH3Y. During the 
experiment, integral forces over the model (forces and moments) and pressure distributions were measured. It is 
necessary to note that all regimes were non-stationary. That’s why, the numerical methodology has to obtain correct 
time-averaged data features. It is necessary to determine a critical incidence angle, when flow separation from the 
upper surface of wing (stall) takes place. Comparison of experimental and CFD data is presented at Fig.3. 
Calculations are prepared using two approaches. The first one is traditional when original SST [7-8] turbulence 
model and implicit steady state procedure with 1CFL  were used (black line and markers). Authors also 
implemented proposed in this article the second approach, which united modified turbulence model and «Dual time 
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stepping» approach with ~ 10CFL  (blue line and markers). It is easy to conclude that proposed algorithm better 
satisfies experimental data and permits to predict critical regime at higher incidence angle. 

 

 
FIGURE 3. Wing lift coefficient versus AoA, 0.15M  

 

 
FIGURE 4. Comparison of results obtained using different time stepping procedures 

 
Essential part of proposed algorithm is routine time stepping procedure. To prove this idea authors organized 

additional study, which showed that during the calculations it is necessary to take into account the non-stationary 
properties of the flow. At the first stage they performed calculations using "explicit-zonal", "dual" and "linier 
implicit" approaches with the same value of the global time stepping, equal to ~ 1CFL . Figure 4 shows the solution 
obtained during the last 5000 steps of integration procedure. It is obvious that “dual” and “zonal” schemes give close 
results. It means that both schemes satisfy physical requirements. The result obtained using the “linear implicit” 
scheme is somewhat overestimated. From the view point of practical applications, the differences can be considered 
insignificant. There is a natural desire to perform the same calculation using the steady state method with linear 
implicit scheme and 1CFL . This leads to an obvious problem. Comparison in Fig.4 shows that implementation 
of traditional steady state method (typical for stationary flows) with quite big steps in time ( 100)CFL  gives 
overestimated solution. It is also visible at Fig.3 where black line (and markers) exceed experiments up to 3%. 
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FIGURE 5. Comparison of effectiveness for «Dual» and «Zonal explicit approaches» 

 
In Fig.5, authors compare the efficiencies of “Zonal-explicit” and “Dual” schemes. The dotted line ( ~ 1CFL ) 

shows the maximum value of the global time step, which provides a qualitative description for non-stationary 
processes in the flow core over central part of base airfoil. When one tries to calculate the same flow with ~ 10CFL  
using “dual” and “fractional” schemes, result shows that “dual” is 3 times more effective than appropriate “zonal” 
one. With increasing time step value up to 1000CFL , the advantage of the dual scheme becomes dominant. Here 
we should recall the previous analysis, which showed that resulting quality in the case of implicit approach for non-
stationary case is reducing with increasing the CFL  number. It means that low quality may be the “price” for high 

1CFL ) when quality is high, implementation of 
“zonal” approach is many times more effective than the “dual” one. This conclusion is confirmed by the results of 
many calculations. 
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Abstract. The numerical simulation of the supersonic flow evolution in the channel with variable cross section, and with 
axial ethylene supply under the influence of the throttle jet creating a throttle effect was carried out. The averaged Navier 
- Stokes equations closed by the k-  model of turbulence were solved. The ethylene combustion was modeled using a 
single reaction. The comparison with experimental data for pressure distribution on the channel wall was made. The 
effect of activation energy influence on the flow structure was investigated. The formation of a transonic region was 
shown and its structure was demonstrated. 

INTRODUCTION 

A significant number of experimental and theoretical papers study the problems of controlling processes in the 
combustion chambers of ramjet engines for the high values of then Mach number [1–17]. The main goal was to 
achieve high efficiency of fuel combustion under the condition of reducing hydraulic losses. There are various 
approaches to solve these problems when using gaseous fuels [1–7], however, none of them solves the problem 
completely in case of complex condition requiring efficient mixing, acceptable engine sizes, and low total pressure 
losses. The authors [1, 2] proposed a distributed fuel supply method with a two-stage algorithm to initiate the 
operation of ramjet. The throttling jet with periodical supply was used to ignite the fuel. The method of pulsed 
supply leads to the better mixing of the main stream with fuel as it was previously established in [8]. The first stage 
in [1] was as follows: the fuel is supplied into the channel with constant cross section. The fuel amount is 
characterized by the value required for decelerating the flow up to the velocity values which are slightly higher than 
the sound velocity (the shock wave from the throttle jet ignites the fuel). The second stage is as follows: at the 
beginning of the expanding section of channel, the main fuel is supplied in amount, which is enough to produce 
force characteristics. The combustion region of ethylene (and, respectively, the region of increased pressure) with 
each new pulse shifts upstream up to the injector. After several pulses a bright flash is observed near the ethylene 
injector. 

The possibility of experimental research to understand the physical mechanisms is limited, in particular, due to 
very high temperatures. The numerical modeling provides a lot of possibilities. It is possible not only to obtain gas-
dynamic parameters near pressure sensors and quartz windows, but to study the processes in the whole region. It 
should be noted that the flow patterns obtained using the LES [13] and URANS [14, 15, 16] approaches are 
qualitatively similar. But at the same time, a certain problem inevitably arises due to the influence of numerical 
values of such parameters as rates of chemical reactions on the final result. This is the purpose of this research. 

The evolution of the structure of supersonic flow during ethylene combustion under the action of two gas-
dynamic pulses (at the first stage of launch) was numerically studied, and the comparison with experimental results 
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[2] was performed. Comparison is made between the results with two activation energies differing for one and a half 
times. 

STATEMENT OF THE PROBLEM 

The study of unsteady combustion of ethylene in a supersonic flow was carried out for an axisymmetric channel 
using the Reynolds averaged Navier – Stokes equations, closed by the k-  turbulence model, using simplified 
chemical kinetics with one reaction. The Ansys Fluent code was used. An ideal gas model was used for all 
components of the gas mixture. The chemical reaction rate constant was characterized by the temperature 
dependence according to the Arrhenius law. The channel scheme and the distribution of ethylene in absence of 
combustion are shown in Fig. 1.  
 

 
FIGURE 1. The scheme of the channel. Quasistationary distribution of ethylene with isolines: 

1 – m = 0.01, 2 – 0.05, 3 – 0.1, 4 – 0.2, 5 – 0.3, 9 – 1.0 
 

The total length of the channel is 750 mm. A section with constant cross section with a diameter of 50 mm has a 
length which approximately equals to 10 diameters of the critical section. The channel dimensions were closed to 
experimental counte and the 
prechamber temperature was equal to 1700 K. The walls were considered as thermally insulated. Fuel (ethylene) 
was fed along the axis of the channel using an injector with an outer diameter of 10 mm and an inner diameter of 
1.6 mm at the outlet. Ethylene consumption was determined by the feed pressure of 15 atm. Ignition and combustion 
of ethylene were initiated by gas-dynamic pulses created by a special generator. The total pressure in the generator 
(throttle jet gas generator) was 4 atm, the braking temperature was 300 K. 

For calculations use was made of an explicit third-order numerical scheme with a time step limit according to the 
threshold value of the Courant number 0.9. The principle of the same values of the gas-dynamic pulses total energy 
in the experiment [2] and calculation is used in the numerical modeling. The pulse energy was proportional to the 
pressure drop, to the cross-sectional area of the jet, as well as to its duration.  

A real chemical process is characterized by complex chemical kinetics, but the ignition process is initiated by 
shock wave from throttling jet. By the way, all this makes us suggest that a certain limiting chemical reaction 
determines qualitatively the result flow structure, because the possibility of this reaction is determined by such a 
threshold condition as a ratio between the activation energy of this reaction and the thermal energy received by the 
gas when it passes through the shock wave front. The numerical simulation is performed for two values of the 
activation energy of the ethylene oxidation reaction. The first value is the value from the Ansys Fluent database 
1.256 * 108 J / kg mol (hereinafter, the low activation energy), and the second value is the same value increased by 
1.5 times (hereinafter, the high activation energy). 

RESULTS FOR LOW ACTIVATION ENERGY 

 The distribution of ethylene in the channel in Fig. 1 was obtained without action of the throttling jet. It is used as 
the initial distribution of ethylene in the subsequent initiation of its combustion. The ethylene distribution in Fig. 1 
indicates actually the absence of its combustion, which corresponds to the experiment. Figure 2 shows the 
temperature field in the constant cross section at some points in time for two gas-dynamic pulses and the diagram of 
the pulse supply indicating the considered time moment. 
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FIGURE 2. The temperature field at different points in time: a – t = 0.175 ms, b – t = 2.75 ms, c – t = 3.53 ms; 

moments of time for each case are shown by the black circle on the right on the cyclogram of the gas-dynamic impulses 
 
When t = 2.96 ms, the second gas-dynamic pulse was triggered. Up to this point, the region of flow perturbation 

by the previous pulse was not sufficiently demolished; the pressure drop for the throttling jet was less than in the 
case of the first pulse. As a result, its impulse effect was weaker. Nevertheless, the ethylene combustion wave 
propagated upstream. However, mixing of the gas components during the second gas-dynamic impulse involved was 
weaker and ethylene does not have time to burn in the constant cross section. When the combustion wave reaches 

near the ethylene injector occurs, as in the experiment [2]. When 
t = 3.76 ms, the gas generator valve closes and the combustion intensity is weakened. 

The throttling jet initiating ethylene combustion created increased pressure in the constant cross section of the 
channel. The formation of a plug of high pressure can be seen in Fig. 3, which shows the calculated distribution of 
the ratio of static pressure on the channel wall in the constant cross section to the total pressure before the second 
pulse and after it: respectively, at t = 2.40 ms (curve 1) and at t = 3.38 ms (curve 2) . For comparison, the Fig. 3 
shows the distribution of the ratio of the measured static pressure to the total pressure in [2] (two lower curves show 
the combustion of ethylene before and after exposure to the pulse packet, the upper curve corresponds to combustion 
under pulsed exposure). 
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FIGURE 3. Distribution of the static pressure ratio of total pressure on the channel wall in the constant section to full pressure: 

1 – t = 2.40 ms, 2 – t = 3.38 ms; the marked lines correspond to the experimental data [2] 
 
The static pressure in the stationary flow without combustion is approximately equal to 1 atm under the total 

pressure of 7 atm, and the Mach number M = 2. Figure 3 shows that the static pressure in the channel increased for 
more than 3 times, which is associated with the ignition and subsequent combustion of ethylene. In [2], the pressure 
does not increase for more than 3 times at the first stage (when the flow decelerates to transonic speeds in a constant 
cross section). 

RESULTS FOR HIGH ACTIVATION ENERGY 

In contrast to the low activation energy, the diffusion combustion of ethylene is practically absent in default of 
throttling jet. However, when it the supplied again, the process begins to develop in a similar way. There are still 
some differences. Figure 4 shows the distribution of temperature in the zone of constant cross section at three points 
of time during the first gas-dynamic pulse and at some point in time after it. 

 
FIGURE 4. The temperature field at different points in time:  – t = 0.175 ms, b – t = 2.75 ms, c – t = 3.53 ms; 

moments of time for each case are indicated by the black circle on the right on the cyclogram of the gas-dynamic impulses; 
a. b. c – with throttle jet, d– without throttle jet 
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The distribution of the Mach number at the same time instants is shown in Fig. 5. 
 

 
FIGURE 5. The Mach number distribution at different points in time:  – t = 0.175 ms, b – t = 2.75 ms, c – t = 3.53 ms; 

moments of time for each case are indicated by the black circle on the right on the cyclogram of the gas-dynamic impulses 
 
It can be seen that a 1.5-fold change in the activation energy did not affect the possibility of the formation of a 

transonic region when the throttling jet acts on the supersonic flow. 
However, the effects of throwing the combustion region upstream in the vicinity of mixing ethylene and air 

along the mixing interface between ethylene and air ceased to be observed. In addition, no flare effect was observed 
near the injector opening. The boundary of the combustion region coincides with the position of the shock front. In 
addition, the values of the Mach number are higher than in the case of low activation energy for the same time 
instants, and the temperature is lower.  

CONCLUSION 

It was shown that a 1.5-fold increase of activation energy did not affect the possibility of the transonic region 
formation in the constant cross section. However, the propagation of the combustion front in this case coincides with 
the position of the front of the shock wave propagating upstream. The flare effect observed experimentally near the 
ethylene injector disappeared. 
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Abstract. With the rapid development of numerical methods and computer systems in recent years, it has become 
possible to model complex multidimensional flows on the basis of the Boltzmann equation. For the first time, numerical 
simulations of the development of Rayleigh-Taylor instability is performed based on the solution of both the Boltzmann 
equation and the model kinetic equation. This paper is aimed at the identification of kinetic effects and estimation of the 
degree of flow non-equilibrium. For this purpose, the distribution functions obtained from kinetic simulations are 
compared with the Navier-Stokes distribution function. 

INTRODUCTION 

The origin and development of hydrodynamic instabilities belong to one of the most intriguing problem of fluid 
mechanics. This paper is aimed at the numerical study of the Rayleigh-Taylor instability. This type of instability 
occurs when a layer of heavier gas is located above a layer of lighter gas in the field of gravity. The Rayleigh-Taylor 
instability (RTI) is observed in a large number of natural and man-made phenomena. Examples include 
mammatocumulus and a nuclear mushroom clouds. Until recently, the numerical study of this instability was based 
on the Navier-Stokes equations. However, the emergence of more powerful computing clusters in the last two 
decades has allowed us to study the RTI at a more fundamental, kinetic level [1-4]. In [1,2,4], flow simulations were 
performed using the Direct Simulation Monte Carlo (DSMC), and in [3] it was based on the model kinetic 
equations. The most detailed comparison of numerical results obtained using the kinetic approach with analytical 
predictions was carried out in [2]. In these works, the initial perturbations were not imposed since statistical 
fluctuations are inherent in the DSMC method, which triggers the instability development. The current paper can be 
considered as the first work in which the RTI is investigated by solving the Boltzmann equation with a direct 
deterministic numerical method. 

KINETIC EQUATIONS 

For a gas in the field of gravity acceleration 𝐠𝐠 = (0,−𝑔𝑔), the Boltzmann equation can be written as 

 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝐮𝐮 ∙ ∇𝐫𝐫𝑓𝑓 − 𝑔𝑔 𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢𝑦𝑦

= 1
𝐾𝐾𝐾𝐾
𝐼𝐼(𝑓𝑓, 𝑓𝑓),     (1) 

where the collision term in the right-hand side is 
  𝐼𝐼(𝑓𝑓, 𝑓𝑓)(𝐮𝐮) = ∭ 𝑑𝑑𝐮𝐮1∯ 𝑑𝑑𝒏𝒏|𝐮𝐮𝑟𝑟|𝜎𝜎(|𝐮𝐮𝑟𝑟|,𝜃𝜃)(𝑓𝑓1′𝑓𝑓′ − 𝑓𝑓1𝑓𝑓)𝑆𝑆2𝑅𝑅3    (2) 

Here 𝐮𝐮𝑟𝑟 = 𝐮𝐮1 − 𝐮𝐮 is the vector of the relative velocity of two colliding molecules and 𝜃𝜃 = 𝐧𝐧 ∙ 𝐮𝐮𝑟𝑟/|𝐮𝐮𝑟𝑟|. The 
numerical algorithm used in this paper to solve the Boltzmann equation is described in detail in [5]. Numerical 
simulation is performed for the hard sphere model which means that the differential cross section is constant. When 
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solving the Boltzmann equation numerically, the bottleneck is the computation of the collision operator. Along with 
the Boltzmann equation, we also solve the model kinetic equation. In the model kinetic equation, the collisional 
integral is replaced by a simpler relaxation-type term: 

𝐼𝐼 = 𝜕𝜕0−𝜕𝜕
𝜏𝜏

       (3) 

In the current paper, the Shakhov model [6] is used: 

𝑓𝑓0 = �1 + 4
5

(1−Pr)�𝐜𝐜
2
𝑇𝑇 −

5
2�𝐜𝐜∙𝐪𝐪

𝑝𝑝𝑝𝑝
� 𝜌𝜌

(2𝜋𝜋𝑝𝑝)3/2 exp �− (𝐮𝐮−𝐔𝐔)2

2𝑝𝑝
�    (4) 

Hydrodynamic quantities can be calculated from the distribution function: 

𝜌𝜌 = ∭ 𝑓𝑓𝑑𝑑𝐮𝐮𝑅𝑅3 ,    𝜌𝜌𝐔𝐔 = ∭ 𝐮𝐮𝑓𝑓𝑑𝑑𝐮𝐮𝑅𝑅3 ,     3
2
𝜌𝜌𝜌𝜌 = ∭ 𝐜𝐜2𝑓𝑓𝑑𝑑𝐮𝐮𝑅𝑅3 ,     𝐪𝐪 = ∭ 1

2
𝐜𝐜𝐜𝐜2𝑓𝑓𝑑𝑑𝐮𝐮𝑅𝑅3 ,   

𝑝𝑝𝑖𝑖𝑖𝑖 = ∭ 𝑐𝑐𝑖𝑖𝑐𝑐𝑖𝑖𝑓𝑓𝑑𝑑𝐮𝐮𝑅𝑅3 ,        𝑝𝑝 = 𝜌𝜌𝜌𝜌,        𝜏𝜏𝑖𝑖𝑖𝑖 = 𝑝𝑝𝑖𝑖𝑖𝑖 −
1
2
𝑝𝑝𝛿𝛿𝑖𝑖𝑖𝑖   (5) 

Thereafter 𝑢𝑢�⃗  is the molecular velocity, 𝑈𝑈��⃗   is the macroscopic gas velocity and 𝐜𝐜 = 𝐮𝐮 − 𝐔𝐔  is the thermal velocity. 

NUMERICAL RESULTS 

In the initial time moment, the density is distributed according to the barometric formula: 

𝜌𝜌 = exp (−2𝑔𝑔𝑔𝑔/𝜌𝜌𝑇𝑇) 𝜌𝜌⁄      (6) 

The temperature is discontinuous: 

𝜌𝜌(𝑔𝑔 < 0) = 𝜌𝜌0, 𝜌𝜌(𝑔𝑔 > 0) = 𝜌𝜌0 2⁄      (7) 

The corresponding discontinuous density distribution is shown in Fig. 1. A perturbation of the vertical 
component of velocity is imposed on the initial flowfield: 

𝑢𝑢𝑦𝑦(𝑥𝑥,𝑔𝑔) =  −0.15�2𝑅𝑅𝜌𝜌0 cos �2𝜋𝜋
𝐿𝐿
𝑥𝑥� 𝑒𝑒−(𝑦𝑦/𝐿𝐿)2    (8) 

 
FIGURE 1. Initial density profile 

030010-2



Numerical simulations are performed at the Knudsen number 𝐾𝐾𝐾𝐾 = 𝑙𝑙/𝑇𝑇 = 0.001, where 𝑙𝑙 is the molecular mean 
free path and 𝑇𝑇 is the wavelength of the initial perturbation. The acceleration of gravity was taken equal to 𝑔𝑔 = 0.2 ∙
(2𝑅𝑅𝜌𝜌0/𝑇𝑇). The computational domain width is L/2 whereas its height is 4L. The grid in the coordinate space 
contains of 48 × 378 cells and the grid in the velocity space includes 163 cells. Thus, the number of cells 
comprising the whole 5D grid in the phase space is 7.4 × 107. The Boltzmann computations required 840 hours of 
computer time and were performed using 21 Nvidia Tesla M2090 GPUs. As concerns the numerical simulations 
based on the model kinetic equation, they took 100 hours of computer time and were performed on 1 CPU. 

The development of the RTI is best visible in the numerical flowfields of the density gradient shown in Fig. 2 in 
a nonlinear scale: 

𝑆𝑆𝑐𝑐ℎ = exp �−15 |∇𝜌𝜌|−|∇𝜌𝜌|𝑚𝑚𝑚𝑚𝑚𝑚
|∇𝜌𝜌|𝑚𝑚𝑚𝑚𝑚𝑚−|∇𝜌𝜌|𝑚𝑚𝑚𝑚𝑚𝑚

�     (9) 

 

 
FIGURE 2. Density gradient flowfields at different time moments 

 
The initial sinusoidal perturbation of the interface between the heavy and light gases develops into a spike of the 

heavier fluid going down and a bubble of the lighter fluid rising up. A small but visible distinction in the bubble 
position between the results of the Boltzmann and Shakhov simulations can be noted. For more detailed comparison 
we consider the plots of the bubble positions and compare them with the analytical predictions deduced from the 
linear incompressible theory [7] and a more sophisticated formula proposed by Mikaelian [8] for the nonlinear 
regime. 

In accordance with the linear theory, the bubble position is given by the formula 

𝑔𝑔𝐵𝐵(𝑡𝑡) = cosh�𝑡𝑡�𝐴𝐴𝑔𝑔𝐴𝐴�.     (10) 

The formula proposed in [8] and taking into account nonlinear effects is 

𝑔𝑔𝐵𝐵(𝑡𝑡) = � 3+𝐴𝐴
3(1+𝐴𝐴)𝑘𝑘

� ln �cosh (𝑡𝑡 �6𝑔𝑔𝑘𝑘𝐴𝐴(1+𝐴𝐴)
3+𝐴𝐴

)�    (11) 

Here 𝐴𝐴 is the Atwood number, 𝐴𝐴 = 𝜌𝜌1−𝜌𝜌2
𝜌𝜌1+𝜌𝜌2

, 𝐴𝐴 = 2𝜋𝜋/𝑇𝑇 is the disturbance wavenumber. 
 

030010-3



 
FIGURE 3. The bubble position versus time in numerical simulation and according to the linear theory, Eq. (9) and the 

formula proposed for the nonlinear regime, Eq. (10) 
 
Close agreement between the results of the Boltzmann and the Navier-Stokes simulations equations and their 

small difference with the results obtained from the model kinetic equation is seen in Fig. 3. The great difference with 
the linear theory prediction can be explained taking into account that the amplitude of the initial perturbation is quite 
large; it is chosen in such a way in order to accelerate the instability development and reduce the computer time 
required. However, agreement with Eq. (10) is also absent, one possible reason can be a substantial influence 
viscous effects which are negligible in the high-Reynolds-number regime described by Eq. (10). 

One of the advantages of the kinetic approach is its ability to accurately determine the degree of flow non-
equilibrium. There are two simple ways to estimate the nonequilibrium effects. Most often, the ratio of the 
temperature in some direction and the mean fields is used: 

𝜌𝜌𝑦𝑦/𝜌𝜌 = 2∭ 𝑐𝑐𝑦𝑦2𝜕𝜕𝑓𝑓𝐮𝐮𝑅𝑅3

∭ 𝐜𝐜2𝜕𝜕𝑓𝑓𝐮𝐮𝑅𝑅3
      (12) 

However, the kinetic approach allows us to consider the fluid flow at a more fundamental level, at that of the 
velocity distribution of gas molecules. In order to estimate the degree of flow nonequilibrium in kinetic simulations, 
the distribution function is usually compared with the locally equilibrium one. However, in the study of such flows 
as resulted from the RTI development, the comparison with the Navier-Stokes distribution function, rather than with 
the locally equilibrium distribution function, i.e. the Maxwellian, is of much greater interest: 

𝑓𝑓𝑁𝑁𝑆𝑆 = �1 +
2𝜏𝜏𝑚𝑚𝑖𝑖𝑐𝑐𝑚𝑚𝑐𝑐𝑖𝑖
𝑝𝑝𝑝𝑝

− 2𝐜𝐜∙𝐪𝐪
𝑝𝑝𝑝𝑝

�1 − 0.4 𝐜𝐜2

𝑝𝑝
�� 𝜌𝜌

(2𝜋𝜋𝑝𝑝)3/2 exp �− (𝐮𝐮−𝐔𝐔)2

2𝑝𝑝
  �   (13) 

We will perform this comparison for the time moment 𝑡𝑡 = 12 and the point with the coordinates 
(𝑥𝑥,𝑔𝑔) =  (0,0.875𝑇𝑇), close to the spike position, see Fig. 2. The relative difference of the Navier-Stokes 
distribution function from the distribution function obtained when solving the Boltzmann and Shakhov equations 
(𝑓𝑓 − 𝑓𝑓𝑁𝑁𝑆𝑆)/𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 at 𝑢𝑢𝑧𝑧 = 0 are shown in Figs. 4 and 5, respectively. 
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FIGURE 4. The difference between the distribution function f(ux,uy,uz) resulted from the computations based on the 

Shakhov model and the Navier-Stokes distribution function at t = 12, (x,y) = (0,0.875L), uz = 0 

 
FIGURE 5. The difference between the distribution function f(ux,uy,uz) resulted from the Boltzmann computations and the 

Navier-Stokes distribution function at at t = 12, (x,y) = (0,0.875L), uz = 0 

It is clearly seen that the distribution function obtained using the kinetic approach is somewhat deformed along 
the along the 𝑢𝑢𝑧𝑧 axis in the velocity space. It is also worth of noting that the solution obtained from the Boltzmann 
equation much stronger differs from the Navier-Stokes distribution function. 

CONCLUSIONS 

The results of numerical simulations based on the Boltzmann equation are in good agreement with those 
obtained with the model kinetic equation. However, the analysis of distribution functions at a number of points of 
the physical space shows that, in comparison with the Boltzmann equation, the Shakhov model is an order of 

030010-5



magnitude closer to the Navier-Stokes equations. The results show the need for further research. In particular, it is 
necessary to study the process of instability generation from kinetic fluctuations. 
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Abstract. A transition prediction module for 3D compressible flows was developed by the authors in order to include the 
prediction of the laminar-turbulent transition in hydrodynamics computational codes; particularly the module was 
integrated in the general-purpose gas-dynamic package ANSYS Fluent. The subsonic air flow about a swept wing model 
with the sweep angle of 45° and the chord of 700 mm was computed (U  = 10 36m/s) at angles of attack =+3 ; the 
positions of the laminar-turbulent transition were detected for different mechanisms of instability. The mechanism of 
boundary layer instability to the Tollmien–Schlichting waves dominates at the angle of attack +3 , the line of the 
laminar-turbulent transition being not parallel to the wing leading edge.  

INTRODUCTION 

It is well known that the character of the flow about an aircraft influences its drag. The turbulent boundary layer 
increases the drag as compared to the laminar one, which results in bigger fuel consumption. That is why the 
position and length of the laminar-turbulent transition (LTT) are important for an aircraft design. 

Paper [1] presents a review of the methods, which can be used to evaluate the place of the transition beginning. 
One of the methods of LTT prediction is to use the so-called eN-method, which is based on the criteria of 
achievement of a certain threshold amplitude by the disturbances propagating in the boundary layer. This method is 
popular for aerodynamic applications because it utilizes the physically justified linear theory of hydrodynamic 
stability, which is valid both for 2D and 3D incompressible and compressible flows up to hypersonic velocities if the 
free-stream turbulence level is low enough (for instance, the flight conditions or low-noise wind tunnels). GTPT 
(Graphical Transition Prediction Toolkit) [2] and NOLOT (NOnLOcal Transition analysis) [3] are examples of 
specialized industrial software used to determine the LTT by the eN-method. However, up to now, the eN-method has 
not been incorporated in the general-purpose gas-dynamic packages [4], but it can be implemented as a separate 
LTT unit or a plug-in (see, for example, [5–15]). This is the approach used in this study. 

The LTT module predicting the positions of the beginning and the end of transition at a flow-exposed surface is 
based on the LOTRAN 3 software developed earlier in ITAM SB RAS [15]. N-method is 
implemented in LOTRAN 3 for predicting the LTT in viscous compressible 3D flows with the aid of original 
specialized matrix algorithms. The LTT unit based on LOTRAN 3 works together with the gas-dynamic package 
ANSYS Fluent as a plug-in module. 
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This paper deals with the detection of the LTT position in 3D boundary layer of a swept wing model with the 
sweep angle of 45°, the wing chord of  = 700 mm; the wing is exposed to a subsonic air flow in the conditions of 

-324 SB RAS at different angles of attack. Note that the instability to both Tollmien–Schlichting 
(TS) waves and cross flow (CF) vortices may appear in the swept wing boundary layer.  

COMPUTATION OF THE LAMINAR FLOW ABOUT THE WING 

The computational domain is a parallelepiped. The height of the computational domain and its width along the z-
axis is 1 m, the length along the x-axis is 4 meters (see the system of coordinates and fragments of the computational 
grid in Fig. 1). The swept wing model with the profile NACA 67 1-215 was set within 1.245 m from the inflow 
boundary of the computational domain. The computational domain was covered with the blocked regular 
computational grid denser toward the wing surface and nose part. The C-grid topology was used for construction. As 
the angle of attack changed, the whole grid block structure turned near the wing surface. Thus, the computational 
grid was similar near the wing surface for every angle of attack. The model axis of rotation passes through the 
profile center 0.5  (  is the wing chord length). 

Computational domain characteristics correspond to the test section of the wind tunnel T-324 ITAM SB RAS 
wherein the instability of the separated or reattached boundary layer to the CF vortices and TS waves on the 45-
degree swept wing model is studied experimentally. 
 

 
FIGURE 1. The fragments of the computational grid (side view, each 16th cell shown)

 
Detection of the coordinates of the beginning and the end of transition was performed in several stages. First, the 

laminar flow about the body was computed by solving 3D Navier-Stokes equations. To this end, the density-based 
solver with the implicit scheme of the 2nd order accuracy in space with the Roe-FDS method of convective flows 
splitting was used. The free-stream conditions were set on the left (inflow) boundary of the computational domain: 
pressure P , the Mach number M , temperature T . The no-slip condition and adiabatic wall temperature were set 
on the model surface. Note that the positive values of the angles of attack in this paper correspond to the free-stream 
onflow from below, whereas the negative ones correspond to the onflow from above. 

As the laminar flow about the 3D wing is computed, the laminar separation occurring near the rear edge causes 
the essential flow instability. A way to prevent the instability in the laminar separation zone is to perform the 
stationary computations with the flow domain partition to two sub-domains : 
the prescribed laminar and the turbulent ones (the last also includes the separation). The k-  model was chosen 
to compute the turbulence. To limit the turbulence appearance in the laminar region, the kinetic energy of turbulence 
is multiplied at each iteration pitch by the intermittency function with the aid of the embedded UDF (User Defined 
Function) ANSYS Fluent module. Figure 2 presents the field of the initial values of the intermittency function in the 
central plane; it demonstrates the flow zones in the computational domain is the laminar is the turbulent 
flow). The coordinates of the transition onset are set somewhat below the laminar separation start zone. As seen, the 
breakdown to turbulence near the wing surface occurs within the distance above from the leading wing edge. 
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FIGURE 2. The intermittency field  in the central plane (z = –0.5 m):  = +3  

 
Figure 3 presents the pressure fields pw on the top (leeward) and bottom (windward) surfaces of the wing at the 

angles of attack  = +3 . As seen, the flow on the top wing surface features the higher transverse pressure gradient 
than on the bottom wing surface. The presence of the favorable pressure gradient promotes the domination of the 
cross-flow vortices over the TS waves. Earlier in [16], flow past a swept wing was considered at –5 ° angle of attack 
and the agreement between the calculated and experimental data was shown. 

 

 

  

 

  
 (b) 

FIGURE 3. U  = 30 m/s, =+3  
 
At the next stage, the obtained boundary layer characteristics on the both sides of the swept wing are sent to the 

LTT module. 

DETERMINATION OF THE TRANSITION POSITIONS 
WITH THE INTEGRATED LTT MODULE 

In this study, to determine the transition position in the 3D boundary layer, the LOTRAN 3 software package is 
transformed into the LTT module linked with the gas-dynamic package ANSYS Fluent. The data on the laminar 
flow around the model are transferred to the LTT module by means of reading ‘cas’ and ‘dat’ files (basic files of the 
ANSYS Fluent where all data needed for computations are stored: computational grid, velocity, temperature, and 
pressure distributions, boundary conditions, etc.). Then with the use of a data import module developed specially for 
working with the ANSYS Fluent these data are transformed to the internal representation of the LTT module based 
on non-conformal tetrahedral grids. 

At the next stage the LTT module constructs the assigned number of streamlines which approximate [8] the 
amplification direction of disturbances of interest. Then 2D cutouts of the 3D boundary layer along the streamlines 
are formed by constructing normal lines to the flow-exposed surface. All necessary data (pressure, temperature, 
velocity components, etc.) are interpolated to a nonuniform grid chosen on these normal liness, the integral 
boundary layer characteristics are computed (displacement thickness and momentum thickness), and the data 
assimilation is performed, including replacement of the data outside the boundary layer edge by constants. It should 
be noted, that we exclude from the 2D cutouts the parts where the intermittency coefficient obtained from the 
ANSYS Fluent package exceeds a threshold value; i.e. we exclude the parts directly neighboring the breakdown to 
turbulence.  

 = 0  = 1 
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At the stage of the boundary layer stability analysis in the LTT module, the computational domain along each 
normal line in the 2D boundary layer cutout is chosen to be dependent on the boundary layer thickness on the 
considered normal line (not constant, as it is when the cutout itself is constructed). It allows ones to use coarser 
computational grids for the temporal and spatial stability analysis of the boundary layer; hence the computation time 
of the LTT position along the chosen 2D cutout reduces essentially. 

To obtain the critical values of the TS waves N-factors, the formula offered in [17] was used: 
 
 8.34 2.4 ln( )N Tu  (1) 
 

For the free-stream turbulence level Tu = 0.1%, which is observed in the wind-tunnel experiments, the critical 
value of N-factor is 8.64. According to [18], for the cross-flow (CF) instability, it is recommended to reduce the N-
factor by two. Thus, to detect the LTT position along the streamlines, the critical values of the N-factors equal to 
8.24 for the TS instability and to 6.24 for the CF instability were used. 

RESULTS 

Figure 4 demonstrates the flow regions near the top wing surface, which were computed by the LTT module for 
the different types of instability. The blue color corresponds to the laminar flow, the green points out to the 
transition region, and the red indicates the turbulent flow. Grey marks the turbulent flow regions near the test section 
walls where no streamline for stability analysis was constructed. It is seen that the TS instability dominates on the 
upper surface of the wing, and the CF instability does not lead to LTT. Note that the transition line is essentially 
nonparallel to the wing leading edge. 

 

   
(a) (b) (c) 

FIGURE 4. Flow regions on the top wing surface (the blue region is the laminar, the green region is the transition, and the 
red region is the turbulent flow), computed with the LTT module for the TS (a), CF (b), 

and for both types of instability (c): U  = 30 m/s, Re1= 1.91 106 1/m,  =+3  
 
On the bottom side of the wing (Fig. 5), the N-factors reach the critical values for both instability types. 

However, at U  = 30 m/s, the TS instability dominates and causes the LTT. It is also evident that for the CF 
instability, the transition line is parallel to the wing leading edge, whereas in the TS instability case, the transition is 
nonuniform in the transversal direction, similarly to the top wing surface situation (see Fig. 4). 
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(a) (b) (c) 

FIGURE 5. Flow regions on the bottom wing surface (the blue region is laminar, the green region is transition, and the red 
one is the turbulent flow), computed with the LTT module for TS (a), CF (b), 
and for both types of instability (c): U  = 30 m/s, Re1 = 1.91 106 1/m,  =+3  

 
Figure 6 presents the dependence of the LTT beginning position on the free-stream velocity in a central plane 

(z=0.5 m). It is seen that the distance between the position of the beginning of LTT for different types of instabilities 
on the bottom surface of the wing decreases as the flow velocity decreases. At U =9.94 m/s the LTT positions for 
the CF vortices and TS waves are almost identical and located at 50% of the wing chord.  

According to these results, we can conclude that the LTT module integrated into the ANSYS Fluent software and 
based on the LOTRAN 3 in-house software package provides an adequate prediction of the LTT position in a 
subsonic flow around a swept wing aligned at an angle of attack with the instability mechanisms of the TS waves 
and CF vortices. 

 

 
FIGURE 6. Position of the transition beginning velocity in a central plane (z=0.5m) for different free-stream velocities 

on the bottom wing surface at =+3 : 1  CF, 2  TS instability 
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Abstract. The article presents an investigation of gas flow that occurs under typical for cold spraying conditions when 
supersonic gas jet, that exhausts from De Laval nozzle, and impinges on mask with a round perforation, behind that 
substrate is placed. Numerical simulation was made using software ANSYS Fluent. Shadowgraph was used to obtain 
images of gas flow. The results obtained were analyzed and compared.  

INTRODUCTION 

Currently, in various industries, for example, in the production of power semiconductor devices, methods of 
coating application with a predefined pattern are in demand. Cold spraying has a high potential in solving this 
problem. It allows creating layers of metals, alloys and composites of high functional characteristics. Usage of 
proper mask allows applying coatings of different patterns with high spatial resolution (in special cases up to 10 
microns). Carried out review of published papers shows that this problem is not investigated in details. In papers [1, 
2] coating tracks were obtained using masks with slots of different widths. Paper [3] is dedicated to the application 
of metal coatings on ceramic substrates by cold spraying for use in power electronics. In paper [4] the authors 
investigated the creation of coating through a mask with a slot at different number of nozzle passes using a powder 
of characteristic particle size of 1 μm. In paper [5], behavior of axisymmetric supersonic gas jet with particles, 
passing through an axisymmetric perforation of diameter to be smaller than the diameter of the jet, is investigated. In 
particulate, in this article the impingement of supersonic jet, exhausted from De Laval nozzle with outlet diameter of 
7.8 mm, on a plate, having circle perforation of diameter3 mm, is studied. Under the conditions of this study, the 
effect of the circle perforation on velocity of aluminum particles was negligible up to a distance of 40 mm. In papers 
[6, 7], the results of experiments and simulations of coating formation by cold spraying behind a mask (steel wire) of 
different diameters (0.3–1 mm), located parallel to substrate surface at various distances, are presented. Samples of 
coatings were obtained and their profiles were measured in the vicinity of the shaded area on substrate surface. 
Patterns of motion of aluminum (average size ~ 30 μm) and copper (~ 60 μm) particles were determined 
experimentally and their velocities were measured in the vicinity of the mask. It was found that there is a 
distribution in particle velocities on angle in the jet with characteristic standard deviation of 1.5–2 degrees. 
Modeling of coating formation behind the mask was performed taking into account this distribution. Modeling 
results are consistent with experimental data, which confirms the important role of the angle distribution of particles 
in the process of coating formation in the masked area. In papers [8–10], a general concept of a new technology 
based on cold spray method for applying thick layers of copper with a topological pattern to ceramic substrates was 
created. It was developed a method for applying relatively thick copper coating (up to 300 μm) to ceramic substrates 
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(of 300 μm thick) with a sublayer. The proposed method provides high adhesion to ceramics and the possibility of 
performing subsequent multi-stage soldering when installing power semiconductor devices, wire and beam 
terminals. In paper [11], the results of experimental study of coating formation process by cold spray method, when 
supersonic two-phase jet flows through round perforations of different diameters in mask, placed at different 
distances from substrate surface, are published. Samples of coatings were obtained and their profiles were measured 
using interference profilometry. Using aluminum powder for coating as an example, it was shown that coating area 
increases when mask-substrate distance increases, and, for obtaining coating with sharp edges, mask should be 
placed at a distance from the substrate less than the limit defined by parameters of deposition. The sharpest edges of 
coating area were obtained at the minimum distance of the mask installation; this distance depends primarily upon 
coating thickness.  

Present paper is aimed at visualizing gas flow patterns between mask and substrate in the case of flow through 
cylindrical perforations. These flow patterns were obtained via simulation with aid of ANSYS Fluent and 
shadowgraph images taken experimentally.  

EXPERIMENTAL SETUP AND METHODS 

Experiments were carried out using axisymmetric De Laval nozzle of supersonic part length 145 mm, of critical 
(throat) and exit diameters 2.8 mm and 6.5 mm, respectively. Air at stagnation pressure 3.75 MPa and room 
stagnation temperature was used in the experiments. Steel plates of thickness 2.7 and 1.0 mm were used as masks 
and substrates. The 2.7 mm thick mask had circle perforations of diameters 0.74; 1.32; 2.08 and 4.32 mm; the 1 mm 
thick mask had circle perforations of dimeters 0.75; 1.25; 2.06 and 4.15 mm. The distance between mask and 
substrate surface (zms) varied within the range 1-16 mm; the distance between nozzle exit and substrate surface (zns) 
was constant and equal to 30 mm. Nozzle axis was set equal to perforation axis (Fig. 1). The gas-dynamic flow 
pattern was visualized using the IAB-451 instrument. 

 

 

FIGURE 1. Scheme of impingement of supersonic gas jet on mask with circle perforation and substrate 

SIMULATION 

The simulation of exhaustion of supersonic jet from De Laval nozzle, its impingement on mask with circle 
perforation, and flow between mask and substrate surface was performed using ANSYS Fluent software. The 
problem was solved in the frame of 2D model. The calculation includes several stages. 

At the first stage, the geometry of model of experimental installation for axisymmetric 2D simulation was 
created. The distances between nozzle exit and substrate as well as distance between mask and substrate were set in 
accordance with the experiments performed. 

At the second stage, for more accurate resolution of gradients of gas parameters inside simulation area, 2D 
adaptation of simulation grid was performed. Adaptation was carried out along nozzle length, in the area of jet 

nozzle
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propagation, and along nozzle walls. The minimum size of grid cells near nozzle walls was set 0.1 mm. This adopted 
grid was chosen as optimal one in tests for solution convergence. 

At the stage of definition of boundary conditions, conditions were set for performing calculations, as well as 
model materials and their properties were defined. Also type of problem was set, in present case, we set type of 
analysis – stationary, type of solver – by density, and 2D problem – axisymmetric. Steel with surface temperature 
300 K was selected as material for nozzle walls, mask walls, and substrate walls. Air with stagnation temperature 
300 K was selected as working gas. Exhaustion of jet into surrounding air media with pressure 0.1 MPa and 
temperature 300 K was selected. 

At the stage of calculation parameters definition and solution running, there were set the next options: 
 K-  
 Energy equation for transferring heat energy in the flow; 
 Integration scheme: implicit (2-nd order of accuracy); 

Courant number, for faster calculation, was increased after a certain period of iterations using the built-in option 
"Solution Steering". 

Running the solution was stationary, i.e. number of iterations, required to achieve proper accuracy, was limited 
by a proper value. 

EXPERIMENTAL AND MODELING RESULTS 

For illustration purposes, Fig. 2 shows comparison between simulated and experimental patterns of gas flow 
throughout a full path from nozzle exit down to substrate surface, including intermediate interaction with mask, 
having perforation of diameter 2.06 mm, and placed at the distance from substrate surface of 8 mm. As one can see, 
under these conditions supersonic jet, exhausted from De Laval nozzle, are very smooth (without noticeable oblique 
shock waves) that indicates it is in equilibrium with ambient media in pressure. There appears a bow shock wave 
before mask surface; behind this bow shock gas decelerates that leads to increase in gas pressure. This pressure 
becomes higher than ambient pressure. Part of the gas flows along mask surface, and another part of the gas passes 
through the perforation and produces supersonic underexpanded jet (due to higher pressure inside jet than one in 
ambient media), directed to the substrate surface. This supersonic underexpanded jet, when impinges on substrate 
surface, again decelerates behind a new bow shock that appears before substrate surface. Hence, for this complicated 
geometry of gas flow there are two bow shocks, behind that gas decelerates down to subsonic velocity, and region in 
between, where gas accelerates up to supersonic velocity. In general this pattern is observed under all the conditions 
studied in the present research. Some differences raised in course of the investigation are out of scope of this 
publication and will be highlighted elsewhere. It is important to note here that simulated flow pattern reproduces 
experimentally taken shadowgraph images very well. Thus, it can be concluded that simulation of gas motion in 
frames of this complicated geometry is proved to be a reliable tool for studying and optimizing deposition process 
under cold spraying conditions with aid of masks for producing pre-defined patterns of coating topology. 

 

  

(a) (b) 

FIGURE 2. Comparison between simulated (a) and experimental (b) patterns of gas flow (gas density gradients). 
Perforation diameter 2.06 mm, distance between mask and substrate surface 8 mm 
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CONCLUSION 

The article presents an investigation of gas flow that occurs under typical for cold spraying conditions when 
supersonic gas jet, that exhausts from De Laval nozzle, and impinges on mask with circle perforation, behind that 
substrate is placed. Numerical simulation was made using software ANSYS Fluent. Shadowgraph images of gas 
flow were used for comparison and verification of simulated results. It was concluded that simulation of gas motion 
in frames of this complicated geometry is proved to be a reliable tool for studying and optimization of deposition 
process under cold spraying conditions.  
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Abstract. This paper is devoted to the results of an experimental study of heat transfer in the boundary layer of a flat 
plate with the impact of weak shock waves on the leading edge. The experimental study was conducted on the model of 
blunt flat plate at Mach 2. To generate weak shock waves into the flow, a roughness on the lower part of the nozzle of the 
test section of wind tunnel was used. Visualization experiments of heat flows were carried out using an infrared camera. 
As a result of experiments, data on the features of heat transfer on the surface of a flat plate were obtained. A double 
longitudinal structure in the form of a temperature change defect caused by the interaction of two vortices with the model 
surface is shown. Temperature changes in the vortex region downstream in a direction parallel to the leading edge have a 
similar structure, but different amplitudes. 

INTRODUCTION 

The process of laminar-turbulent transition in supersonic boundary layers depends significantly on the level of 
disturbances of the incoming flow [1-2]. One of the main sources of disturbances in supersonic wind tunnels is a 
turbulent boundary layer to emit acoustic pulsations into the free flow [3 5]. In wind tunnels, in addition to acoustic 
pulsations, quasi-stationary disturbances in the form of weak shock waves can affect the flow on the model. These 
shock waves are generated by the surface roughness on the walls of the test section of the wind tunnel. 

A number of researches of the influence of weak shock waves on the flow in supersonic boundary layers have 
been conducted [6-17]. Experimental studies using a hot-wire anemometer [8-14] on flat plate models have shown 
that the interaction of weak shock waves with the leading edge of the model leads to the generation of longitudinal 
traces (vortices) to propagate in the boundary layer along the incoming flow. In these traces, the mean mass flow has 
areas of strong distortion and pulsation of significantly greater amplitude compared to the undisturbed boundary 
layer. Numerical studies [14, 15] verify the picture of the phenomenon. Weak shock waves cause both a decrease 
and an increase in the thickness of the boundary layer on the model surface [9] accompanied by a change in the 
spectral composition of disturbances [10-12]. 

In particular, studies [13] have shown that the vortices generated in the boundary layer are localized in one 
region along the width of the model and practically do not expand down the stream. Experiments were also 
conducted for swept models [16, 17]. Experiments [17] were performed on a swept plate at the swept angles of the 
leading edge from 0 to 25. Analysis of the results showed that when a pair of weak shock waves was impact onto the 
leading edge of the plate, in the boundary layer there formed a pair of longitudinal vortices accompanied by an 
increase in the pulsation level and by a change in the spectral composition of perturbations. When the sweep angle 
of the leading edge of the plate was varied from 0 to 25 degrees, a widening of the vortex in the supersonic boundary 
layer, occurring due to the action of the incident “catching-up” weak shock wave, was observed. 
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Vortices generated in the supersonic boundary layer can lead to changes in the heat exchange process in the 
boundary layer. This paper presents the results of an experimental study of heat transfer in the boundary layer of a 
flat plate with the impact of weak shock waves on the leading edge. 

EXPERIMENTS SET-UP 

The experiments were carried out in a supersonic low noise wind tunnel T-325 of Khristianovich Institute of 
Theoretical and Applied Mechanics of the Russian Academy of Sciences at Mach 2. A detailed description of the 
wind tunnel is given in [18]. In the experiments the model of a flat plate made of a heat-conducting material was 
used, which allows conducting research using a thermal imager. The flat plate model has a blunted leading edge, the 
radius of bluntness of the leading edge is r = 2.5 mm, the model length is 160 mm, the width is 100 mm. To generate 
a weak shock waves into the flow, a roughness on the lower part of the nozzle insert of the test section of the wind 
tunnel was used. The tape with a width (downstream) of 7 mm, a length (across the stream) of about 190 mm and a 
thickness of 0.26 mm was used as a roughness. The scheme of the experiments is shown in Fig. 1, where 2D is a 
two-dimensional roughness, P1 and P2 are weak shock waves. Experiments on visualization of heat flows were 
carried out using an infrared camera Flir SC7300m series, which has a resolution of 320x256 matrix, accuracy of 
0.05 K, spectral range of 3.7 – 4.8 microns, aperture f/2.0. During the experiment, a series of infrared images of the 
model surface was recorded. 

 

 
FIGURE 1. Experiments set-up 

RESULTS 

As a result of experiments at the Mach 2 number, data on the features of heat transfer on the surface of a flat 
plate when weak shock waves impact on the leading edge of the model are obtained. Figure 2 a shows changes 
temperature in Kelvins registered over a time interval of 6.3 sec. and visualizing the distribution of heat flow on the 
surface. Figure 2b shows the distribution of temperature change along a straight line (solid line in Fig. 2a) parallel to 
the leading edge and located at a distance of 66 mm from it, the dotted line indicates the reference value in the 
absence of an N wave. 
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(a) (b) 

FIGURE 2. Visualization of the heat flow distribution on a flat plate (a) 
and the distribution of the surface temperature difference in the cross section (b) 

 
The double longitudinal structure in the form of a temperature change defect caused by the interaction of two 

vortices with the surface of the flat plate model was observed. The distance between the centers of the vortices is 
20 mm. In the z region from 45 mm to 65 mm, the temperature change is affected by the vortex generated by the 
interaction of the P1 wave with the leading edge of the plate. The effect of the vortex created by the P2 wave is 
registered in the z region from 70 mm to 85 mm. In this case, the distributions of temperature change along a line 
parallel to the leading edge (Fig. 2 b) in the area of vortices from waves P1 and P2 appear similar to each other, but 
have different amplitudes. The vortex generated by the P1 wave leads to a greater change in heat exchange with the 
plate surface than the vortex generated by the P2 wave. 

CONCLUSIONS 

As a result of experiments on a flat plate at Mach 2, data on heat transfer on the surface of a flat plate when weak 
shock waves impact on the leading edge of the model were obtained. 

Visualization of the heat flow distribution on the surface of a flat plate showed a double longitudinal structure in 
the form of a temperature change defect caused by interaction with the surface of the model of two vortices 
generated by the impact of weak shock waves on the leading edge. 

The distributions of temperature change along a straight parallel leading edge in the vortex region from waves P1 
and P2 appear similar to each other, but have different amplitudes. The vortex generated by the P1 wave leads to a 
greater change in heat exchange with the plate surface than the vortex generated by the P2 wave. 
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Abstract. This paper presents a physico-mathematical model of the high-temperature oxidation of a nanosized aluminum 
particle coated with a nickel layer. The model is built under the hypothesis that, initially, the reaction of self-propagating 
high-temperature synthesis occurs with the formation of NiAl, and then the remaining unreacted aluminum is oxidized. 
The model takes into account the diffusion of the oxidizing agent and aluminum vapor through the formed spherical layer 
of NiAl and aluminum oxide around the aluminum melt, and the temperature dependence of the reaction between oxygen 
and aluminum. The conducted parametric study has been shown that at ambient gas temperatures in the range of 
1200 K ÷ 1600 K, a nanosized aluminum particle coated with nickel burns faster than uncoated one, while as at higher 
temperatures, a nickel-coated aluminum particle burns more slowly than uncoated. 

INTRODUCTION 

Usually nanosized aluminum particles are coated with a nickel layer to increase safety and prevent its oxidation 
during the storage [1, 2]. The experiments on the combustion of the micron-sized aluminum particles coated with 
nickel shows that the particles burn faster in a high-temperature oxidizing medium than uncoated ones. This is 
explained by the cracking of the nickel layer and peeling of nickel from molten aluminum, which leads to the 
uncovering of the aluminum surface [1]. 

In case of nanosized aluminum particles coated with a nickel layer, it can be assumed that nickel layer does not 
crack. According to the theory of SHS processes [3] it is known that nickel and aluminum are capable of the 
chemical reaction with each other forming nickel aluminide (NiAl). This reaction occurs when aluminum is in a 
molten state. The resulting product of the reaction has high melting point, 1911°C, and density 

 =  6670 kg/m3. 
The problem on the oxidation process of a nanosized aluminum particle coated with a nickel layer is of great 

interest. This paper presents the physico-mathematical model of high-temperature oxidation of a nanosized 
aluminum particle coated with a nickel layer, which based on study [4]. Study [4] provides the mathematical model 
on high-temperature oxidation of a nanosized aluminum particle, which can be used to calculate the combustion 
time of a nanosized aluminum particle. The obtained data using the model from [4] coincide with experimental data 
[5, 6] with high accuracy. In the present study, we have refined the combustion model from [4] to take into account 
the coating nickel layer on the particle. The model takes into account the difference in diffusion coefficients in the 
NiAl layer and in alumina Al2O3. The aim of the study is to determine the effect of the ambient gas temperature on 
the high-temperature oxidation of a nanosized aluminum particle coated with a nickel layer. 
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MATHEMATICAL MODEL AND SOLUTION METHOD 

The formulation of the problem implies the following assumptions of the mathematical model: the aluminum 
particle coated with a thin nickel layer and has a spherical form (Figure 1); the particle enters the gaseous oxidizer, 
and heats up rapidly to the temperature of the surrounding gas, whilst the temperature of the gas remains constant. 
Since the particle reaches the temperature of the ambient gas, which is higher than the melting point of aluminum, 
nickel starts reacting with aluminum and forms the infusible product NiAl. Oxygen (or another oxidizing agent) 
diffuses through the NiAl layer. 

Aluminum under the NiAl layer is heated above the melting point, which leads to the diffusion of aluminum 
vapor through the layer. Aluminum vapour and oxygen react with each other in the volume of the spherical layer 
forming aluminum oxide. Its reaction rate depends on temperature according to the Arrhenius law and the reaction 
rate is described by second-order kinetics (the first order for oxygen and the first for aluminum). The unreacted 
diffusing oxygen reaches the aluminum melt under the layer and reacts heterogeneously with it, which provokes a 
growth of aluminum oxide layer. The rate of the heterogeneous reaction depends on temperature according to the 
first-order Arrhenius law. The activation energy of the mentioned reactions is assumed to be equal. The final product 
of the aluminum oxidation reaction, which occurs in the oxide layer and at the boundary between the layer and 
molten aluminum is Al2O3. The heat released in the aluminum oxidation reactions is emitted to the surrounding gas.  
The change in gas temperature is neglected due to the small volume fraction of the particles in the gas. It is assumed 
that the spherical layer of NiAl and alumina does not collapse under the action of stresses resulting from the growth 
of the alumina layer. The diffusion coefficients in the alumina layer and in the NiAl layer are different. A change in 
the thickness of the NiAl layer with increasing particle size due to aluminum oxidation is neglected. 

 

 
FIGURE 1. The physical model of the investigated aluminum particle

 
Under the assumptions made, the mathematical combustion model of a single nanosized nickel-coated aluminum 

particle in a gaseous oxidizer consists of the oxidizer and aluminum diffusion equations in the layers of NiAl and 
aluminum oxide, which takes into account their consumption in the chemical reaction. 

 

 2
0 2 0 012

0 2 0

31 exp exp
2

ON ON d ON O ON a
N Al

Al N

E a E
u D r p k

t r r RT r RTr
,  (1) 

 

 2
0 2 0 012

0 2 0

1 exp expAl Al d Al ON a
N Al

N

E a E
u D r p k

t r r RT r RTr
. (2) 

 
The initial conditions for eqs. (1) – (2):  
 

 ,0,0ON ONr , ,0,0Al Alr , 1 0(0) (0)r r r .  (3) 
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The mass of the NiAl layer on the particles is equivalent to 33% of the whole mass of the particle.  The initial 
value of the inner NiAl spherical layer radius is equal to 1 0(0) 0.95 (0)r r , where 0 (0)r  is the initial radius of the 
whole particle and at the same time the outer radius of the NiAl spherical layer. 

The initial conditions are specified as follows. The oxidizer mass flow on the outer surface of the layer is defined 
as: 

 0
0 2 0 ,

0

,
exp ,ONd

N ON O

a r t tE
D r t t

RT r
, (4) 

 

where = / ( ); = , = 1.13 10  m2/s, = 1.724 [5]; = 1 atm; = 1 K –
 the reference temperature. 

The oxidizer mass flow on the inner surface of the layer is calculated as: 
 

 1
0 2 1 0

0

,
exp ,ONd

N ON

a r t tE
D r t t K T

RT r
, 0 0 02

0

exp aE
K T p k

RT
. (5) 

 
The initial conditions for eq. (2): 
 

 0 ,
0Ala r t t

r
, 1 ,1,Al Alr t t . (6) 

 

The motion speed of the inner boundary for the oxide layer 1
1

dru t
dt

 is determined by the conservation 

equation of the aluminum and oxygen mass flows at the boundary: 
 

 1 1
0 2 0 2 1

0 0

, ,2
exp exp

3
ON Ald Al d

N N liqAl
O

a r t t a r t tE E
D D u t

RT r RT r
. (7) 

 

The motion speed of the outer boundary 0
0

dr
u t

dt
 is determined by the mass conservation law: 
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Eq. (8) determines the rate of the particle radius growth during oxidation process. The speed 1u t  is negative, 

whilst 0u t  is positive. The motion speed of the internal points of the layer is determined by the equation: 
 

 
2

1
1 12

2 3

2 3
,

2
Al Al O

Al O Al

ru r t u t u t
r

. (9) 

 
Here 0a is the oxidizer concentration in the gas; 2ON ON Na  is the oxygen concentration in the oxide layer; 

2Al Al Na  is the concentration of the aluminum vapor in the oxide layer; 0D  is the pre-exponential factor 
depending on temperature; gD  is the oxidizer diffusion coefficient in the gas; 0d  is the particle diameter; dE  – 

diffusion activation energy; aE  is the activation energy of the chemical reaction; 0K T  is the rate of the 
heterogeneous reaction at the boundary between the oxide layer and molten aluminum; 01k , 02k  are the 
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preexponential factors in the Arrhenius law; 0p  is the gas pressure; ap  is the atmosphere pressure; R is the 
universal gas constant; 1r  is the inner radius of the aluminum oxide spherical layer; 0r  is the initial radius of the 
particle; r  is the radial coordinate; bt  is the particle burn-out time; t  is the time; 0T  is the temperature; u  is the 
motion speed of the oxide layer;  is the mass transfer coefficient; Al , O , g  are the molecular weights of 
aluminum, oxygen and gas; ,1Al  is the vapor density of aluminum at the boundary between aluminum oxide and 
molten aluminum; liqAl  is the density of molten aluminum; 2 3Al O  is the density of alumina; ON  is the partial 
density of the oxidizer in the alumina layer; Al  is the partial density of aluminum in the oxide layer; 2N  is the 
density of the gas diffusing in the layer. 

The system of equations (1) - (2) with the initial and boundary conditions (3) - (6) and equations of the motion 
speed for the NiAl and aluminum oxide spherical layers (7) - (9) describe the process of high-temperature oxidation 
of the nanosized aluminum particle coated with nickel. This system has been solved numerically using the sweep 
method. The change in the layer thickness due to the chemical reactions is taken into account at each calculated time 
step. The developed algorithm and computer program solving the system of equations of the mathematical model (1) 
- (9) has been tested on the feasibility of the mass conservation law. Moreover, we have comprised the calculated 
final radius of the fully burnt aluminum particle with initial radius 0 40 nmr  using the developed model with the 
analytical solution. The final radius of the burnt particle using the developed model is 44.52 nm, whilst the analytical 
solution provides the value of 44.75 nm. 

RESULTS 

We have carried out all the numerical simulations under the following physical quantities: R = 8.31 J/(mol·K), 
32700 kg/mliqAl , 3

2 3 3700kg/mAl O , 7 2
0 1.57 10 m /sAlD , 7 2

0 0.78 10 m /sNiAlD , Ed = 10 kJ/mol, 

Ea = 71.6 kJ/mol, 3
,1 0.3456 kg/mAl , 0.027 kg/molAl , 0.016 kg/molO , 4

01 4.37 10 1 s Pak , 
7

02 4.37 10 m s Pak . 
The nickel mass in the particle coating is 20% of the whole particle mass, which is 7% of the particle volume. 

The ambient gas is the mixture of oxygen and nitrogen in an equivalent proportion, as in [6]. The calculations have 
been carried out for radii in the range of 0 40 80 nmr , at gas temperature 0 1200 2200 KT  and pressure range 

of 0 0.8 3.2 MPap . To calculate the gas density, we have used the equation 0 3
,

0

kg/mg
O

p
RT

,

0.03 kg molg . 
The one of the assumptions of the mathematical model is that nickel reacts with the molten aluminum forming 

the infusible NiAl product. We have estimated the time needed to reach thermal equilibrium of the particle and the 
reaction time between Ni and Al. 

The characteristic time of the particle thermal relaxation can be determined by the equation: 
2

0
* 3

Al liqAl
heat

g

c r
t , 

where Alc  is the specific heat of aluminum, g  is the thermal conductivity coefficient of the gas. 

If the particle radius is equal to 0 40 nmr , the time is 9
* 22 10heatt s  and the temperature difference between 

the particle and the surrounding gas changes in e times. After three periods of the time, the difference in the 
temperature of the gas and particle becomes insignificant. 

The characteristic time of the aluminum-nickel reaction can be determined in two ways. The characteristic time 
of the aluminum vapor diffusion in the Ni layer with the thickness 00.05 (0)r r  is: 

2

*chem

r
t

D
. 
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For the particle radius 0 40 nmr , the characteristic time is 9
* 0.25 10chemt s . It is necessary a number of the 

times periods to complete the reaction. 
On the other hand, the propagation rate of the combustion wave in a multilayer bimetallic Ni-Al plate of 40 nm 

thickness is about 10 m/s [7]. If we assume that a wave of self-propagating high-temperature synthesis propagates 
along the particle’s surface with the formation of NiAl layer at this speed, then its combustion time is: 

0
*chem

f

r
t

u
. 

For the particle radius 0 40 nmr , the combustion time is 9
* 12.6 10chemt s . 

The estimates have shown that the particle heating time and its reaction time are much smaller than the time of 
its complete combustion in a high-temperature oxidizing medium. 

After the Ni-Al reaction, the mass of the NiAl spherical layer is 26% of the whole particle mass and it is 
corresponding to the thickness of the layer 00.05 (0)r r , whilst its volume is 13.5% of the particle volume. 

We have carried out the numerical investigation on the complete combustion time of the aluminum particles 
under the given values of temperature and gas pressure (Fig. 2). 

 

 
     a)            b)                 c) 

FIGURE 2. Combustion time of the particle depending on temperature. Solid lines – Ni-coated aluminum particles, 
dotted lines – uncoated aluminum particles with aluminum oxide on the surface. 

) 0 0.8 MPap , b) 0 2.0 MPap , c) 0 3.2 MPap .1 – 0 40 nmr , 2 – 0 80 nmr  

The conducted numerical investigation using the developed model have shown that at the ambient temperature in 
the range of 1200÷2200 K, the particles with the radius of 40 nm coated with nickel burn faster than particles 
without coating. This is due to the lower aluminum content in the particle (the volume of the spherical NiAl layer is 
13.5% of the particle volume). Due to the small thickness of the formed NiAl layer on the particle surface, a lower 
diffusion coefficient in this layer does not strongly affect the diffusion of oxygen and aluminum, since the diffusion 
resistance r D  is not significant. In case of the particles with the radius of 0 80 nmr , the value of the diffusion 
resistance starts influencing on the combustion time at the high temperatures of the surrounding gas. This effect can 
be observed in Figure 2. Starting from a certain high temperature, the combustion time of the nickel-coated particles 
becomes longer than the burning time of uncoated particles (the intersection of solid and dashed curves for 

0 80 nmr ). The temperature at which the combustion time of the nickel-coated aluminum particles becomes longer 
than for the uncoated decreases with the increase in pressure. 

CONCLUSION 

We have presented the physico-mathematical model of the high-temperature oxidation of a nanosized aluminum 
particle coated with a nickel layer. The model takes into account the diffusion of oxidizing agent and aluminum 
vapor through the spherical layers of NiAl and aluminum oxide around the aluminum melt, and the temperature 
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dependence of the reaction between oxygen and aluminum. The developed model corresponds to the physical 
combustion model of a nanosized aluminum particle described in [5, 6]. The conducted numerical simulation has 
shown that at the ambient gas temperatures in the range of 1200÷1600 K, an aluminum particle coated with nickel 
burns faster than uncoated particle. Under a higher temperature of the surrounding gas, an aluminum particle coated 
with nickel burns more slowly than uncoated. 
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Abstract. Module of HyCFS-R numerical code for the simulation of chemically reacting gas/particle suspensions based on the
Euler–Euler approach is verified on the problem of detonation wave propagating in channel. The grid convergence and 3D effects
are studied. Numerical simulation results are compared with data available in the literature.

INTRODUCTION

Detonation is a shock-induced combustion wave propagating through reactive mixture and is studied from the safety
engineering point of view. Many problems of practical interest cannot be studied experimentally because of the high
costs and other limitations of experimental measurements and numerical simulation of such problems is required.
Detonations are essentially three-dimensional phenomena and a lot of their important features cannot be captured
in two-dimensional simulations. However, numerical simulation of three-dimensional chemically reactive flows and
specifically gas-particles suspensions require tremendous amount of computational resources and can be done only
using the parallel computations [1, 2].

A module for multiphase chemically reacting flows numerical simulation based on the Euler-Euler approach was
implemented in the HyCFS-R hybrid code [3, 4] developed for simulation of wide range of compressible flows,
including gas detonations [5, 6]. The module was tested and verified on a set of simple problems [8, 9, 10]. Main
goal of the present paper is to perform the next stage of verification, that will include grid convergence study and
preliminary 3D computations for taking into account possible 3D effects [7].

PROBLEM STATEMENT, GOVERNING EQUATIONS AND NUMERICAL
TECHNIQUES

In the present paper interaction of a Mach 5 shock wave propagating through the channel with a cloud of 1 μm
aluminum particles is investigated numerically. Both plane 2D and rectangular 3D channels are considered. In 2D
case the channel dimensions are 0.06×2 m, and in 3D case they are 0.02×0.02×2 m. Schematic depiction of a domain
is shown in Fig. 1. Section “1” corresponds to particles-free condition behind the shock wave, section “2” corresponds
to a particle-free zone of still gas before the shock wave, and section “3” is still particle cloud. To force the formation
of detonation cells, the boundary of the particle cloud has a sine curve shape with amplitude approximately 0.005 m.
Additionally, the transverse velocity is disturbed in a narrow section (section “2-3” in Fig. 1) in the vicinity of the
gas/suspension interface. The amplitude of the superposed velocity disturbances is about 2.5% of the gas velocity
behind the propagating shock wave.

The Euler-Euler model for the oxygen laden with aluminum particles from the works of Fedorov and Khmel [11,
12, 13, 14, 15] is used. It is governed by the following set of equations.
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Ŝ

⎞
⎠ , (1)

F̃α =

⎛
⎜⎝

ρuα

ρuuα + peα

(E + p)uα

⎞
⎟⎠ , F̂α =

⎛
⎜⎝

ρ̂ ûα
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⎞
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FIGURE 1. Computational domain geometry and initial conditions setup

Here, carrier and disperse phase variables pseudo-vectors are indicated with tilde ˜ and hat ̂ symbols, respectively.
The carrier phase (gas) density is denoted as ρ , u ≡ (u,v,w) ≡ (ux,uy,uz) is the gas velocity vector, E is the total
energy of the gas phase, p is the gas pressure, and eα ,α ∈ {x,y,z} are the unit vectors along the corresponding α
direction. The variables for the disperse phase are indicated with a hat ˆ sign. Source terms S describing the gas-
particles interaction include the drag force f, heat transfer term q, and mass transfer term J .

The equations are solved numerically using the shock-capturing MUSCL TVD schemes for both carrier and dis-
perse phases. The time integration is performed using explicit Runge-Kutta TVD schemes. Some modifications were
introduced to the numerical approach in order to efficiency and/or accuracy. Namely, the Roe Riemann solver for the
carrier phase was added to the solver in order to reduce numerical dissipation suppressing emergence of the instability
waves. Also, order of disperse phase variables MUSCL reconstruction is reduced from 2nd to 1st, because tests show
that for shock wave propagation they provide very close results.

Program implementation is based on the HyCFS-R hybrid GPU/CPU numerical code [3, 4]. Key feature of the
disperse phase implementation in HyCFS-R can be found in previous papers [8, 9, 10]. In the scope of present work
some minor updates were introduced to the module in order to extend gather data sets and improve efficiency of input,
output and postprocessing routines. The code now accumulates the histories of maximum pressure and velocity to
provide more detailed analysis of cellular structure development. The flowfields are now stored in dmp compressed
binary format used also in SMILE++ and SMILE-GPU tools. It allows for faster and more accurate data manipulation,
which is important in large 3D unsteady computations with hundreds of gigabytes of obtained data requiring hours
for their postprocessing.

RESULTS AND DISCUSSION

Two-dimensional computations are performed on 3 different grids using laboratory dedicated computational station
equipped with 8 Nvidia GeForce GTX 1080Ti graphical accelerators with 11 Gb of GDDR memory on each de-
vice. For each next computation the number of computational cells across the channel was doubled, so the resulting
resolutions are 600×20000, 1200×40000 and 2400×28000. Note, that the last resolution corresponds to a shorter
channel because of the memory limitations of the computational station. Numerical simulation for this resolution was
performed in 3 separate runs using the domain-shifting technique to move detonation wave to the left boundary of
the domain before resuming the computations. Approximate wall-time of 2D computations was 7, 60 and 180 hours,
respectively.

Three-dimensional computations were performed at ITAM SB RAS hybrid computational cluster using 10 Nvidia
Tesla V100 equipped with 32 gigabytes of HBM2 high-bandwidth memory. The mesh resolution was 200×200×5000
and domain shifting was also employed in these computations. Total time of computation was approximately 32 hours.
Given the difference in grid sizes in 2D and 3D computations, it illustrates the performance jump when switching from
regular consumer-type graphical card on the Pascal architecture to a dedicated computational device on the Volta
architecture. Another notion is that it shows the progress in performance of computational hardware. In [2] numerical
simulation on a grid of 10 million cells using 8 OpenMP threads was taking up to 10 days, while in present work 10
Tesla V100 allow one to run computation with 200 million cells in approximately 32 hours.
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FIGURE 2. Two-dimensional flowfields of carrier phase density
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FIGURE 3. Two-dimensional flowfields of carrier phase temperature
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FIGURE 4. Two-dimensional flowfields of carrier phase density gradient magnitude
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Computations on a series of refining grids allowed us to study the grid convergence in the detonation wave propa-
gation problem. The results are shown in Figs. 2-4. The carrier gas density flowfields are shown in Fig. 2, teh carrier
phase temperature flowfields are demonstrated in Fig. 3, and Fig. 4 contains flowfields of density gradient magnitude.
The subfigures (a) extracted from 3D computations and correspond to first layer of cells in the span-wise direction.

FIGURE 5. Three-dimensional flowfields of carrier phase temperature (a), disperse phase density (b), and density gradient mag-
nitude (c)

As can be seen, at considerably higher spatial resolution the predicted number of detonation cells increases from
5 to 6. So it can be concluded that these results (i.e. solution with 6 detonation cells across the channel) are grid
convergent and also demonstrate reasonable agreement with the results [14, 16]. All solutions are consistent in terms
general flow structure and detonation wave propagation speed with extra details of the flow visible at higher spatial
resolutions. Detonation cells formed in regular cellular patterns have width-to-length ratios in range of 0.45 to 0.50.

The results of 3D computations are shown in Figs. 2a, 3a, 4a and in Fig. 5. As can be seen, the sizes of detonation
cells are in rather good agreement with 2D solutions. The overall flow pattern seems to be more complex and richer in
details. Figure 5 shows a number of slices across the channel. They demonstrate that detonation in the case considered
is occurring in rectangular mode, when 2 two-dimensional waves are moving in transverse and span-wise directions.
In gas detonations the cell length for these modes is approximately the same as in two-dimensional simulations, which
can explain the observed agreement for the case considered.
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Figure 5 also demonstrates the isosurfaces of gas temperature and pressure, and particles density. Temperature
isosurfaces additionally illustrate the rectangular mode flow pattern with points of interaction of two waves moving
in orthogonal directions. The isosurface of particle density shows the boundary of a combustion zone where there is
almost no particles left to burn. Its shape demonstrates that combustion process is quite uniform and does not lead to
a formation of pockets of unburnt reacting mixture.

CONCLUSION

The verification of HyCFS-R numerical code module for the simulation of multiphase chemically reacting flows
based on the Euler-Euler approach was performed using the detonation wave propagation in channel initiated by
Ms = 5 shock wave as a test case. For 2D plane channel the grid convergence of a solution was demonstrated. Sizes
and shapes of the formed detonation cells are in good agreement with other authors data.

Results of 3D computations in rectangular channel are mostly consistent with 2D computations in terms size and
shape of detonation cells. In the case considered cellular structure is formed in a rectangular mode with two 2D waves.

Further verification and validation of the module are required, including the use of higher order schemes, lon-
ger and wider channel geometries. This data should provide better understanding of features and limitations of the
mathematical model, and possible ways to improve it.
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Abstract. A series of calculations of perforation of cermet plates with various shapes of ceramic grains introduced into a 
metal matrix, using a steel projectile, for constructing ballistic curves was carried out. It was found out that the shape of 
ceramic grains hardly affect the resistance of the plates. The limiting ballistic velocity of Fe+Al2O3-based plates increases 
with increasing ceramic concentration while maintaining the weight and size parameters of the barriers. 

INTRODUCTION 

The authors [1] state that there has been a significant improvement in the quality of protective materials for 
ballistic protection. Developments in the technology of high-performance fibers and production processes have 
allowed us to produce light weight body armor with improved protection levels. In their article, the authors 
presented various materials and structures used for ballistic protection. 

In [2] it was shown that ballistic tests with hardened steel bullets at high velocity (up to 820 m/s) normal impact 
lead to the complete destruction of samples of sintered TiB2-Ti based composites having a diameter of 50 mm and 
thickness from 5 to 8 mm. The ballistic efficiency of all ceramic compositions based on TiB2-Ti was evaluated from 
depth of penetration tests. The measured ballistic performance is lower than the B4C ballistic performance. 

The search for new forms of armor led the authors [3] to the creation of granular ceramic armor. “Ceramic 
granules, in the millimeter size range, are closely packed and bonded together using a relatively soft polymer. This 
composite layer rests on a rigid backing. In field tests such panels have already shown the capability to stop armor 
piercing rifle rounds. The goal of the study is to determine the detailed mechanisms of energy and momentum 
dissipation.” 

This work is a continuation of studies of the stability of heterogeneous and gradient barriers [4–6], based on the 
model for the numerical construction of complex media [7]. 

The goal is to identify the effect of various shapes of ceramic grains introduced into the metal matrix, as well as 
the concentration of ceramics on the resistance of a barrier of a heterogeneous material to impact by a steel 
projectile. 

The REACTOR software package [8] provides for the possibility of constructing cermet material by creating 
three types of heterogeneous material matrix models, which we will call Model I, Model II, and Model III 
(see Fig. 1): 

Model I – ceramic grains are obtained by combining several elements along adjacent faces; 
Model II – ceramic grains are built by combining several neighboring element nodes; 
Model III – single elements are grains of ceramics. 
The mathematical formulation of the problem of the impact of solid deformable bodies, the difference method, 

and models of the behavior of materials are described in detail in [9–13]. 
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An increase in the concentration of ceramics leads to an increase in the size of grains by their merger. In all 
models, the introduced material is randomly distributed over the volume of the plate according to a given ceramic 
concentration. 

 

   
I) II) III) 

FIGURE 1. Examples of matrices of model heterogeneous material 

NUMERICAL SIMULATION 

To study the ballistic resistance of cermet plates with various matrix shapes, a series of calculations of their 
impact loading was performed. The impact velocities are in the range of 100–1500 m/s. The thickness of 
heterogeneous plates was chosen from the condition of maintaining surface density and varied from L = 0.60 cm for 
an iron plate to L = 1.28 for a ceramic plate. The projectile, 2.2 cm long and 0.4 cm in diameter, was made in the 
form of a core with a truncation of the lively head part from 2P hardened steel. The geometry of the impact problem 
is shown in Fig. 2. 
 

 
FIGURE 2. Geometry of the problem of shock loading of a heterogeneous plate with a steel projectile 
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Let the metal-ceramic plates based on iron and aluminum dioxide with 25% volume concentration of the latter be 
given. Since the projectile has a flat head and the plates are quite thin, the destruction occurs by the shear 
mechanism. Further, the volume of ceramic grains in the first two matrix models exceeds the grain volume in Model 
III by 10-13 times, therefore, with a small proportion of ceramics, the plates will break down by ceramic grains 
denoted by the green particles in Fig. 3, the black particles being fragments of the broken iron matrix. Note that for 
plates with large grains of ceramics, the fracture process begins earlier. At time t = 5 μs, shear cracks are already 
forming. To the back of the plate, the fracture cone expands and a significant volume of the plate is carried out. 

 

 
FIGURE 3. Comparison the projectile penetration dynamics into heterogeneous plates built according to Model I (at the top), 

Model II (in the middle), and Model III (at the bottom). The volume concentration of Al2O3 ceramics is 25%, 
the impact velocity is 900 m/s 
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FIGURE 4. Dynamics of a steel projectile penetration into heterogeneous plates built according to Model I (at the top). 

Model II (in the middle), and Model III (at the bottom). The volume concentration of Al2O3 ceramics is 50%, 
the impact velocity is 950 m/s 

 
The fracture processes during the penetration of plates containing 75% of ceramics by volume develop by a 

shear mechanism as well (see Fig. 5). Thus, for a plate constructed according to Model I, where large rounded grains 
come into contact at a high concentration, the knockout of the “cork” takes place by ceramic grains. The peel 
strength of iron is 8.0 GPa, while for Al2O3 ceramics it is 2.6 GPa, which is clearly seen in Fig. 5, the upper 
horizontal row, time moment t = 25 μs. 
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FIGURE 5. Dynamics of a steel projectile penetration into heterogeneous plates built according to Model I (at the top). 

Model II (in the middle), and Model III (at the bottom). The volume concentration of Al2O3 ceramics is 75%, 
the impact velocity is 1100 m/s 

 
For the plate constructed according to Model II, the sharp edges of the grains lead to a later destruction, which is 

illustrated by the average horizontal row in Fig. 5, time moment t = 15 μs. At this time, the plate with Model I 
already has a conical crack formed. 

Note that due to the random distribution of ceramic grains over the volume of the iron matrix, variations in the 
residual velocity of the impactor are possible within ~ 20% of a certain average value for different realizations of 
constructing the heterogeneous plate. 

Ballistic curves are shown in Fig. 6, where the lines are constructed according to the Lambert-Jonas formula [14] 
 

 ( )1/
 

pp p
r i bu a u u= − , (1) 
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where the parameters a, p were found by the least squares method from the values of the residual velocities obtained 
as a result of numerical simulation of the processes of perforation of heterogeneous plates. 

 

  
FIGURE 6. Ballistic curves of a heterogeneous plate 

constructed according to Model I for three values of Al2O3 
ceramics concentration 

FIGURE 7. Comparison of limiting ballistic velocities for 
cermet plates with different shapes of introduced ceramic grains 

depending on the volume fraction of Al2O3 ceramics 
 
From a series of calculations for heterogeneous materials based on Fe-Al2O3, the dependence of the limiting 

ballistic velocity (the velocity below which the projectile is no longer able to break through the barrier) on the 
volume fraction of ceramics in the plate was constructed. As can be seen from Fig. 7, in the entire range of ceramics 
concentrations, none of the heterogeneous compositions shows a decisive advantage. 

CONCLUSION 

1. An approach is proposed for constructing heterogeneous media with various shapes of ceramic grains in the 
volume of the metal matrix. 

2. It has been found out that for projectiles with a flat head part, the perforation of thin heterogeneous plates 
develops by a shear mechanism. 

3. The shape of the Al2O3 ceramic grain included in the metal matrix does not significantly affect the ultimate 
ballistic velocity. 
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Abstract. The article presents the results of experimental studies of the ground effect influence on the flow around a 
UAV model when it enters a turbulent wake. The experiments were carried out in a low-turbulent subsonic wind tunnel 
with flight Reynolds numbers. A fleecy thread was used as a source of external disturbances, which was stretched in the 
test section of the wind tunnel in front of the model at a certain distance.  Data were obtained on the lift force of the wing 
model and visualization patterns of the flow near the UAV surface using a thermographic camera at various flow regimes 
depending on the velocity of the incoming flow, the angle of attack, the presence of incident external disturbances and 
passive control sources on the model surface. 

INTODUCTION 

The intensive development of small-sized unmanned aircraft, designed to perform military and civilian tasks, has 
led to the need for basic research on the processes occurring during the flow around such aircraft. We are talking 
about unmanned aerial vehicles (UAVs) with a take-off weight of up to 10 kg. Speaking of the low Reynolds 
numbers ( 105) that are characteristic of aircraft of this type, the study of phenomena such as local separation 
regions and global stall of the flow, which can lead to stalling, are very relevant. These types of separation depend 
on such parameters as flight speed, angle of attack and slip, wing shape and level of turbulence [1]. The search for 
methods of the flow control of UAVs is also in demand in order to reduce the separation area, or to eliminate flow 
stall completely [2-8]. Another important task is to study the influence of incident external disturbances on the flow 
around such devices that are operated at low altitudes relative to the surface of the earth, where the atmosphere is 
strongly perturbed. In addition, the UAV during flight may fall into the zones of turbulent vortex traces behind 
ground structures, behind other aircraft or behind the relief of the earth. The results of these studies can be used to 
modernize and improve the flight characteristics of unmanned aerial vehicles. Also, this scientific knowledge can be 
used to create a database of acceptable flight regimes and aircraft capabilities, necessary not only for the operator to 
control the unmanned vehicle, but also for training artificial intelligence, focused on independent piloting of UAVs 
excluding the operator. 

This paper presents the results of a study of the flow of a small-sized UAV in the form of a trapezoidal flying 
wing with a swept leading edge and a wingspan of less than 1 meter at low subsonic speeds. A flying wing is an 
aircraft that has the role of a fuselage performed by a wing that houses all the units, crew, and payload. The novelty 
of the work lies in the fact that the experiments were carried out at full-scale Reynolds numbers, which are typical 
for small-sized UAVs. Such devices are small in size, which allows them to be installed in the test section of the 
wind tunnel in full size.  

This work is part of a project to study the flow around of models of straight and swept wings, the first results of 
which are published in [9-15]. 
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EXPERIMENTAL PROCEDURE 

The experiments were conducted in a SATA subsonic wind tunnel at Chalmers University of Technology 
(Gothenburg, Sweden). Sata tunnel is a closed-loop type and has a closed test section with dimensions of 1.8 x 1.25 
x 3 meters. The level of turbulence in the test section of the wind tunnel is 0.01% in the range of flow velocity from 
0 to 15 m/s and 0.1% above the specified velocity range. The wind tunnel is designed for experiments at low 
subsonic flow velocities up to approximately 50 m/s. Model of a UAV in the form of a trapezoidal flying wing was 
used in research (Fig. 1, a and b). The model was installed on the rod of the traversing system inside the test section 
of the wind tunnel. The traversing system allowed changing the location of the wing in the test section of the wind 
tunnel. Single-component load cells were mounted between the rod and the model to measure the wing lift force 
(Fig. 1, c). A "moving ground" set-up (rolling floor) was installed with the floor level of the test section of the wind 
tunnel to study the effect of the ground effect on the UAV flow around. The stretched belt of the "moving ground" 
moved at the speed of the incoming flow (Fig. 1, c). The dimensions of the test space of the belt were 975 x 1720 
mm. The belt speed was controlled using a separate computer with a step of 5 m/s. The experiments were carried out 
at the velocity of the incoming flow and the belt 5 m/s and 10 m/s. The angle of attack of the model ranged from 0° 
to 18°. The swept angle was 0° and did not change during the experiments. To study the possibility of the flow 
control, passive sources of disturbances were used, which were installed on the upper surface of the UAV near the 
leading edge on the ¼ wingspan of the model (Fig. 1, b and d). The height of the cone was 15 mm, the diameter of 
the base was 8 mm. To get a flow patterns in different regimes, visualization was performed using thermographic 
camera (FLIR). To simulate a UAV entering into a turbulent wake, a fleecy thread was used, which was stretched 
upstream in front of the model (Fig. 2). The characteristics of the wake behind such a thread were studied earlier and 
published in [13]. 
 

 
 

(a) (b) 

  
(c) (d) 

FIGURE 1. UAV model used in experiments: wing drawing (a) and dimensions in mm (b) and cones (b, 1); installed model in 
the test section of the wind tunnel and screen (blue belt) (c); passive flow control sources on the wing surface - cones (d, 2) 

2 
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FIGURE 2. Experiment scheme: stretched fleecy thread in front of the model (1); set-up "moving ground" (2) 

EXPERIMENTAL RESULTS 

The first part of the research was devoted to studying the influence of the ground effect on the lift of the UAV 
model depending on the angle of attack. The model was flowed in a free flow without generating external 
disturbances. The angle of attack was varied from 0° to 18°. Two series of experiments were performed at 5 m/s and 
10 m/s. Figures 3 and 4 show the results of lift measurements, 
weight in Newtons. d/Ch – the ratio of the distance between the screen and the lower surface of the UAV to the 
middle chord of the wing (375 mm). The obtained data indicate that, the UAV's lift drops at zero angle of attack 
when approaching the screen surface (Fig. 3, (1) and Fig. 4, (1)). When the angle of attack reaches 5°, 10°, 14° and 
18°, the wing lift increases as the distance between the model and the screen decreases.  
 

 

FIGURE 3. UAV lift measurement depending on the angle of attack: (1) - =0°; (2) - =5°; (3) - =10°; (4) - =14°;  
(5) - =18°. The velocity of the incoming flow and the screen is 5 m/s 
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FIGURE 4. UAV lift measurement depending on the angle of attack: (1) - =0°; (2) - =5°; (3) - =10°; (4) - =14°;  
(5) - =18°. The velocity of the incoming flow and the screen is 10 m/s 

 
The second part of the experiments was devoted to the study of UAV flow around in the presence of passive 

control sources on the upper surface of the model and in the presence of incoming external disturbances generated 
by a fleecy thread. The angle of attack was set to 5°. Two series of experiments were also carried out at the velocity 
of the incoming flow and the screen of 5 m/s and 10 m/s. Previously, it was shown that in this flow regime, local 
separated bubbles are formed on the upper surface of the model [11]. In order to reduce the separation area, passive 
control sources in the form of cones were installed on the model. The influence of perturbations from the cones led 
to a slight decrease in lift (Figs. 5 and 6). Decrease in lift was also registered in the case of a UAV model entering 
into turbulent wake. The presence of sources of disturbances did not lead to an increase in lift when the wing enter 
into the turbulent wake. 

 

 
FIGURE 5. Measurement of UAV lift at an angle of attack 5° and at the velocity of the incoming flow 5 m/s: (1) – free flow;  

(2) – getting into a turbulent wake; (3) – free flow and there are two cones on the surface of the wing; (4) – getting into a 
turbulent wake with two cones on the surface of the wing 
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FIGURE 6. Measurement of UAV lift at an angle of attack 5° and at the velocity of the incoming flow 10 m/s: (1) – free flow;  

(2) – getting into a turbulent wake; (3) – free flow and there are two cones on the surface of the wing; (4) – getting into a 
turbulent wake with two cones on the surface of the wing 

 
The third part of the experiments was aimed at studying the influence of the ground effect on the lift of the wing 

model, depending on the angle of attack and the presence of incoming external disturbances. Studies were conducted 
at 5 m/s and 10 m/s. The wing model was installed in the test section so that the distance between the lower surface 
of the UAV and the screen was always 21 mm (d/Ch=0.056) for each angle of attack. When the UAV enters into a 
turbulent wake, the lift force is slightly reduced in comparison with the case of free flow (Figs. 7 and 8). It should be 
noted that when reaching the critical angle of attack of 18° at the velocity of the incoming flow of 5 m/s, the wing 
lift increased when getting into the turbulent wake in comparison with the free flow (Fig. 7). 

 

 
FIGURE 7. Influence of external disturbances on the wing lift at the velocity of the incoming flow of 5 m/s: 

(1) – free flow; (2) - getting into the turbulent wake 
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FIGURE 8. Influence of external disturbances on the wing lift at the velocity of the incoming flow of 10 m/s: 

(1) – free flow; (2) - getting into the turbulent wake 
 
The fourth part of the experimental cycle was devoted to studying the influence of the ground effect on the lift of 

the model depending on the angle of attack and the distance between the thread and the UAV. It was found that the 
lift force of the UAV practically does not change with increasing distance between the thread and the wing at a 
given range of measurements on the axis of the OX (Figs. 9 and 10). 

 

 
FIGURE 9. Influence of external disturbances on the lift depending on the distance between the thread and the wing model: 

(1) - =5°; (2) - =10°; (3) - =14°; (4) - =18°. The velocity of the incoming flow and the screen is 5 m/s 
 

 
FIGURE 10. Influence of external disturbances on the lift depending on the distance between the thread and the wing model: 

(1) - =5°; (2) - =10°; (3) - =14°; (4) - =18°. The velocity of the incoming flow and the screen is 10 m/s 
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(a) 

 

 
 
 

(b) 

(c) 

 
 

 
 
 

(d) 

FIGURE 11. Flow visualization using thermographic camera (a, c) and flow topology (b, d): (1) and (2) – vortex foci  
 
In the final part of the study, the results of visualization using thermographic camera were obtained. The velocity 

of the incoming flow and the screen was 10 m/s. The angle of attack was set at 18°. When the UAV model is flowed 
by the free flow, a pair of large-scale vortices is formed on the upper surface of the wing (Figs. 11a and 11b). The 
flow direction in the image is from top to bottom. A similar result was observed at a speed of 25 m/s obtained by the 
method of soot-oil coatings in the wind tunnel T-324 ITAM SB RAS (Novosibirsk, Russia) [12]. When entering the 
turbulent wake, the flow around on the upper surface of the model changed significantly (Figs. 11c and 11d). A pair 
of large-scale vortices is significantly reduced in size. The foci of the vortices are shifted closer to the side edges of 
the model. There is an attached flow on most of the wing. 

CONCLUSION 

In the present paper, experimental studies were conducted on the influence of the ground effect on the lift of the 
UAV model, depending on such factors as the velocity of the incoming flow, the angle of attack, passive flow 
control sources and incoming external disturbances. Quantitative data were obtained on the amount of lift for each 
flow regime. It was found that the wing lift increases with an increase in the angle of attack and with a decrease in 
the distance between the model and the screen. If the UAV enters into turbulent wake in close proximity to the 
screen, it results in a slight decrease in lift at an angle of attack of 5°. The installation of passive control sources also 
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led to a slight decrease in lift in all the studied regimes. As the distance between the thread and the UAV model 
increases, the lift does not change much in the presence of a ground effect. The obtained data were visualized using 
thermographic camera. It is shown that the turbulent trace behind the thread leads to a significant decrease in the 
separation area and an increase in the area of the attached flow on the upper surface of the wing at an angle of attack 
of 18°.  
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Abstract. The development of the Rayleigh-Taylor instability is studied by solving numerically two-dimensional Navier-
Stokes equations for a viscous compressible gas in a uniform field of an external body force. The main attention is paid to 
the change in the flow pattern with an increase in the Knudsen number (and, accordingly, a decrease in the inversely 
proportional Reynolds number) and the increasing influence of the effects of viscosity and flow rarefaction. It is 
determined at what value of the Knudsen number the development of secondary Kelvin-Helmholtz instability is 
suppressed. Usually the Kelvin-Helmholtz instability plays the main role in the emergence of small-scale pulsations and 
the transition to turbulence. The dependence of the growth rate of the spike formed by the heavier gas on the flow 
rarefaction is studied. 

INTRODUCTION 

In a number of recent papers, attempts have been made to simulate the development of hydrodynamic 
instabilities on the basis the molecular-kinetic description, using Molecular Dynamics, Direct Simulation Monte 
Carlo method as well as the deterministic approach for solving kinetic equations. The considered instabilities 
included the Rayleigh-Taylor instability [1-5], the Richtmyer-Meshkov instability [4, 7, 8], and the Kelvin-
Helmholtz instability [9-11]. Naturally, the main attention was paid to the flows that are unstable even at sufficiently 
low Reynolds numbers. First, it is in such conditions that the influence of molecular kinetic effects can be 
significant, and, secondly, the performance of modern computers simply does not allow numerical simulation based 
on the kinetic approach for large Reynolds numbers. 

To identify the effects of flow rarefaction and nonequilibrium, we need to compare the results of kinetic and 
continuum simulations. However, continuum numerical simulations of hydrodynamic instabilities are commonly 
performed at high Reynolds numbers. Therefore, it is also of interest to investigate the features of instability 
development at low Reynolds numbers using the continuum approach. 

The Rayleigh-Taylor instability occurs when a layer of a heavier fluid in a gravitational field is located above a 
layer of a lighter fluid. It can be observed in a variety of natural phenomena and technical applications, from 
supernova explosions and accretion of matter on black holes to inertial fusion, the formation of oddly shaped clouds 
and the flow of liquid from an inverted glass. The Rayleigh-Taylor instability has been the subject of countless 
theoretical, experimental, and numerical studies, a review of which can be found, for example, in [12-14]. It is 
obvious that rarefaction effects are unlikely to stabilize such instability, so, as indicated above, it was among the first 
hydrodynamic instabilities studied on the basis of the molecular-kinetic approach. 

In this paper, the development of Rayleigh-Taylor instability at low Reynolds numbers is simulated by solving 
numerically the Navier-Stokes equations. 
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PROBLEM FORMULATION 

Initially, the space above and below the horizontal surface y = 0 is filled with a monatomic gas whose ratio of 
specific heats  = 5/3, the Prandtl number Pr = 2/3, and the viscosity  is proportional to the square root of the 
temperature. The gas temperature everywhere below the interface is equal to T1, everywhere above T2,   T1 > T2. The 
gravitational field is directed downward. The densities and pressures on each side are distributed according to 
barometric formulas (Fig. 1), the pressure at the interface is continuous (p1 = p2), the ratio of densities at the 
interface is 2/ 1 = T1/T2, in the computations below 2/ 1 = 2. At the initial time t = 0, a vertical velocity 
perturbation of the form of v = v0 cos(2 x/ ) is imposed on the flow field. 
 

 
FIGURE 1. Initial density distribution 

 
The wavelength of the superimposed perturbation  is used as a length scale, the speed of sound in the lower gas 

at the interface a1 is taken as a velocity scale, and the acceleration of gravity is made dimensionless using the square 
of this speed divided by . 

The solution of the problem depends on a number of dimensionless parameters. These include: 
the Atwood number At = ( 2- 1)/( 1+ 2), 
in our case At = 1/3; 

the dimensionless acceleration of gravity g, below it is taken equal to 5/12; 
the Reynolds number Re = 1a1 / 1; 

the Knudsen number equal to the ratio of the molecular mean free path and the characteristic length scale: 
 

Kn , 
 

and, at last, the dimensionless amplitude of the initial perturbation v0/a1. 
The Knudsen and Reynolds numbers determined above are not independent parameters, since they are inversely 
proportional to each other: 
 

1/2 
 
Either of these two numbers can be used to characterize the importance of viscosity or rarefaction effects, and the 
Knudsen number is most often employed for this purpose throughout the paper. 
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NUMERICAL METHOD 

The 2D compressible Navier-Stokes equations are solved in a rectangular computational domain whose width is   
Lx =  and the height is Ly = 4 . The periodic boundary conditions are imposed on its left and right boundaries and 
the lower and upper boundaries are adiabatic walls. 

The convective terms of the Navier-Stokes equations are calculated using the 5th-order WENO scheme with the 
local Lax-Friedrichs flux splitting and the viscous terms are approximated by 4th-order central differences on a 
compact stencil. 

Time integration is performed with the explicit 3rd-order SSP Runge-Kutta scheme, the Courant number used in 
the computation CFL = 0.8. 

Numerical simulations are performed on a grid of 250×1000 cells, using up to 8 cores of the computing cluster, 
the code is parallelized by geometric decomposition of the computational domain and data transfer between 
processors is carried out using the MPI library. 

RESULTS 

Numerical simulations show that for sufficiently large Reynolds numbers, several stages can be distinguished in 
the development of Rayleigh-Taylor instability. If the initial perturbation is small enough, the instability 
development starts with a linear stage. At this stage, disturbances grow exponentially, and their growth is described 
by the linear theory of hydrodynamic stability. 

After the amplitude of disturbances reaches a certain value, the transition to a non-linear stage occurs and such 
structures as a spike in the descending gas and a bubble in the rising gas are formed. At the interface between the 
gases, the secondary Kelvin-Helmholtz instability develops, which plays a dominating role in the processes of 
mixing and transition to turbulence. The fast growth of small-scale vortices leads to the flow stochastization and the 
turbulent mixing becomes the dominating mechanism. Most of these stages are illustrated in Fig. 2. 

 

FIGURE 2. Development of the Rayleigh-Taylor instability at Kn = 10-5. Density flowfields 
 

How will the flow patterns change with a significant increase in viscosity? The answer to this question can be 
seen in Fig. 3.  
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FIGURE 3. Development of the Rayleigh-Taylor instability at Kn = 10-3. Density flowfields 

 
It is obvious that the picture of instability has changed significantly. Of course, the initial configuration remains 

unstable, and the heavy gas still moves downwards under the influence of gravity while the light gas rises. However, 
at the early stage, the spreading of the interface between the gases, which occurs because of heat conduction, 
becomes noticeable. The most striking difference is the absence of the secondary Kelvin-Helmholtz instability, 
which played such a prominent role in the evolution of the flow at a lower value of the Knudsen number. As a result, 
the processes of development of small-scale vortex structures and transition to turbulence are completely 
suppressed. Mixing of gases now occurs in a purely laminar, diffusive manner. It can also be noted that, at later 
stages, the process of penetration of the spike of the heavy gas into the light one becomes slightly slower compared 
to the previous case. 

The change in the pattern of development of the Rayleigh-Taylor instability with a gradual increase in the 
Knudsen number can be seen in Figs. 4 and 5. 
 

 
FIGURE 4. Density flowfields at the time moment t = 18.25 for the Knudsen numbers from zero to 0.0004 
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FIGURE 5. Density flowfields at the time moment t = 18.25 for the Knudsen numbers from 0.0008 to 0.005 

 
It can be noted that the Kelvin-Helmholtz instability at the interface separating a light gas from a heavy one does 

not occur if Kn > 0.0001. In addition, the rate of descent of the spike of the heavy gas and its position at the final 
time moment are almost independent of the Knudsen number at Kn < 0.0001, then they start to gradually decrease, 
this decrease becomes especially noticeable for Kn > 0.0008. At the Knudsen numbers even greater than those 
shown in Fig. 5 the very concept of the Rayleigh-Taylor instability becomes largely meaningless because viscous 
diffusion dominates over the gravity-induced fluid motion. 

CONCLUSION 

The development of the Rayleigh-Taylor instability at low Reynolds numbers is investigated by solving 
numerically the Navier-Stokes equations for a viscous compressible fluid. The numerical simulations are performed 
for the two-dimensional case with the density ratio across the interface 2/ 1 = 2 and the instability is excited by a 
single-mode velocity perturbation. 

The influence of viscous dissipation effects on the development of instability is studied. It is shown that at 
Knudsen numbers Kn > 0.0001, the development of the secondary Kelvin-Helmholtz instability at the boundary 
between the light and heavy gases, which is usually the dominating mechanism for rapid gas mixing and transition 
to turbulence, is suppressed. Instead, the processes of viscous (diffusive) mixing are starting to play a more 
important role. 

At the Knudsen numbers Kn > 0.0008, the rate of descent of the spike of the heavy gas starts to noticeably 
decrease. Finally, at Kn > 0.005, the viscous diffusion dominates over the gravity force, so that the concept of 
Rayleigh-Taylor instability becomes largely meaningless. 
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Abstract. An experimental and theoretical study of the fracture strength of compact tension specimens and double 
cantilever beams made of polymethylmethacrylate (PMMA) under tension was carried out. The critical loads and crack 
propagation paths for these samples under pure mode I loading conditions differ markedly. Energy-based theoretical 
model, which allows predicting the instability of the crack growth path, is presented. The theoretical model takes into 
account both the singular term of stress in front of the crack tip and the first non-singular term known as T-stress. To 
verify the theoretical model, the experimental results obtained in fracture test on several mode I cracked samples are 
used. Computer simulation of crack propagation in a geometrically and physically nonlinear formulation has been 
performed. The experimental data are compared with the calculation results. It is shown that the instability of the crack 
path substantially depends on the geometry and can be prevented by changing the sample geometry or type of load. 

INTRODUCTION 

Cracks can form in machine parts and structural elements during their service life or due to production defects. 
With further use, the structure loses its original bearing capacity and fails at significantly lower external loads. In 
particular, brittle materials, such as ceramics, concrete, rocks, hard rubber, plexiglass, etc., are vulnerable to 
mechanical or thermal stresses when a crack is present in their structure. If the geometry and loading conditions of a 
structural member with cracks are symmetrical with respect to the crack line, this element experiences loading in a 
pure I mode. Due to symmetry, the mode I crack in isotropic brittle materials is expected to propagate along the 
crack's initial line. However, it was shown in [1-3] that in some samples of mode I, the crack growth path is not 
stable and deviates from its original line after several increments of crack growth. The deviation of the crack 
trajectory from its original direction is due to strong geometric constraints, as well as high values of T-stresses [4]. 
To take into account the influence of geometry on the fracture prediction of brittle materials, it is necessary to use 
two-parameter fracture criteria that take into account both the first singular term and the second non-singular stress 
term in the expansion in the Williams series. Many studies have examined the effects of higher-order stress 
members on the accuracy of predicting material behavior upon failure [5-7]. This article presents the results of 
experimental studies of crack propagation in PMMA samples of three different geometries. The experimental data 
obtained are estimated theoretically using two fracture criteria, namely, the strain energy density criterion (S-
criterion) and the energy release rate criterion (GI-criterion). It was shown that the geometry of the sample can 
strongly affect the crack growth path under mode I loading. It was found that both criteria allow one to successfully 
predict the instability of crack propagation in the tested samples. 

EXPERIMENTAL INVESTIGATONS 

For fracture testing, three specimens of various shapes were selected: the compact tension (CT) and two 
geometries of double cantilever beam (DCB1 and DCB2). The main advantage of choosing samples of this type is 
that they are characterized by a simple shape and loading conditions, and also provide a wide range of T-stresses. 
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Figure 1 illustrates the schematic view of the test specimens made from PMMA sheet with a thickness of 10 mm, 
dimensions are indicated in mm. Given the relatively large value of the thickness compared to other dimensions, the 
plane strain condition was used in the computer models. An external load was applied through two pin holes on each 
sample. 

 

 
FIGURE 1. Scheme of loading specimens with cracks 

First, uniaxial tensile tests were carried out, in which the elastic modulus 3E  GPa, Poisson's ratio 0,35
and tensile strength of the material 58t  MPa were determined. The fracture toughness of plexiglass was 
determined as 1/21,04 MPa mIcK  in a separate three-point flexural test. 

Fracture tests were carried out under static load at room temperature with a displacement rate of 0.1 mm / min. 
The load-displacement data were recorded during each test. For each type of sample, 5 experiments were performed. 
All specimens were destroyed suddenly, starting from the crack tip, and with linear load-displacement curves 
confirming the brittle nature of the fracture of the tested PMMA specimens. The test procedure allowed us to record 
the critical load corresponding to the onset of fracture, which was used later for calculation by the finite element 
method. Fracture initiation angles were measured using high-resolution images taken with a Canon PowerShot SX70 
HS digital camera. Figure 2 shows photograph of the specimens after fracture. In all specimens, a smooth change in 
the rotation angle of the crack from 0 to the maximum value is observed. The average maximum rotation angle of 
the crack in five tests was 75  for DCB1 specimens and almost 90  for DCB2 specimens; in the compact tension 
specimens, the crack propagated along the original crack. 

 

 
FIGURE 2. Photo of the fractured specimens: at the top is the DCB1 specimen, at the bottom is the DCB2 specimen 
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FRACTURE CRITERION 

The elastic stress field in the vicinity of the crack tip can be represented as a series expansion according to the 
following formulas: 
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I II

3 2 2 2 1/2
I II
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I II
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Here, ( ,r ) is the polar coordinate system with the origin at crack tip, ij  ( , ,i j r ) are the stress components, 

IK  and IIK  are the mode I and mode II stress intensity factors, respectively, T  is a non-singular stress term, which 
is usually called T -stress. Non-singular terms of a higher order are often negligible in the vicinity of the crack tip. 
The corresponding displacement components in the radial and tangential direction are: 
 

 
I II
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where / (2(1 ))G E  is shear modulus, E  is elastic modulus,  is Poisson’s ratio;  is an stress state 
parameter that takes the value of 3 4  for the plane strain problems and (3 ) / (1 )  for plane stress ones. 

Strain energy of an infinitesimal element A rdrd  for a two-dimensional stress system can be found from 
 

 1 1 1 .
2

r r r
r r

u u uu u udW dA
r r r r r r

 (3) 

 
Note the strain energy density defined as /dW dA  is inversely proportional to the radial distance r  and hence it 
becomes unbounded as 0r . The magnitude of this energy field is denoted as S  and is called the strain energy 
density factor 
 

 .dWS r
dA

 (4) 

 
Substituting (1)-(3) in (4), we obtain the expression S  in the form of a complete quadratic polynomial with 

respect to the stress intensity factors IK  and IIK . 
 

 2 2 2
1 2 3 4 5 6

1 2 2 ( ) 2 ( ) ( ) ,
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The dimensionless parameters B  and  in (5) are defined as 
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where a  is the crack length; 2 2
e I IIK K K  is the effective stress intensity factor; cr  is the critical distance or the 

radius of fracture process zone along the crack line 
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The minimum strain energy density criterion states that the initial crack growth takes place in the direction 0  along 
which the strain energy density factor S  possesses a stationary (minimum) value [8]: 
 

 
0 0

0, 0S S . (9) 

 
Substituting (5) into (9), we obtain the following equation with respect to the fracture initiation angle 0 : 
 
 2 2
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From equation (10) and expressions (11) it can be seen that the fracture initiation angle 0  depends not only on the 
singular terms of the stress field defined by the stress intensity factors IK  and IIK , but also on the T -stress and on 
the material properties.  

For pure mode-I loading ( II 0K ) from equations (5) and (10) we obtain 
 

 
2

2
1 4 62 ( ) ( ) ,

16
IKS a a B a B
G

 (12) 

 2
1 4 1 4( ) 0 ( ) 0.I I Ib K b B K K b b B  (13) 

 
Solving equation (13), we obtain the dependence of the fracture initiation angle 0  on B  for 0,35 under plane 
strain conditions, shown in Fig. 3. As can be seen from the figure, when B becomes large enough (i.e., more than 
0.22 for 0,35 ), the minimum strain energy density is not reached in the initial plane of the crack. The critical 
value of B , above which the curvature of the crack is expected, depends on the Poisson's ratio. Therefore, for 
higher values of T -stress or for large prefracture zone sizes cr , it is expected that the crack growth path bends from 
its original direction. 
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FIGURE 3. The dependence of the fracture initiation angle 0 on the parameter B  for 0,35  
 
If the fracture initiation angle found from equation (13) is substituted in (12), then the onset of crack extension 

can be found using the following expression: 
 

 
2
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where cS  is the critical value of strain energy density factor and IfK  is the critical SIF corresponding to the fracture 
load. Substituting 0 0  and 0T  for pure mode I into formula (14), the critical strain energy density factor can 
be determined as  
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where IcK  is mode I fracture toughness which can be obtained experimentally. Both parameters cS   IcK  are 
considered to be constant material properties. Now from relations (14) and (15) we can find the connection between 

IfK  and IcK : 
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COMPUTER SIMULATION 

In equation (14), the critical value of cS  is postulated as a material constant, and, therefore, it can be used as a 
measure of the fracture toughness of a material under mixed mode. In fact, in the case of mode I crack propagation, 
i.e., II 0K , cS  is directly related to IcK  by relation (15). It should be emphasized that although cS  is 
mathematically related to IcK , K - and S -concepts are basically different. Classical fracture mechanics is based on 
the energy balance of the strain energy in a solid and the energy released when the crack propagates to segment da , 
since IK  is related to the elastic energy release rate IG  by the ratio  

 
 2/ ( 1) / (8 )I IG W da K G . (17) 

 
It is the energy concept of Grifffith that underlies the computer model of crack propagation. The stress field of 

cracked plates was calculated in the MSC.Marc 2018 finite element analysis package. The elastic energy release rate 
IG  was calculated using the Virtual Crack Closure Technique (VCCT). Griffith energy criterion can be written as 
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 /I IcG W da G , (18) 

 
where 0,3IcG  N/mm is the fracture toughness found experimentally. To numerically obtain the crack growth path 
in the finite element method software, the iterative model of crack growth was used. At each step of the iterative 
process, the crack length increased by a constant predetermined additional length of 0.1 mm. The stress values 
obtained in the calculation were considered as the initial data for the VCCT to obtain a theoretical prediction of the 
crack growth path. The fracture initiation angle was determined by the maximum tangential stress criterion. The 
crack geometry was then redefined by expanding the growing segment of the crack, the previous computational 
steps were repeated until the length of the crack reached the boundaries of the sample. Figure 4 shows a typical 
finite element mesh used to model crack growth. 
 

 
FIGURE 4. A typical finite element model used for crack growth simulations 

 
Figure 5 shows the crack trajectory obtained as a result of computer simulation of the DCB1 specimen fracture. 

The calculation was carried out in a geometrically nonlinear formulation taking into account large rotations and 
displacements. It can be seen that the crack deviates from the straight path very slowly, gradually, the crack 
trajectory bends smoothly, without kinks, in contrast to the results of [5–7], where the kink is observed as soon as 
the crack starts. Comparison of Figs. 2 and 5 shows a very good agreement between computer calculations and 
experimental data. 

 

 
Figure 5. Crack trajectory obtained by computer simulation 
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CONCLUSION 

An experimental and theoretical study of the fracture strength and crack growth trajectory of PMMA compact 
tension specimens and double cantilever beams under mode I loading was carried out. The critical loads and crack 
propagation paths for given samples differ markedly. It was expected that the crack growth path will follow the 
initial crack line when the samples have symmetrical geometry and symmetric loading conditions with respect to the 
crack plane. However, in experiments it was found that in some samples the crack propagation is not stable and 
deviates from its original line after several increments of its growth. The crack growth paths for PMMA samples of 
three different geometries were estimated theoretically using two fracture criteria, namely, strain energy density and 
elastic energy release rate, theoretical results were compared with experimental data and computer simulation 
results. It was shown that the sample geometry can strongly affect the crack growth path under mode I loading. It 
was found that the elastic energy release rate criterion allows us to successfully predict the instability of crack 
growth in the tested samples. Computer simulation of crack propagation in a geometrically and physically nonlinear 
formulation has been performed. The experimental data are compared with the calculation results. It was found that 
the crack path instability, which depends significantly on the geometry, can be prevented by changing the geometry 
of the sample or the loading type. The results obtained in this study are important because the relevant knowledge 
about the stability of the crack path can play a key role in assessing the degree of damage to structures containing 
crack-like defects when it experience mode I brittle fracture.  
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Abstract. A mathematical model of the interaction of a heterogeneous detonation wave of aluminum particles in oxygen 
with a suspension of water droplets is proposed. The mathematical model takes into account the fragmentation and 
evaporation of droplets when interacting with a detonation wave. During the mathematical modeling, various types of 
interaction of the detonation wave with a droplet suspension were obtained (a partial decrease in the speed of movement 
without disruption of detonation combustion, failure of detonation). The dependence of the propagation velocity of the 
detonation wave on the volume concentration of water droplets in the cloud is found. 

INTRODUCTION 

Explosion and fire safety problems are relevant for industries where organic and inorganic dust can accumulate. 
The causes and consequences of technological disasters, which were caused by explosions in fine dust, were 
described in [1,2]. 

One of the ways to fail detonation combustion, as well as to reduce the propagation velocity of detonation is to 
create clouds of inert gas [3] or particles [4–6], which prevent the propagation of detonation. The suppression of 
detonation using inert particles was considered for a silane-air medium in [7] and for a hydrogen-air medium [5,6]. 
The detailed interaction between the detonation wave and several particles at the macro level was considered in [8]. 
The critical sizes of a cloud of inert particles, necessary to suppress the propagation of gas detonation, were also 
determined [6]. Also, for gas detonation cases where the suppression of detonation occurs due to a water droplet 
clouds are investigated. So, in [9,10], models were proposed for describing the interaction of a detonation wave with 
a cloud of droplets, their fragmentation and evaporation behind the shock front or detonation wave. In [11], a model 
of the interaction of a detonation wave with a cloud consisting of foam or water droplets is described, and the results 
of experimental modeling are presented.   

There are works that describe the suppression of heterogeneous detonation by clouds of inert particles, and with 
the help of barriers. So in [12], a method was proposed for reducing the intensity of a detonation wave by varying 
the configurations of various obstacles. Partial or complete suppression of the propagation of heterogeneous 
detonation using clouds of inert particles was studied in [13–15]. In [13], the optimal parameters of the final cloud 
(length, width and concentration of inert particles) were revealed at which detonation is suppressed in suspension of 
micron particles. For submicron aluminum particles, the parameters of semi-infinite clouds are presented in [16]. 

As can be seen from a review of previous works, studies on the interaction of a heterogeneous detonation wave 
with droplet curtains are poorly presented. The aim of this work is to create a model that will describe the interaction 
of a heterogeneous detonation wave with a drop curtain. 
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MATHEMATICAL MODEL 

well as a cloud of water droplets -pressure chamber (LPC) at some 
distance from the membrane separating the high and low pressure chambers. After rupture of the diaphragm in the 
LPC, a detonation wave (DW) is initiated, which propagates in the Chapman-Jouguet mode before interacting with 
droplets. 

The system of equations describes gas, particles and droplets suspension interaction by the laws of conservation 
of mass, momentum and energy for each phase. Conservation equations are closed by equations of state and 
relations for the processes of mass transfer between components (evaporation, condensation, and combustion), 
exchange impulses and heat transfer between gas and particles (droplets and gas): 
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Here 1 refers to gas, 2 – reacting particles, 3 – big droplets, 4 – small droplets. 

System (1) is closed by the equation of state for the gas phase, relations for the description of heat- and mass 
transfer between gas and water droplets, as well as a description of the resistance forces acting on the droplets: 
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where: p  is gas pressure; i i iim , iu , iE , iT , ,v ic , im , are average densities, velocities, total energy per unit mass, 
temperature, specific heat and volume concentrations of the components, respectively; ii  is true phase densities, 
R is reduced gas constant, Q is thermal effect of the combustion reaction of particles in the framework of the given 
kinetics. Interphase interaction is described by 2J  (mass transfer), if  (interfacial force), iq  (interphase heat 
transfer). 

The characteristic time of velocity relaxation is described by: 
 

11 14 / 3 -ui i ii D id c u u ,     (3) 
 

where ,i iid  are diameter and true density of the droplets. Drag coefficient Dc  is defined for droplets in detonation 
structure [17–19] 
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where 1  is dynamic viscosity of gas, 1  is adiabatic exponent. 

The thermal relaxation time between the gas and the droplets is determined by the formula: 
 

2
1/ 6 NuTi i ii vid c  , 1/2 1/3Nu 2 0.6Re Pr .    (5) 

 
Here vic  is heat capacity of droplets, Nu, Pr  are Nusselt and Prandtl numbers, 1  is thermal conductivity of gas. 

Combustion of aluminum is described within the framework of the given kinetics taking into account incomplete 
combustion of particles and the temperature criterion of ignition: 
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where  and k are current and finite mass concentration of aluminum particles, Ea is activation energy The 
transitional regime of the combustion of aluminum particles with a decrease in their size below 3.5  is taken into 
account. In [20–22], the process of particle combustion was described as transitional from diffusion to kinetic with 
Arrhenius dependence on temperature, and, as in the diffusion regime, the combustion time was taken in proportion 
to the square of the particle diameter (t~d2). Numerous experimental data are presented in [23], from which it is seen 
that in the range of 1–
the dependence t~dn. For the nanoscale range, n varies within 0.29–0.33 [23], which was taken into account when 
constructing a semiempirical model of detonation of nanosized aluminum particles in [24]. In this work, for particles 

-type kinetics equation with an activation energy of 32 kJ 
/ mol is used, as in [21,22]. However, according to the data of [23], the dependence of the characteristic burning 
time of particles on their diameter for particles with a diameter of less th  

 
0.3

0 0 2( / ) exp( / )ad d E RT      (7) 
 

where d0 =3.5 , 0=0.294 . 
When using water droplets as an inert phase, it is necessary to take into account their evaporation and 

fragmentation during interaction with a shock or detonation wave [9,10]. Fragmentation of the droplets occurs under 
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Weber number 2
1 3 1 3( ) / 2 10We u u d . The fragmentation of droplets is described by the formula for the 

disruption of the boundary layer [10]: 
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And evaporation of droplet is described by formula [9,25]: 
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where 33 is true density of the water, 1, 3 are gas and liquid viscosity, ui, u are droplet and fluid velocity (i=3, 4), 
Kv is evaporation constants, Re is Reynolds number. 

CALCULATION RESULTS 

Consider a detonation wave that develops in a channel filled with a stoichiometric mixture of reacting aluminum 
-infinite cloud of water 

droplets with a diameter of 50 , occupying the entire width of the channel. During the interaction of water 
droplets with a detonation wave, they are crushed into smaller droplets 
the volume concentration of water droplets was varied. 

At a volume concentration of water droplets -3, a partial decrease in pressure and velocity occurs during 
the propagation of the DW along the droplet suspension. The pressure behind the DW front decreases from 57 atm 
to 42 atm (Fig. 1a), and the velocity droplets from 1.45 km/s to 1.2 km/s (Fig. 1b). It is seen that in the interaction 
with a suspension of droplets, certain pulsations of pressure and velocity form behind the detonation wave front. 

 

  
a) b) 

FIGURE 1. Distribution of pressure (a) and velocity (b) of the gas in shock tube during interaction with detonation wave 
with water droplets with volume concentration -3 

 
-3, a detonation wave failure was 

obtained. In Fig. 2 shows that when the detonation wave interacts with the water cloud, there is a strong decrease in 
pressure from 57 atm to 32 atm, then, as it spreads through the water cloud, there is a further decrease in pressure 
from 32 atm to 25 atm. Also, according to the locations of the leading front at various points in time, it is seen that 
there is a decrease in the propagation velocity of the leading front. 
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FIGURE 2. Distribution of pressure of the gas in shock tube during interaction with detonation wave 

with water droplets with volume concentration -3 
 
In addition, the dependence of the average velocity of detonation wave propagation in the water suspension on 

the volume concentration of water droplets was calculated (Fig. 3). It is seen that with an increase in the volume 
-3 the detonation is suppressed. 

 

.  
FIGURE 3. Dependence of the average velocity of a detonation wave in a water curtain 

on the volume concentration of water droplets 

CONCLUSIONS 

During the study, a mathematical model for the interaction of a heterogeneous detonation wave with a cloud of 
water droplets taking into account fragmentation and evaporation is proposed. Using the developed model, the 
interaction of the detonation wave with the droplet suspensions is calculated. The dependence of the average 
velocity of detonation propagation through the water curtain on the volume concentration of water droplets is 
obtained.  
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Abstract. The processes of detonation propagation in channels with linear expansion filled with aluminum - oxygen 
suspensions of different concentrations are analyzed on the base of numerical simulation of two-dimensional flows. The 
aim of the work is to determine the effect of the ratio of oxidizer to fuel on the critical conditions of detonation 
propagation. A semi-empirical model of aluminum detonation is used, which takes into account the dependence of the 
energy release of the combustion reaction and the portion of unburnt particles on the mass loading of particles. It was 
found that pre-stoichiometric mixtures are characterized by higher detonation ability than the stoichiometric and super-
stoichiometric mixtures. 

INTRODUCTION 

The relevance of studies development of detonation in dust suspensions of different dispersion contents is 
associated both with the problems of the development of detonation engines and with countering technological 
disasters. So in [1], a analysis of the causes and consequences of an explosion at a plant for processing aluminum 
parts is presented. For such problems, it is of interest to determine the features of flows with burning in channels of 
complex geometry.  

Detonation combustion processes are the subject of many studies, both experimental [2–5] and theoretical [6–8], 
in which several models were proposed for describing the combustion of aluminum particles [2,6,9], and data on 
flow regimes in channels of different geometries [10–14]. Also in [15–19], the effect of the composition of a 
mixture of particles on the patterns and propagation modes of detonation and the features of bidisperse and 
polydisperse mixtures of aluminum particles were studied.  

From [20,21] it follows that, for particles less than  in size, there is a transition from the diffusion regime 
of particle combustion to the kinetic one. With this transition, the dependence of the burning time on the particle 
diameter changes from quadratic (t~d2) to a power dependence (t~dn), where n varies within 0.29–0.33 range. In 
[22], a model of combustion was proposed for submicron particles, which takes into account the kinetic regime of 
detonation propagation. A model for the description of non-stoichiometric mixtures of aluminum particles in oxygen 
was proposed in [23,24]. 

The results described in [10,13,22,25] are presented for the stoichiometric composition of the suspension of 
aluminum particles in oxygen, thus, they did not take into account the influence of particle concentration on critical 
conditions. In this paper, we will study the effect of mass particle loading on the critical conditions for the 
propagation of detonation in channels with linear expansion.  
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MATHEMATICAL MODEL 

The model of the mechanics of multiphase reacting media is used. Aluminum combustion is described as a 
reduced reaction initiated after the critical temperature is reached assuming incomplete particle burning. The 
equations for the gaseous phase are given by 
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The system is closed by the equations of state and relationships for mass-transfer processes between the 
components, momentum exchange (resistance forces), and heat exchange between the gas and the particles: 
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Here the subscript i=1 refers to the gas and the subscripts i=2 to the particles, respectively. We use the following 
notation: p is the pressure;  2 2 22m , iu , iE , iT , ,v ic , and im are the mean densities, velocities, total energy 

per unit mass, temperatures, specific heats, and volume concentrations of  the components, 0( )k  is the fraction of 

unburnt particles, ii  are the true densities, R is the reduced gas constant, 0( )Q  is the heat effect of particle 
combustion in the frame of the reduced chemical kinetics. 

Values for 0( )k and 0( )Q  in pre-stoichiometric mixtures are found in [23,24] based on data from paper [5]. 
For pre-stoichiometric mixtures ( 00.2 0.55 ) dependencies obtained: 

00.1k      (3) 

020.3exp( 3.17 )Q       

For super-stoichiometric mixtures ( 00.55 1 ) is accepted: 

0 0 00.1 3.3( 0.55)( 0.4)k      (4) 

3.52Q MJ/kg       

Interphase interactions are represented by the parameters iJ  (mass transfer), if  (interphase interaction force), 

and iq  (heat transfer) and are defined by the formulas 
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where 1  is the gas dynamic viscosity and 1  is the adiabatic exponent. 
Burning of nanosized particles is described by reduced kinetic presented in [22], where also all reaction 

constants are obtained.  
For stoichiometric compositions the formula has a form:  

0.3
* * 1 *( / ) exp( / )( / ) m

ad d E RT p p .     (6) 

For submicron particle sizes 135 nm  d  1   the following interpolation dependence is accepted for m and 
Ea:  

*0.25ln( / )m d d , * *[1 0.5ln( / )] 0.5 ln( / )a am anE E d d E d d ,    (7) 

where * 0.2  *p =17 atm, *d 1  is smooth conjugation of combustion characteristics of micron and 
nanosized particles. 

 

 
FIGURE 1. Calculation region geometry 

 
The problem of the propagation of detonation in a channel with linear expansion is considered (Fig. 1). As the 

initial condition at the point L1, a plane detonation wave is specified. The distance between L1 and L2 of 0.08 m is 
sufficient for the development of cellular detonation. During the propagation along a flat channel, the transverse 
waves develop, as a result of which the cellular detonation moves along the channel at point L2. Varying the initial 
concentration of particles 0  upon entering the expanding region, different flow regimes are obtained in the region 
around the expansion angle. The simulations were performed for suspensions with particle diameter d=400 nm in 
channels °. 

RESULTS OF CALCULATIONS 

Figure 2 presents the results of numerical simulations in channels with H = 0.007 m in wide as pictures of maximal 
pressure values. It can be seen that critical and supercritical regimes of detonation propagation in the expanded part 
of the channel is observed for all concentrations presented. In the pre-stoichiometric mixture with 0 = 0.3 (Fig. 2a) 
the re-initiation of detonation on inclined wall is observed and then the detonation propagates in supercritical 
regime. The pressure values in the transverse waves are about 60 atm, the pressures in the triple points are in the 
range 120 – 140 atm. The picture of triple point trajectories is similar to one obtained for micron particles in [13]. In 
the stoichiometric mixture 0 = 0.55 a critical regime of propagation is observed in the expanding area, in which a 
partial detonation failure occurs in the region 0.2 <  x < 0.27 m, followed by re-initiation of detonation in the plane 
of symmetry (Fig. 2b). After that, several transverse waves propagate through the channel, the pressure values in 
which are about 60 – 70 atm. The pressure at the triple point (x = 0.32 m, y = 0.09 m) exceeds 220 atm. In a super-
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stoichiometric mixture with 0 = 0.7 a critical regime of propagation of detonation is observed (Fig. 2c) similar to 
presented in Fig. 2b. The detonation re-initiation occurs in a strong transverse wave, which propagates across the 
channel. In this case, the formation of large zones where detonation partially fails is observed (partial separation of 
the shock front and the combustion wave). The re-initiation occurs in several transverse waves that move along the 
leading front. The pressure values in the transverse waves are about 60 - 80 atm. 

Figure 3 presents the patterns of maximal pressure histories in channels with H = 0.005 m in wide. With a 
decrease in the channel width to H = 0.005 m, a critical mode of detonation propagation is observed in the pre-
stoichiometric mixture with 0 = 0.3 (Fig. 3a). Several transverse waves move across the expanding part of the 
channel with the pressure values about 60 atm. Also tracks of the triple points are obvious which indicate the re-
initiation of detonation on an inclined surface. The pressure values in these triple points are about 160 atm. At the 
considered time moment t = 0.44 ms, we can only argue about the formation of detonation near the plane of 
symmetry. 

 

  
(a) (b) 

 
(c) 

FIGURE 2. Maximal pressure histories in expanded channel H=0.007 m, =45°. a) 0 = 0.3, b) 0 = 0.55, c) 0 = 0.7 
 
The detonation failure is obtained in the stoichiometric and super-stoichiometric mixtures in channels with 

H = 0.005 m in wide. Figure 3b presents the picture of maximal pressure history in the stoichiometric mixture 
( 0 = 0.55). For super-stoichiometric mixture with 0 = 0.7 the patterns obtained and the mechanisms of detonation 
failure are similar. A single transverse wave moves across the leading front which comes out from the flat channel 
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into the expanded part, however, detonation does not re-initiate on an inclined surface. The detonation fails with 
complete separation of the shock front and the combustion front. 

The detonation fails also in the pre-stoichiometric mixture with 0 = 0.7 in the channel with H = 0.004 m in 
wide. The mechanism of detonation failure is similar to that described above for the case of the stoichiometric 
mixture in the channel of H = 0.005 m, and the maximal pressure history pattern is similar to that shown in Fig. 3b. 

CONCLUSIONS 

The processes of detonation propagation in channels with a linear expansion section in gas suspensions of 
submicron aluminum particles with different particle loading are investigated by the methods of numerical 
simulation of two-dimensional flows. It is found that in monodisperse mixtures of pre-stoichiometric compositions 
the critical channel width is less than in mixtures of stoichiometric and super-stoichiometric compounds. Note that 
the considered mass concentration values are on the decreasing branch of the dependence of the detonation velocity 
on the particle concentration in [5]. Therefore, the weakening of critical conditions with a decrease in particle 
loading is associated with both a higher total energy release and an increase in the detonation velocity. Upon 
transition to an ascending branch ( 0 < 0.3), the detonation velocity will decrease with decreasing concentration; 
therefore, we can expect an expansion of the interval of the channel width related with detonation failure.  

 

  
(a) (b) 

FIGURE 3. Maximal pressure histories in expanded channel H = 0.005 m,  = 45°. ) 0 = 0.3, ) 0 = 0.55 
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Abstract. The reservoir systems often contain fractures of different lengths and conductivity. The dual porosity - dual per-
meability (DPDP) model and the discrete crack model (DFM) are integrated to achieve computational efficiency and accuracy of
numerical simulation of fractured reservoirs. In this paper, DPDP and DFM models are combined to simulate fluid flow in fractured
poroelastic media. The control volumes method was used to discretize both flow and poroelasticity equations. Synthetic model of
a reservoir with a system of multiscale fractures was used to show the influence of the stress-strain state on the fluid flow.

INTRODUCTION

The reservoir systems often contain fractures of different lengths and conductivity. The dual porosity - dual permea-
bility (DPDP) model is used to represent high-density system of small and medium lengths fractures [1]. The discrete
fracture model (DFM) is used for modeling large-scale fractures system [2]. The DFM allows explicitly consider the
effect of individual fractures on fluid flow. A simplified DPDP representation does not have enough accuracy, and the
representation of each fracture by DFM is complex and computationally expensive. Most of the works in this field are
focused on fluid flow problem of fractured reservoirs [3, 4], and do not take into account the effects associated with
the deformation of the fractured porous media.

Field development processes influence at the stress-strain state of the formation, which leads to change of rock
properties. The influence of geomechanical effects is most pronounced in fractured-porous systems, since fractures are
more sensitive to stress changes than a rock matrix. To simulate the stress state of reservoir systems, a poroelasticity
theories [5, 6] is used, which couple flow and geomechanical problem. The DPDP model has been successfully used
for porous elastic media [7, 8, 9]. The application of the DFM model for poroelastic media was considered in [10].

The aim of this work is to integrate the DPDP and DFM models for a numerical simulation of a fluid flow in a
poroelastic medium containing fractures of different scales. Synthetic model of a reservoir with a system of multiscale
fractures was used to show the influence of the stress-strain state on the fluid flow.

Numerical simulation of two-dimensional synthetic reservoir model with a system of fractures of different lengths
is performed. The impact of the stress-strain state of the formation on fluid flow is investigated.

MATHEMATICAL MODEL

This chapter presents the mathematical model of fractured poroelastic medium. First, the DPDP model, which con-
siders the mass conservation equation for dual-continuum system (matrix and fractures) and the momentum balance
equation, is presented. Then, the DFM model, which explicitly considers the flow and mechanical parameters of the
fractures, is presented.

Dual Porosity - Dual Permeability Model

Mathematical model of dual porosity - dual permeability poroelastic medium used in this work is proposed in [9]. The
system of equations, which describes fluid flow in each continuum and the deformities of the fractured poroelastic
medium is
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(1)

where the subscripts 1,2 refer to matrix and fracture continua, respectively, u is the displacement vector, λ and μ
are effective Lame’s coefficients, I is identity matrix, pα(α = 1,2) is fluid pressure in continua, bα is the effective
Biot coefficient, vα is the flow rate, Mα is the effective Biot modulus, Q is the intercontinuum pressure cross-coupling
coefficient, γ is the rate of mass transfer between the matrix and the fractures.

Flow rate in each medium is given by Darcy’s law as

vα =−kα

μl
∇pα (2)

where kα and μl denote the continuum premeability and fluid viscosity.
The fractured-porous medium is represented as an ordered set of parallel fractures separated by porous blocks, for

which the aperture of the fractures and the distance between them are determined. The permeability of the system
formed by three mutually perpendicular ordered sets of fracture are calculated using the cubic law [11]:

k2 =
2a3

12(s+a)
(3)

where a is the fracture aperture, s is the spacing between the fractures.
The rate of fluid mass transfer between the matrix and the fracture system is given by

γ = η
k1

μl
(p2 − p1) (4)

where η is the shape factor.
According to [12], the shape factor η for three dimensions fracture system is defined as

η =
3π2

s2
(5)

Discrete Fracture Model

The DFM model considers fractures whose lengths are much greater than their thickness. Therefore, fractures can
be represented as zero-thickness interfase. For two dimensional problem fractures are considered as one dimensional
objects, which are explicitly included in the computational domain.

Due to the continuity conditions, the relation between stresses acting on the fracture boundaries can be written as

σ+ ·n+ =−σ− ·n− (6)

where the subscripts + and − refer to the fracture boundaries, σ+,σ− are the total stresses, n+,n− are the normal
vectors.

The normal and shear stresses acting on the fracture surface are related to the relative displacements of its bounda-
ries by the following expression:

{
dσn
dτ

}
=

[
kn 0
0 ks

]{
dun
dus

}
(7)

030023-2



FIGURE 1. Schematic representation of computational domain with fractures.

where kn and ks are normal and shear stiffness respectively, σn and τ represent the normal and shear stresses, un and
us are the normal and shear relative fracture boundaries displacements.

The equation for the fluid pressure in the fracture, taking into account the poroelastic effects, can be written as:

1

Mf

∂ p f

∂ t
+= b f

∂un

∂ t
=

∂q f

∂x f
+qb (8)

where the subscript f denotes parameters of large fractures, Mf is the Biot modulus, b f is the Biot coefficient, q f is
the flow rate along the fracture, qb is the flow rate across fracture boundaries, x f is the longitudinal fracture coordinate.

The expression for the rate of fluid flow along the fracture is given by

q f =− a3
f

12μl

∂ p f

∂x f
(9)

where a f denote the fracture aperture.

NUMERICAL TREATMENT

Unstructured grid is used to discretize computational domain with explicit fracture representation. Finite volume
method is used for both fluid flow and mechanics equations discretization [13]. Unconditionally stable fixed-stress
sequential method is used to coupled fluid flow and mechanics problem for fractured medium [14]. Numerical calcu-
lations are carried out on the developed solver [15].

CALCULATION RESULTS

The section presents the numerical simulation results of fluid flow in a deformable reservoir system containing fracture
of multiple lengths.

Fig. 1 shows a two-dimensional computational domain of 500× 500 m, including system of large fractures. In
the area under consideration, a system of small length fractures formed by three mutually perpendicular systems
of parallel fractures is widespread. For explicit long scale fracture representation unstructured grid which includes
6938 triangles is used. The large fractures are represented by 307 line segments. Computational domain includes
two vertical wells, the injection well in the lower left and the production well in the upper right corner. Bottomhole
pressure pin j = 35 MPa and pprod = 25 MPa are set at the injection and production wells.

No-flow boundary condition is applied at all boundaries. The total compressive stresses −40 MPa and −60 MPa are
applied in the x and y direction respectively. The initial reservoir pressure is equal to 25 MPa. At the initial moment,
the system is in mechanical equilibrium.

The Table I shows fluid parameters, flow and mechanical properties of the fractured poroelastic medium.
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TABLE I. Flow and mechanicals properties of the simulated fractured poroelastic medium

Parameter Valuie Unit Parameter Valuie Unit

Matrix porosity, φ1 0.14 - Matrix Young’s modulus, E1 2 ·104 MPa
Matrix permeability, k1 0.1 mD Matrix Poisson’s ratio, ν1 0.2 -

Small fractures aperture, a 2 ·10−5 m Solid grain bulk modulus, Ks 2.7 ·105 MPa

Large fractures aperture, a f 1 ·10−3 m Fracture Young’s modulus, E2 2 ·102 MPa
Fracture spasing, s 0.1 m Fracture Poisson’s ratio, ν2 0.2 -

Fluid compressibility, cl 5.6 ·10−1 MPa−1 Normal fracture stiffnes, kn 2 ·105 MPa/m

Fluid viscosity, μl 1 mPa · s Shear fracture stiffnes, ks 1 ·105 MPa/m

t = 8 day t = 25 day t = 100 day

FIGURE 2. Reservoir pressure distribution at various times t.

Two series of calculations are performed to demonstrate the influence of geomechanics on the fluid flow in the
fractured reservoir. In the first series (Model 1), the permeability of a large and small length fracture system is fixed.
In the second series (Model 2), changes of fractures apertures caused by a change in the stress-strain state of the
reservoir are considered. In the DPDP model, the permeability of the fracture system depends on the mean volumetric
total stress of the poroelastic medium. For the DFM, the effective normal stresses acting on the fractures determine
their conductivity.

Fig. 2 shows the pore pressure distribution corresponding to Model 2 at various times. Long length fractures with
high conductivity influence on the direction of fluid flow. Small fractures system significantly enhances the effective
permeability of the rock and acts as channels connecting large fractures.

The well production rates for Models 1 and 2 are illustrated in Fig. 3. Observed an increase of the well production
rate for the Model 2. After the permanent flow condition has been reached, the increase of the well production rate
compared with Model 1 is about 5%.

Fig. 4 shows the dependence of the well production rate on the difference of bottomhole pressure under the per-
manent flow condition. In the calculations, the bottomhole pressure at the injection well pin j is varied, while the
bottomhole pressure at the production well remained constant pin j = 25 MPa. For the Model 1, the flow rate depen-
dence on the pressure differential is linear, and for Model 2, the deviation from the linear dependence is observed,
which increases with increasing of the pressure difference. This effect is due to a decrease of the effective stresses
acting on the fractures.

CONCLUSION

The paper presents an approach to coupled flow and mechanics problem simulation of reservoir with fractures of va-
rious lengths. For the numerical simulation of fluid flow in deformable medium, the dual porosity - dual permeability
model (DPDP) and the discrete fracture model (DFM) are integrated. The DPDP model is used for small scale fracture
system, the DFM is used to explicit represent of large fractures.

Synthetic model of the reservoir with a system of multiscale fractures was used to show the influence of the stress-
strain state on the fluid flow. The obtained results indicate the importance of geomechanics effects for simulation of
fluid flow in fractured media.
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FIGURE 3. Well production rates. FIGURE 4. The dependence of the production rate on the
difference in bottomhole pressures after reached the per-
manent flow conditions.
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Abstract. Pulsed extrusion of a viscous medium from porous particles with a core-shell structure may be a useful 
technology for some industrial, agricultural and pharmaceutical applications. Degassing of drops of a highly 
supersaturated gas-liquid solution dispersed in the particle core is considered as a suitable method for initiating and 
maintaining extrusion. To find out its feasibility we carried out a modeling of pulsed displacement of a viscous fluid from 
the shell of a porous particle under gas exsolution from a liquid entirely filling the particle core pores. We assume that the 
trapped in pores droplets of gas displaced liquid make a dominant contribution to mass transfer (the drip mode of gas 
bubbles growth). Upon some simplifying conditions, an analytical approach is used to solve the problem. The 
dependence of the rate and completeness of viscous fluid extrusion from the shell on the system parameters is 
established. 

INTRODUCTION 

Recent advances in technology make it possible to produce heterogeneous porous particles in a wide range of 
size, porosity, wettability, or chemical activity [1]. Processes in porous matrix and material saturating the pores can 
be controlled by thermobaric conditions or external influences. One of the promising areas of finely dispersed 
porous particles application is their use as containers for the release of target components [1, 2]. Some studies have 
shown the possibility of porous particles to be passive containers for a slow diffusive release of bioactive substances 
[3, 4]. It is of interest to develop methods for porous particles use as active containers with pulsed release of target 
components. 

The pulsed motion of the material saturating the porous matrix may be initiated and maintained by the rapid gas 
exsolution from a highly supersaturated gas-liquid solution distributed in the form of droplets in the porous matrix. 
Therefore, modeling of processes in porous particles that occur during the growth of gas bubbles in droplets is of 
certain interest for the practical use of these particles. The present work is devoted to modeling of the displacement 
of a viscous fluid from the shell of a porous particle with a core-shell structure during the degassing of a highly 
supersaturated gas-liquid solution entirely filling the particle core pores (the case of one drop). 

The elementary processes in the system under study are the nucleation, gas bubbles growth, and the flow of fluid 
during liquid degassing. The physical model [5] for the nucleation and gas bubbles growth is accepted. A peculiarity 
of the model is the assumption of a dominant contribution to mass transfer of solution droplets trapped in the pores 
in the process of liquid displacement by gas (the drip mode of bubbles growth). The implementation of the drip 
regime is ensured by the specific features of microstructure and properties of a porous particle. As for the dynamics 
of the motion of displacement front (the surface between solution and fluid), we will assume that, along with the 
degassing and growth of gas bubbles, it is determined by filtration in the porous shell. Main equations and notations 
used are given in article [5]. In this paper, only equations and relations are written that distinguish the model of the 

High-Energy Processes in Condensed Matter (HEPCM 2020)
AIP Conf. Proc. 2288, 030024-1–030024-6; https://doi.org/10.1063/5.0028708

Published by AIP Publishing. 978-0-7354-4018-0/$30.00

030024-1



extrusion of a viscous medium in the case of a porous particle from the model [5] of the dynamics of a globule of a 
highly supersaturated gas-liquid solution in an infinite porous medium. 

DESCRIPTION OF THE MODEL 

Consider a spherical porous particle of radius Rp consisting of a spherical core of radius R0 and a spherical shell 
with a thickness significantly less than the radius of the particle and the core (Rp - R0) / Rp = δ ˂˂ 1 with different, in 
general, parameters of the porous medium. The core is saturated with a low-viscosity solution of gas in a liquid. The 
shell is saturated with a viscous fluid immiscible with the liquid. The shell of a porous particle, unlike the core, does 
not contain nucleation centers of gas bubbles. Let the gas-liquid solution begin to be supersaturated at the initial 
moment of time. Supersaturation leads to the release of dissolved gas in the nucleation centers and the growth of 
bubbles in the particle nucleus. During the growth of bubbles, the displacement front R (t) moves in the shell and 
extrude the viscous fluid out of it into the liquid surrounding the porous particle. 

The growth of bubbles in the particle core is described in the framework of the drip regime model proposed in 
[5]. In connection with the finite size of a particle and possible heterogeneity of its pore space, we consider the 
general case of the core and the shell with different porosity and permeability for each of the immiscible phases. 
Assuming the process of viscous fluid displacing from the shell as piston-like and steady-state one, it is possible to 
find the pressure of the solution at the interface between the core and the shell 
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p0 is the pressure in the fluid surrounding the porous particle, pj is the pressure due to the resistance to the outflow of 
microjets from the shell, ϕ1 means the filtration resistance coefficient to solution flow in the shell, expressed in terms 
of the permeability and the porosity, capillary pressure is determined by the interfacial tension coefficient σ12 and 
the dynamic meniscus contact angle θ12 between immiscible phases in the shell with an average pore size ap1. 

PARTICULAR SOLUTION OF THE PROBLEM 

We solve the problem under the following assumptions. Let bubbles in the number of N = nV0 nucleate and grow 
simultaneously. The residual saturation with a solution of the volume occupied by a gas bubble is not small and does 
not change with the growth of the gas bubble. Resistance to outflow of microjets from the shell is neglected. In this 
case, we obtain a system of differential equations for gas pressure and bubble volume (similar to the system of 
equations in article [5]) 
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αs1 is the volume fraction of the solid phase (skeleton) in the porous particle shell. 

For the bubble volume we obtain the equation 
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Under the adopted condition (δ ˂˂ 1), the dependence of the function f (V) on bubble volume can be neglected. 

In this case f (V) ≈ δ and integration of equation (7) leads to an expression for V in implicit form 
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F (a, b; c; x) is the hypergeometric function, χ = (pe − p)( pe − pg0)−1, |χ| ≠ 1, V ≠ V0χ−1. 

For the values |χ|V/V0 << 1 from expression (8) we obtain the relation 
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The bubble volume grows under the condition pg0 > pe, which for the values |χ| << 1 is equivalent to the 

condition pg0 > p. Relation (9) describes, in particular, the growth of bubbles after overcoming the nucleation barrier 
before the transition to the drip mode of bubbles growth. For the considered parameters of the porous particle, it is 
necessary to study the case a0 >> B2/B1δ, pg0 ≫ pe values. The growth rate of the bubble is  
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At the initial time, the velocity of the bubble boundary is da/dt ̇(t = t0) ~ pg0 (4πB1δa0

2)-1. The bubble growth rate 
decreases as (t - t0)-5/6, and its value weakly depends on the initial gas pressure in the bubble. Let the critical value of 
the bubble growth rate, below which the droplet mode cannot be realized, is uc. We can obtain from relation (10) the 
necessary initial condition pg0 ≫ 4πB1δa0

2uc of the transition of bubble growth to the drip regime. After the growth 
time  
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the bubble growth rate will fall below the critical value of uc. During this time, the bubble radius will increase as 
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Due to the necessary initial condition pg0 ≫ 4πB1δa0

2uc, the bubble radius increases as ( ) 5/1

10
3
0 4/~ cg uBpaa δπ . To 

start the drip mode of the bubble growth, the bubble surface should shift at a velocity exceeding the critical one at 
least two or three pore sizes a - a0 > εap with the value εmin ~ 2. Assuming a0 ~ ε0ap, we find the required condition  
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The minimum value of the right-hand side of ratio (13) is achieved if ε0 = 1.5ε. Assuming the value ε = εmin ~ 2, 
we find that the minimum of the required initial gas pressure pg0min ~ 103B1δap

2uc is achieved when the gas bubble at 
the initial time occupies a volume of 10 - 20 pores. Such bubbles can form in the porous matrix at the initial stage of 
gas exsolution from its supersaturated solution. In this case, the initial gas pressure pg0 in the bubbles should be 
identified with an initial pressure ps of saturation of the solution with the gas, supersaturation ps/p = χ-1 due to the 
condition χ << 1 should be high (the gas-liquid solution should be considered as strongly supersaturated). Note that 
a longer duration of the initial diffusion stage leads to an increase in the number and volume of seed bubbles, an 
increase in the values of the parameters B1, ε0 and the required supersaturation, so that the drip mode of the bubble 
growth can become unattainable. 

Under the conditions of transition to the drip regime, the pe value increases, and the bubble growth begins to be 
described by expression (9) with the parameter χ >> 1. For values of χ >> 1, expression (8) can be written in the 
form  

 

 ( )( ) ( ) ( ),
2
3 3/2

0
3/2

2010 VVBVVBttppe −+−δ=−−  (14) 

 
V0 is the volume of the bubble at the moment t = t0 of transition to the drip growth mode (about a hundred volumes 
of elementary pores of the matrix). 

For a0 >> B2 /B1δ values, the bubble volume increases linearly with time  
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Using relation (15) we find the bubble growth rate  
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The condition for maintaining bubble growth in the drip mode da/dt  ̇> uc (if the necessary initial condition pe − p 

> 4πB1δa0 
2uc is satisfied) is violated after time 
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The sum of the time intervals defined by expressions (11) and (17) is the upper estimate of the duration of the 

fluid pulsed motion in a porous matrix. 
The velocity of the displacement front in the case of |χ|V/V0 << 1 is determined by the relation 
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After a time interval 0

3
01 3/2~ gpaBt δπ∆  the velocity of the displacement front can be written as 
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From expression (18) it follows that, in the case of |χ|V/V0 << 1, with the assumptions made, the square of the 
displacement front velocity is proportional to the product of the viscous fluid filtration rate in the porous shell with 
permeability ψ-1 on the volumetric content of bubbles, and inversely proportional to the ratio of the bubble growth 
time to the core radius of the porous particle. 
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For values χ >> 1, the solution to the problem can be written as a simple relation corresponding to the filtration 
rate of a viscous fluid in the porous shell with permeability ψ-1 
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It follows from expression (19) that under the assumptions made, the displacement front velocity is inversely 

proportional to the radius of the particle's core, and does not depend on the time and number of bubbles formed. On 
the other hand, the growth rate of bubble is inversely proportional to N1/3. The weak dependence of the growth rate 
of bubbles on their number allows us to neglect the mutual influence of bubbles on their residual saturation by 
solution αres.  

Let us carry out numerical estimates of the results. We take the following values of the system parameters: ρlνl = 
10-3 Pa∙s, ρl1νl1 = 10-1 Pa∙s, ϕ = 1013 m-2, ψ = 1014 m-2, R0 = 10-4 m, δ = 0.1, N = 10, αs = αs1 = 0.7, αres = 0.15, G = 1, 
p = 0, uc = 10-2 m/s. Calculation by relations (5), (6) leads to the values B1 = 1.2∙1017 Pa∙s/m3, B2 = 1.1∙108 Pa∙s/m2. 

We consider the first stage of bubble growth, assuming a0 = 2 μm, ap = 1μm, ps = 1 MPa, χ = 0. Parameter B1 is 
2.4 ∙ 1017 Pa ∙ s / m3, taking into account the value of αres = 0 at the first stage. The saturation pressure ps = 1 MPa 
exceeds the minimum of the required initial gas pressure pg0min ~ 103B1δap

2uc ~ 0.24 MPa to switch to the drip 
regime of bubbles growth. During the growth time, Δt ~ 8 ∙ 10-5 s, the bubble volume increases approximately 
14 times (χV/V0 << 1). The displacement front velocity during this time will decrease from the initial velocity of 
1 m/s to the value of 10-2 m/s, and the displacement front will move a distance of 0.6 μm. 

For the stage of bubble growth in the drip mode, we assume the value a0 = 5 μm. Calculation of pe from 
expression (10) give the value pe = 0.13 MPa. The growth condition in the drip mode pe − p > 4πB1δa0 

2uc (0.13 MPa 
> 0.04 MPa) is fulfilled. During the growth time Δt ~ 3 ∙ 10-4 s, the bubble volume increases approximately 5 times. 
The displacement front velocity is 7 ∙ 10-4 m/s, and the displacement front moves to a distance of 0.2 μm. 

Numerical estimates for the selected values of the system parameters show low characteristics of the viscous 
medium extrusion from the shell of the porous particle (only 2% of the volume of the viscous medium) at the stage 
of drip mode of bubbles growth. For the value ΔR of the displacement front in the drip mode of bubbles growth, 
using relations (17) and (19), we can write 
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This expression and ratio (19) show a noticeable increase in the rate and completeness of extrusion of a viscous 

fluid in the drip mode of bubbles growth with a decrease in the radius of the porous particle, the thickness of its shell 
and the critical rate of bubbles growth. As the difference between the dynamic saturation pressure and the external 
pressure (including capillary pressure) increases, the extrusion completeness of a viscous medium increases 
nonlinearly. In particular, for constant other parameters used in the given numerical estimates, doubling the 
saturation pressure value and halving the particle core radius value and the thickness of its shell lead to the extrusion 
of 50% of the viscous fluid volume out the shell at the displacement front velocity of 3 ∙ 10-3 m/s.  

CONCLUSION 

The performed modeling corroborates the feasibility of pulse displacement of a viscous fluid from a porous 
particle with a core-shell structure. Pulse displacement can be initiated and maintained by degassing droplets of a 
highly supersaturated gas-liquid solution dispersed in the particle core. In order to ensure effective fluid 
displacement, the core of the porous particle must be designed in such a way to provoke the drip mode of gas 
bubbles growth. In the framework of solving a particular problem, two stages of bubble growth were studied and 
criteria for transition to the drip mode of gas bubble growth were obtained. Estimates of the rate and completeness 
of a viscous fluid extrusion from the particle shell are given. 

The estimates reveal that at the post-nucleation stage bubble growth can initiate a slight shift of a viscous fluid in 
the shell. The value of shift rate is a critical parameter for triggering the drip mode of bubble growth. At the second 
stage, gas bubbles growth in the drip mode provides a longer and slower displacement of the viscous fluid from the 
porous particle shell and the outflow of microjets into the liquid surrounding particle. 
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The results of modeling allow it to offer methods to improve the rate and completeness of a viscous medium 
extrusion: reducing the size of a porous particle while keeping the parameters of the pore space and increasing the 
density of bubble growth centers; increasing in saturation pressure and dynamic pressure saturation of the solution 
with gas; reducing the critical rate of starting and maintaining the drip mode of gas bubbles growth; creation of a 
porous particle structure that promotes the action of capillary forces. To achieve the required parameters of the 
pulsed release of target components, it is necessary to use porous particles with a special structure that is 
functionally oriented to ensure rapid mass transfer of gas into bubbles. 
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Abstract. The paper describes validation of a multidimensional semi-Lagrangian method with the use of a conservative fifth-order
WENO scheme on the basis of computer simulation of models of rotating circular solid disks. Implementation of this method on
GPU is briefly described.

INTRODUCTION

A necessary condition of adequate computations of rarefied gas flows in force fields is a correct numerical solution of
the transport equation, i.e., the collisionless kinetic equation

∂ f
∂t
+ u
∂ f
∂r
+ F(t, r, u)

∂ f
∂u
= 0 , (1)

which governs the evolution of the one-particle distribution function f (t, r, u) in the multidimensional phase space
under the action of a body force F(t, r, u). If the force field is self-consistent, Eq. (1) is supplemented with equations
relating this field with the distribution function f (t, r, u). It is rather difficult to study numerical schemes for solving
such a nonlinear system of equations, and their applicability for computations is determined by means of validation
on the basis of solving reference problems.

The semi-Lagrangian approach is successfully used to solve the transport equation (1), see, e.g. [1]. However,
the high-resolution algorithms developed in the framework of this approach are extremely resource-consuming. As a
result, their use has become possible only recently, with wider spreading of GP GPU computational systems, see, e.g
[2]-[5]. A GPU code implementation of the fifth-order semi-Lagrangian WENO scheme [1] for numerical solving of
the Vlasov–Poisson equations is presented in [3] and [4]. However, the parallelization algorithm used in this imple-
mentation is suitable only for problems with a 2D phase space. Its extension to multidimensional problems requires
qualitative changes in the code to reach the optimum performance. A GPU parallelization algorithm for solving the
multidimensional kinetic equation coupled with the Poisson equation for the body force potential is developed in the
present study and the results of test computations are reported in the paper.

EQUILIBRIUM DISTRIBUTION FUNCTION

Two-dimensional models suitable for validation of the semi-Lagrangian method for solving the Vlasov–Poisson and
Vlasov–Maxwell equations for computing rarefied gas flows in force fields are presented by exact analytical solutions
of these equations. In the present paper, we consider the distribution function of a rotating circular disk obtained in
[6]:

f (x, y, ux, uy) =
σo

2πΩ2
0
r2

0

[(
1 − Ω

2

Ω2
0

)(
1 − x2 + y2

r2
0

)
−

( ux

Ω0r0

− Ω
Ω0

y
r0

)2 −
( uy

Ω0r0

+
Ω

Ω0

x
r0

)2]−1/2
(2)
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where

Ω2
0 =
π2Gσ0

2r0

. (3)

The surface density is

σ(x, y) = σ0

√
1 − (x2 − y2)/r2

0
. (4)

The system potential is

Φ(x, y) =
1

2
Ω2

0r2 −Ω2
0r2

0. (5)

In what follows, it is assumed that Ω2
0 = 1. In the normalized form with the characteristic size r0 and characteristic

velocity Ω0r0, the equation is written as

f (x, y, ux, uy) =
σo

2π

[(
1 − γ2

)(
1 − x2 − y2

)
−

(
ux − γy

)2 −
(
uy + γx

)2]−1/2
(6)

where γ = Ω/Ω0. The surface density is

σ = σ0

√
1 − x2 − y2. (7)

The kinetic energy of random motions is

Ech =
4πσ0

30
(1 − γ2) , (8)

the rotation energy is

Erot =
4πσ0

30
γ2 (9)

and the potential energy is

W = −4πσ0

15
, (10)

The virial ratio is

Rvir =
2Ekin

|W | = 1 , (11)

which corresponds to a stationary system (see the virial theorem e.g. [7]). For all rotation velocities Ω ≤ Ω0, the
distribution function (6) describes stationary gravitating systems with an identical total energy

Etot = −2πσ0

15
, (12)

BAR-LIKE INSTABILITY COMPUTER SIMULATIONS

The stability of the gravitating system model with the distribution function (6) was investigated by Kalnajs [8]. The
stability of elliptical disks with the quadratic potential with respect to large-scale instabilities was investigated in
[9]-[11]. The stability of pulsating circular disks was studied in [13].

The leading instability determining the formation of the structure of a rotating plane gravitating system is the
so-called bar-like instability leading to the formation of a bar with violation of axial symmetry. The parameter deter-
mining the stability of a rotating gravitating system to small perturbations is the so-called Ostriker–Peebles parameter:

tOP =
Erot

|W | =
γ2

2
. (13)

A uniformly rotating circular disk is unstable to the bar-like perturbation if tOP > 0.1286 and, correspondingly,
γ > 0.507 [8].

Many numerical experiments were performed for studying the evolution of the bar-like instability of various
heuristic models of gravitating disks at the nonlinear stage. These numerical investigations were performed on the
basis of N-body simulations or with the use of various modifications of particle-in-cell methods, see, e.g.,[7]. In
the present study, we perform preliminary computations of the evolution of perturbations within the framework of the
above-described analytical model on the basis of the semi-Lagrangian method utilizing the fifth-order WENO scheme,
which is more accurate than particle-in-cell methods.
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Numerical Scheme
The numerical solution of Eq. (6) implies splitting in terms of directions, resulting in equation decomposition into six
one-dimensional transport equations in the general case. The discrete approximation of these equations can be written
as

d f (n)
l,m,n;i, j,k

us[i, j,k]−−−−−→ d f (n+1)
l,m,n;i, j,k , (14)

d f (n)
l,m,n;i, j,k

Fs[l,m,n;i, j,k]−−−−−−−−−→ d f (n+1)
l,m,n;i, j,k , (15)

where s means the x, y, z component of the velocity field and force field. In fact, Eqs. (14) - (15) contain slices. For
example, mapping representing transport along the y coordinate in the physical space is the slice

d f [start + m · stride] m = 0, . . . ,Ny , (16)

where
start = l + n · Nx · Ny + (i + j · Nvx + k · Nvx · Nvy) · Nx · Ny · Nz (17)

and stride = Nx. Here Nx ,Ny ,Nz ,Nvx ,Nvy, and Nvz are the dimensions of the grid in the physical space and
velocity space. The CUDA interface does not allow working with multidimensional arrays in the global memory with
read/write access. Multidimensional arrays are presented by one-dimensional indexing. In the course of paralleliza-
tion of mapping (14) - (15) on the GPU, the number of blocks equal to the size of the sequence start is set. The
corresponding slice (16) is copied to the fast shared memory, and the numerical scheme is implemented for each
block with the use of this memory only. It should be noted that the sequence start is not a continuous series of positive
integer numbers: there is a gap. The correspondence with the continuous sequence of block indices is provided by
using mapping that can be written with the use of notations of the C language operations as

start = (blockIdx.x % N_1) + (blockIdx.x / N_1) * N_2;

where, for the case of (16)-(17), N1 = Nx and N2 = Nx · Ny. After transportations in the physical space directi-
ons, the spatial density is calculated by using the algorithms of the Thrust library, namely thrust::reduce and
thrust::transform. The potential and the force field are calculated in accordance with the spatial density at the
current instant. The potential is calculated on the basis of the convolution theorem, and the cuFFT application library
is used for the fast Fourier transform. The computed force fields is applied for transportations in the velocity space,
which is the last procedure at the current time step.

RESULTS

The bar-like instability was computed on a grid in the 64 × 64 × 64 × 64 phase space. The size of computational
domain was [−2, 2] × [−2, 2] × [−2, 2] × [−2, 2]. The time step τ was assumed to be 0.5, which corresponds to the
Courant number CFL = umaxτ/h = 16. Figures (1) and (2) show the surface density of the rotating disks at γ = 0.4,
which corresponds to a subcritical value of the Ostriker–Peebles parameter, and at γ = 0.8, which corresponds to
the development of the bar-like instability as predicted by the linear theory, at the initial time and after 200 and 300
iterations.

FIGURE 1. Stability with respect to the bar-like perturbation.
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FIGURE 2. Development of the bar-like instability.

CONCLUSIONS

The present validation of the semi-Lagrangian method with the use of a conservative fifth-order WENO scheme
revealed that the results obtained in the present study are consistent with the linear theory predictions. In the near
future, it is planned to perform computations on a cluster with the GPU NVIDIA Tesla V100 SXM2 on a finer grid
for detecting subtle effects during the development of the instability of rotating and pulsating gravitating disks.
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Abstract. In this work, an experimental study of the effects of the pulsed air jets on the surface of convective heat 
transfer of a boiler unit is carried out. A special experimental stand was made. The installation includes a pneumatic 
pulse generator PG-25/8 and cross-flow tubes with a constant pitch. Measurements of pressure in an unsteady air jet were 
carried. Graphs of the time dependence of the load on each tube are obtained. 

INTRODUCTION 

The general direction of the energy and energy-consuming industries is to increase the efficiency of power 
plants. An important reserve for increasing the efficiency of thermal power plants is the elimination of pollution of 
heat-exchanging surfaces with ash deposits contained in flue gases (slagging problem). 

The presence of deposits leads to the following consequences: 
1. The heat exchange between the flue gases and the heat-transfer fluid deteriorates, which is manifested 

in an increase in the temperature of the flue gases coming out of the boiler unit and in a decrease in the 
thermal efficiency. 

2. Local violations of heat exchange lead to burning of the heat exchange surfaces, which causes an 
unscheduled stop of the boiler unit. 

3. The friction head of the rotor bundle of the boiler increases, which causes the air flow and fuel 
consumption to gradually decrease at a given power of the ventilation units. 

4. The formation of ash deposits leads in some cases to their avalanche-like collapse, which is the cause 
of instantaneous "blockage" of convective heating surfaces with a small transverse step of tubes. 

The appearance of ash deposits causes serious limitations in providing long-term maximum loads for the 
operation of power units. Regular activation of the cleaning systems allows maintaining the heating surfaces in the 
convection shaft of the boiler in an operationally clean state. As a result, heat transfer between flue gases and 
heating surfaces is improved. As a result, the temperature of flue gases decreases. 

Pneumatic pulse cleaning is designed to remove friable and granular ash deposits on convective heating surfaces 
using high-energy air jets. Pneumatic pulse cleaning systems are based on the shock-wave effect of powerful pulsed 
jets of air on ash deposits. The impact is carried out using special pneumatic generators (PG), which is filled with 
air, and then air in the shortest time, which allows you to increase the second flow rate by hundreds of times and 
organize a powerful pulse effect on the treated surfaces [1]. 

The efficiency of using this method of cleaning the heating surface is confirmed by the report on the operation of 
the complex of blowing soot blowers (pneumatic generator PG-25/8) in the operating load range. 

Unsteady effects in dense, high speed, particle laden flows are considered in [2]. In this work, the interactions 
between a shock wave and a dense non-compacted cloud of disperse phase 2D-particles are numerically 
investigated. Multidimensional effects are demonstrated by modeling the disperse phase as fixed, solid, 2-D 
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cylinders. The 2-D results show reflected and transmitted shock waves as well as expansion wave across the particle 
cloud. The presence of an unsteady flow inside and behind the particle cloud is revealed. 

In [3], the results of numerical simulation of a symmetric supersonic gas flow around a transversely arranged 
planar lattice of 10 parallel cylinders are presented. Several rearrangements of the flow structure near the lattice 
were discovered with a successive increase or decrease in the Mach number of general steams. The hysteresis is 
revealed, which is expressed in the fact that the flow structure and aerodynamic loads on the lattice elements depend 
not only on the value, but also on the prehistory of the change in the Mach number. 

Thus, the purpose of the work is to determine the forces acting on the tubes of convective cooling surfaces of 
large boiler units when exposed to pulsed air jets from the cleaning system. 

INSTALLATION DISCRIPTION 

The experimental study was performed using a special stand (Fig. 1). It includes a pneumatic pulse generator 
PG-25/8 and cross-flow tubes with a constant pitch. The diameter of the exit nozzle is 120 mm. The pitch between 
the tubes is 75 mm. The load cells are located on the tubes in the plane of the incoming flow to determine the impact 
of the load. Readings are taken using an analog-to-digital converter. Several experiments are performed for a more 
accurate result. The two pressure sensors are installed as shown in Fig. 1. Readings are taken using an ADC. 
Repeatability of the experiment is necessary for a more accurate result. 

 
FIGURE 1. Schematic of the installation: 1 is first tube, 2 is second tube, 3 is third tube, 4 is fourth tube, 5-6 is load cells 

RESULTS 

In experiments, the pneumatic pulse generator is filled with air to the required pressure value. Figure 2 shows the 
pressure changes in the prechamber PG-25/8 and unsteady air stream. It is worth noting the slow response of the 
signal from the pressure sensor signal in the stream (PS2). Compressed air from the exhaust nozzle should reach the 
speed of sound theoretically. 
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FIGURE 2. Pressure changes during the experiment at P = 9 atm and L = 1.5 meters 

 
The readings received by the load cells have a damped oscillatory character (Fig. 3). It is important to note that 

the load has positive and negative values. The main load falls on the first tube in all experiments.  
 

 
FIGURE 3. Time dependence of the load at P = 9 atm and L = 1.5 meters 

 
Table 1 shows the average results of several launches. Averaging was calculated as the arithmetic mean all 

results for each experiment. The main load falls on the first tube in all experiments. In the first experiment, the load 
decreases to the third tube, but then increases slightly. In the second and fourth experiments, the same pattern is 
observed, namely, the effect on the fourth tube is greater than on the second tube. In the third experiment, the effect 
on the tubes decreases sequentially. 
 

TABLE 1. Maximum force (kg). 

Experiment Initial conditions First tube Second 
tube 

Third 
tube 

Fourth 
tube 

 P = 7 atm and L = 1 meter 48.01 22.16 18.63 19.71 
 P = 7 atm and L = 1.5 meters 21.53 10.49 8.18 11.92 
 P = 9 atm and L = 1 meter 82.05 38.74 30.79 28.23 
 P = 9 atm and L = 1.5 meters 54.05 20.05 14.85 20.69 
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The results of pressures in an unsteady air jet under several different initial conditions are presented (Fig. 4). The 
maximum pressure in (a) is P = 3.36 atm, in (b) is P= 2.43 atm, in (c) is P= 2.05 atm. 

 

 
FIGURE 4. Pressure change (a) at P = 9 atm and L = 1 m (b) at P = 9 atm and L = 1.5 m, (c) at P = 7 atm and L = 1.5 m 

 
Numerical simulations for this problem were developed. The simulation was performed in SolidWorks Flow 

Simulation. The task was considered under the condition L = 1 meter and P = 7 atm (Fig. 5). The flow is three-
dimensional. Area of low pressure is formed behind the first tube. The load on the first tube is 52.3 kg, on the 
second tube is 4.22 kg, on the third tube is 5.41 kg, on the fourth tube is 10 kg. The results of numerical simulation 
and experiment do not mismatch. 

 

 
FIGURE 5. Flow picture 

CONCLUSIONS 

For the first time, the forces acting on the tubes of convective cooling surfaces of large boiler units when 
exposed to pulsed air jets from the cleaning system are determined experimentally. 

The direction for further research is to obtain the convergence of the experiment with numerical modeling, as 
well as conducting experiments with other configurations of the location and number of the tubes in the flow. 
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Abstract. This paper presents a physical and mathematical combustion model of the composite metallized solid fuel 
(CMSF) and the results of the numerical investigation using the developed model. We have used the heat equation in the 
condensed phase and the oxidation half-reaction equation to describe the physical and chemical processes in the solid 
phase. Processes in the gas phase are described using the R. I. Nigmatulin’s approach of the multiphase reacting media 
dynamics. The conservation conditions of the mass and energy fluxes of the components are set on the surface of the 
solid fuel. The result of our parametric numerical investigation is the dependence of the CMSF burning rate on pressure 
for various aluminum particle sizes. The obtained dependences of the burning rate coincide with the experimental ones 
with satisfactory accuracy. 

INTRODUCTION 

The one of the most important characteristics of the composite metallized solid fuel is the linear burning rate. 
There are the phenomenological models to determine the linear burning rate of solid rocket fuels [1]. The 
combustion model of the composite solid fuel is presented in [2], where the burning rate is determined by the mass 
flows of components from the fuel surface.  

The study [3] presents the physicomathematical combustion model of the composite metallized solid fuel 
(CMSF) based on the C. E. Hermance’s model [2]. The model takes into account the dynamic, thermal and chemical 
interaction between gas and aluminum particles during the motion of the gasification products from the surface of 
the CMSF. The calculated burning rate of the composite solid fuel without aluminum powder at the pressure of 100 
atmospheres is 7.8 mm/s, whereas the final temperature of the combustion products is 2800 K [3]. In case of 
metallized solid fuel (20% aluminum powder additives), the final temperature of the combustion products increases 
to 3630 K. The obtained values coincides with the experimental data [4]. Reconciliation of the calculated [3] and 
experimental [4] data was carried out by refining the macrokinetic parameters of chemical reactions (thermal effects 
of the reactions and the preexponential factor in the combustion law of the solid fuel gasification products). The 
paper [3] also provides the calculated dependences of the linear burning rate of the CMSF on the pressure above the 
burning surface and on the aluminum particle size. The solution of the CMSF combustion problem [3] using the 
Hermance’s model which takes into account the gas-dynamic effects has showed a strong dependence of the results 
on the thermophysical and macrokinetic characteristics of the reaction in the gas phase. Therefore, in this paper, we 
have refined the combustion model from [3]. Instead of the Hermance’s model, we have formulated the conjugate 
combustion model of the CMSF, similar to the nitroglycerin powder combustion model from [5]. 

This paper presents a physico-mathematical model and the results of the numerical investigation of the CMSF 
combustion. The formulation of the problem is based on studies [5, 6]. Physical and chemical processes in the solid 
phase are determined by the heat equation in the condensed phase and the oxidation half- reaction equation. 
Processes in the gas phase are described using the R. I. Nigmatulin’s approach of the multiphase reacting media 
dynamics [7]. The aim of the study is to determine the dependence of the CMSF burning rate on pressure and 
composition of the fuel. 
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MATHEMATICAL MODEL AND SOLUTION METHOD 

The formulation of the problem includes the following assumptions: on the left boundary of the calculation 
region is the CMSF, consisting of an oxidizing agent, a binder, and aluminum particles; on the right boundary of the 
region is the volume with a given pressure, whereto the combustion products flow out. Since the solid fuel heats, the 
fuel oxidizer decomposes and forms the gaseous decomposition products. This process proceeds at the last stage of 
the reaction, when the conversion level reaches the value of 0.99. At the same time, a combustible binder evaporates 
from the surface of the fuel. The evaporated gaseous fuels and oxidizer mix and react in the gas phase. This reaction 
is exothermic and is described by the first-order Arrhenius law. The gas phase expands during the heating, which 
leads to the flow formation from the surface of the CMSF. The flow carries the aluminum particles into the heated 
gas phase, where the particles warming up to the ignition temperature and start burning. The aluminum particles are 
assumed to have uniform size. To describe the particle burning, we have used the burning rate law for the aluminum 
particles from study [6]. Under the given assumptions, the mathematical formulation of the problem has the 
following form: 

For the solid fuel,    0x : 
heat conduction equation: 
 

 
2

2 1 expc c c c
c c c c c c c

c

T T T E
c u Q k

t x RTx
, (1) 

 
oxidizer decomposition equation: 
 

 1 exp c
c c

c

E
u k

t x RT
. (2) 

 
For the gas phase, 0   x : 

mass-conservation equation: 
 

 1
g g gu

G
t x

, (3) 

 
impulse-conservation equation: 
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u pu
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energy-conservation equation: 
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oxidizer mass-conservation equation:  
 

 1 2 ,ox gox ox
g g g

u a
D T G G

t x x x
 (6) 

 
particle mass-conservation equation: 
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particle impulse-conservation equation: 
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particle energy-conservation equation: 
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particle number equation: 
 

 0p p pn n u
t x

, (10) 

 
The initial conditions: 
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 (11) 

 
the boundary conditions: x = 0 is the coordinate of the combustion surface, where the conditions of the mass and 
energy conservation are set: 
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at x  : 

 
,

0cT x t
x

, (14) 

at x  : 

 
,,

0.gox T tt
r r

 (15) 

 
In equations (1) - (15): 21 0.5g g g gp u  is the total gas energy, 20.5p p p p p pc T u is the total 

particles energy, 2p p g pNu r is the heat transfer coefficient between gas and particles, p vc c is the 
adiabatic exponent, tr  is the friction force,  is the density, u  is the velocity, uc  is the burning rate of the composite 
solid fuel, c ox ox f f Al Al1 ( )  is the density of the composite solid fuel, t  is the time, x  is the 
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coordinate, p is pressure, T  is temperature, Lc is the evaporation heat of the binder, 03 3 4p p p pr n  is the 

particle radius; 

1
3

3
,0 0

3 2 2
34 3

Al O k Al
Al Al

Al oxk

r r
n

 is the radius of unburnt aluminum in the particle, 

Q  is the thermal effect of the reaction; k0 is the rate constant of the chemical reaction;  is the burn-up of the 
composite solid fuel. Subscripts: b stands for the initial values of the state parameters, p is for the particle 
parameters, g is for the gas parameters, c is for the composite solid fuel parameters, ox is for oxidizer, f is for the 
fuel, Al is for aluminum. 

The mass change rate of the particle during its combustion is: 0
1 1 , ,p p Al ox Al m ox Al mG n S k a r k a r , 

where m g g D g g gT Nu c r is the mass transfer coefficient of the particle, 0.9
, 02ox Al f pk a r k a r . The rate 

of the chemical reaction in the gas phase is determined by the formula 2 0 2expox u gG k E R T . 

The friction force between particles and gas is determined by the formula [7], where 
2tr r m g g p g pF C S u u u u  is the interaction force between a single particle and gas, 

0.68224 1 0.15Re RerC  is the friction coefficient, Re 2 g p g p g
r u u is the Reynolds number, Sm  is the 

midsection section area, and g  is the dynamic viscosity coefficient of the gas. 
The method to solve the problem is described in detail in study [6] and is constructed using the algorithms 

from [8, 9]. The spatial step of the computational grid has been set to 2·10-7 m, the time step has been calculated 
according to the Courant stability condition [8]. 

RESULTS 

The numerical calculations have been held under the thermophysical characteristics and kinetic parameters of the 
reactions from [6, 10]. We have investigated the composite metallized solid fuel, which consists of the oxidizing 
agent (70%), aluminum powder (20%) and binder (10%). The density of the fuel has been determined by its 
composition and for the given percentage is 1954  kg/m3. The particle size of the aluminum powder has been 
varied in the range of rp = 0.5·10-6 ÷ 15·10-6 m, the gas pressure - 40 100P  atm. Figure 1 shows the calculation 
results of the CMSF combustion rate depending on the gas pressure over the combustion surface. 

 

 
FIGURE 1. Burning rate-pressure curve 
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The calculations have been performed for the monodispersed aluminum powders of various radii. There is also 
the curve of experimental data [10], which is located between the curves for particle radii rp = 0.5·10-6 m and  
rp = 5·10-6, 15·10-6 m. In work [10], the ASD-4 polydisperse aluminum powder was used. The differences [10] and 
the present work are explained by the polydispersity of aluminum particles in [10]. The combustion rate of the 
CMSF with the particle radius of 5·10-6 m practically coincide with the rate of the fuel with particle radius of 15·10-

6 m. The fuels containing a monodisperse powder of large aluminum particles have practically the same burning rate, 
which does not depends on the particle radius. The slope of the burning rate curves with the particle radii rp = 5·10-6, 
15·10-6 m is close to the curve describing the experimental data [10]. This indicates that the values of the exponent 
in the burning law of the fuels are close to each other. 

The developed physico-mathematical model allows obtaining the combustion rate of the CMSF, which is 
consistent with experimental data. The mathematical model in the conjugate formulation (1) - (15) provides results 
of the numerical simulations that qualitatively and quantitatively coincide with the experimental data [10], in 
contrast to the CMSF combustion model based on the Hermance’s model [3, 11]. 

CONCLUSION 

We have numerically investigated the combustion problem of the composite metallized solid fuel and obtained 
data on the linear burning rate of the fuel depending on pressure and size of the aluminum additives. The conducted 
parametric study have shown that with the raise in pressure the burning rate of the fuel grows, while as with the 
increase in particle size of the aluminum additives the burning rate decreases. The obtained CMSF combustion law 
coincides with the experimental law with satisfactory accuracy. 
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Abstract. An experimental study of the correlation of pulsations of free supersonic flow and the pulsations of the 
boundary layer of a flat plate with a sharp leading edge was performed using a new multi-channel hot-wire measurement 
system. The experiments were performed in a low-noise wind tunnel T-325 of the Khristianovich Institute of Theoretical 
and Applied Mechanics of the Siberian Branch of the Russian Academy of Sciences at the Mach number M = 2. Spatial-
temporal distributions of the correlation coefficient for cross-sections of the boundary layer parallel to the leading edge 
were obtained. 

INTRODUCTION 

When conducting experiments to study the stability of the supersonic boundary layer in wind tunnel, it is 
necessary to take into account the influence of acoustic disturbances of the free flow on the disturbances of the 
boundary layer. The author of the paper [1] noted that when using the stability theory, it is necessary to take into 
account the response of the boundary layer to the forced influence of an external sound field. In [2], a study of the 
origin and grow of disturbances in zero pressure-gradient layers was conducted. J. M. Kendall proved that there is a 
relationship between pulsations inside the boundary layer and external acoustic pulsations of free flow; the 
correlation coefficients obtained by him show that the influence of the sound field on the boundary layer increases 
monotonously at the Mach number up to M=5.6. However, the author notes that the mechanism influencing of 
acoustic field on the boundary layer is unknown, and this issue requires additional research. 

Despite the fact that the use of correlation functions to study the structure of turbulence is used quite often [3-5], 
no other work has been found in the literature using the correlation method to study the response of the supersonic 
boundary layer to external flow disturbances. Apparently, J. M. Kendall was the first who applies such method to 
the supersonic boundary layer. 

To solve the problem of the mechanism of receptivity of the boundary layer to acoustic disturbances, it is 
necessary to have equipment for synchronous measurements in supersonic flows. Thus, the purpose of this work is 
to test the previously created three - channel hot-wire system [6] by conducting an experiment and comparing the 
results with existing experimental data. 

EXPERIMENTAL SETUP AND DATA PROCESSING 

The experiments were performed in a low-noise wind tunnel T-325 of the Khristianovich Institute of Theoretical 
and Applied Mechanics of the Siberian Branch of the Russian Academy of Sciences at the Mach number M = 2 and 
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the unit number Reynolds  = (11±0.1) ·106 m-1. Two CTA-2017 series constant temperature hot-wire 
anemometer were used to measure pulsations and mean flow characteristics [7]. The hot-wire probes were made of 
10 μm thick and 1.7 mm long tungsten wire. Measurements were performed at an overheat equal to 0.7. 

The mean voltage of the CTA was measured using an internal ADC with a 24-bit. The pulsation signal was 
digitized using a TiePie Handyscope HS4 DIFF ADC with a resolution of 14 bits and a sample rate of 195.3125 
kHz, the signal length of 131072 points, which corresponds to 0.67 seconds. With the help of CTA, data on mass 
flow pulsations are obtained. The mean and pulsation parameters of the flow were calculated from the recorded data. 

The coefficient cross-correlation of electrical signals was estimated a correlation function in form: 
 ( ) = ( ) ( )( ) ( ) . 
 

It is necessary be noted that the mutual influence of channels caused by devices is small and is not taken into 
account [6]. 

To obtain the correlation functions between the free flow pulsations in the test section and the pulsations of the 
boundary layer of the flat plate, one of the probes of the CTA was fixed under the plate so that its thread was located 
before the shock wave, this is necessary so that the probe does not affect the flow over the plate. The second probe 
was located in the boundary layer above the plate, and using a coordinate device moved along sections parallel to 
the leading edge. 

RESULTS 

The spatial-temporal distributions of the correlation coefficient over the z sections (the axis is parallel to the 
leading edge) at Re  = 812 (the x axis is directed along the flow) are obtained. The Reynolds number based on the 
thickness of the boundary layer, is defined as: 

 Re = xRe . 
 
The position of the probe at the y (normal to the plate) was determined by the intensity of disturbances. Four 

cross sections were measured: in the free stream   1.   1), above the 
  0.56) and at   0.47), see Fig. 1. 

The obtained distributions demonstrate that the correlation coefficient in some areas is significantly higher than 
the correlation coefficients presented in Kendall's research [2] for Mach M = 2.2 and  = 3.4·106 m-1, up to 0.25 
versus 0.1. However, the isolines of the correlation coefficients have an asymmetric distribution, unlike those 
presented by Kendall [2] for the Mach number M = 4.5 and unit number Reynolds  = 7.2·106 m-1, it is important 
that there is no other data to compare. The distribution patterns in all sections are similar. For different heights, the 
maximum and minimum correlation coefficients are found at the same  time. 

Such an unsymmetrical pattern of correlation function distributions can be explained by the fact that disturbances 
of the incoming flow mainly originate from one side of the test section. In addition, it is necessary to note the 
uneven distribution of mass flow and pulsations across sections into the boundary layer (Fig. 2). Additional research 
is needed to confirm this situation. To amplify disturbances emanating from one wall of the test section, it is 
possible to conduct research with a controlled source of disturbances installed on the wall, similar to how it is done 
in the works [8-12]. 
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(a) 

 
(b)

 
(c) 

 
(d)

FIGURE 1. Space-time correlation at Re  =         0.47 
 

 
(a) 

 
(b) 

FIGURE 2. Isolines of mass flow and ripples of mass flow of the boundary layer in z-direction at Re  = 812 

CONCLUSION 

An experimental study of the correlation between the pulsations of a free supersonic flow and the pulsations of 
the boundary layer of a flat plate with a sharp leading edge at Mach number M = 2 and unit number Reynolds 

 = 11·106 m-1 was conducted. Spatial and temporal distributions of the correlation coefficient in sections parallel 
to the leading edge were obtained. 
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The spatial-temporal distributions of the correlation coefficient obtained under these experimental conditions 
show a relatively low level of correlation between external flow pulsations and boundary layer pulsations. Further 
research is needed to understand the nature of space-time distributions. 
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Abstract. The experiments showed the strong dependence of forward and backward scattering of light in the visible 
region of the spectrum by silicon nanoparticles on the method of their preparation. Silicon nanoparticles are created in 
two ways: by laser ablation and by the action of a relativistic electron beam. The backscattering spectra from the obtained 
silicon nanoparticles were measured. Raman light scattering is much more intense for silicon nanoparticles obtained by 
an electron beam as compared to those created by laser radiation and from single-crystal silicon. These properties of 
silicon nanoparticles should be taken into account when creating nanoantennas, metamaterials, and other nanophotonic 
devices with low dissipative losses and reflection. 

INTRODUCTION 

Dielectric nanophotonics is a rapidly developing field of nanooptics, which uses the resonant behavior of high-
index dielectric nanoparticles with low losses to enhance the interaction of light with matter at the nanoscale. When 
experimental implementation of a fully dielectric nanostructure is required, two important factors should be 
considered: the choice of material with a high index and manufacturing methods [1]. Nanoantennas and 
metasurfaces using plasmonic metallic materials show a tendency to shift towards dielectric materials due to their 
lower dissipative losses in the visible spectral range and compatibility with CMOS - complementary metal-oxide / 
semiconductor structures, which is beneficial for many applications [2–5]. In addition, nanoantennas from a 
dielectric with a high refractive index, unlike plasmon ones, can support magnetic resonances, because of the 
magnetic permeability of a dielectric of a larger unit, even having the shape of simple spheres. The key elements of 
fully dielectric nanophotonics are high-index nanoparticles - high refractive index [6], which support optically 
induced Mie-type resonances in the visible range without large dissipative losses inherent in metallic nanostructures 
and can provide isotropic electromagnetically induced magnetic properties in response to the magnetic component 
of external electromagnetic waves. Investigations of dielectric photonic structures comprising nanoparticles with a 
high index make full dielectric resonance nanodevices with a strong field gain [7] a large Purcell factor [8], an 
enhanced nonlinear response [9] with low losses and heating [10] preferred.  

The results obtained by calculating the total width of magnetic dipole (MD) resonance scattering show [1] that in 
the entire visible spectral range among all semiconductors, crystalline silicon c-Si, shows the highest figure of merit 
about 13, and for amorphous a-Si it is approximately 5. Good resonance characteristics of c-Si are caused by the fact 
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that this material is a semiconductor with an indirect forbidden band, which leads to a decrease in optical absorption 
and, therefore, to higher Q factors compared to amorphous silicon. 

It is known [11] that, due to different formation mechanisms caused by a significant difference in cooling rates 
and power density of irradiation, amorphous silicon nanoparticles are created by laser ablation, and crystalline 
nanoparticles under an electron beam. Therefore, it seems necessary to experimentally determine the difference in 
the intensity of Raman radiation and Rayleigh scattering spectra from high-index silicon nanoparticles obtained in 
different ways. 

METHODS 

Two types of particles created in two different ways were used in the work. The first type of silicon nanoparticles 
(a-Si) was obtained by laser ablation, the average particle size was 100 nm. Most of them are in an amorphous state. 
Silicon nanoparticles were collected and solidified on the glass substrate with ITO (Indium Tin Oxide) and without 
ITO (on the glass substrate). In this work, focused nanosecond-pulsed radiation of the main harmonics of a laser LS-
2131M (LOTIS TII, Belarus) with wavelength  = 1064 nm was used. The excitation pulse energy was less than 180 
mJ, and the pulse width was 8 ns with a 20 Hz repetition rate.Then they were studied by single nanoparticle dark-
field spectroscopy, dark-field optical microscopy and scanning electron microscopy SU8030 (HITACHI, Japan). 

The second type of silicon nanoparticles (c-Si) with an average size of 30 nm was obtained using an electron 
accelerator ELV-6, which is an industrially used device. A unique feature of this setup is the differential pumping 
system, which allows you to divert a concentrated electron beam from the internal vacuum volume of the accelerator 
directly into the atmosphere. The accelerator has an electron energy of 1.4 MeV; its beam power is in the range from 
0 to 100 kW (beam current up to 75 mA), and the beam power density reaches 5*104 W/mm2 at the outlet to the 
atmosphere. Because of the high energy, the mean free path of electrons in air is about 6 m; therefore, this powerful 
tool allows you to evaporate any materials at atmospheric pressure [11]. Transmission electron microscopy (TEM) 
of silicon nanoparticles created using an electron accelerator is shown in Figs. 1a and 1b. In Fig. 1b TEM, parallel 
lines inherent in the crystal structure of nanoparticles are visible. 
 

  
(a) (b) 

FIGURE 1. TEM nanoparticles of silicon created by an electron beam c-Si: 
a – groups of nanoparticles, b - single nanoparticles 

Since the positions of c-Si and a-Si nanoparticles on a substrate are random when the colloidal solution was drop 
cast onto a glass substrate, it is therefore necessary to locate their positions to correlate between the scattering 
spectra and the SEM images. For this purpose, we have developed on the substrate a mesh grid using 
photolithographic technique, and then we deposited a droplet of the colloidal solution on the substrate. The main 
steps are shown in Fig. 2 [12].  
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FIGURE 2. Schematic for the correlation link measurement setup between vivid colors and SEM images of Mie resonators 

using mesh grid photolithographic technique and drop-casting deposition 
 
The particles were observed as bright colored spots in a dark-field microscope (Zeiss, Axioimager Z2) at 50 

magnification. Optical scattering properties of single nanoparticles were studied with an optical dark-field 
microscope (Zeiss, Axioimager Z2) equipped with a high-sensitivity spectrometer (The Ocean Optics QE65 Pro 
Spectrometer)[13]. 

Raman spectra were collected in backscattering geometry using Jobin-Yvon Labram confocal spectrometer with 
He-
(Mitutoyo M Plan, 50×). 

RESULTS AND DISCUSSION 

The backward and forward scattering spectra of a-Si particles adsorbed onto a glass substrate with ITO were 
measured. Forward scattering spectra were determined only for a-Si. In Fig. 3a shows the spectra of silicon particles, 
the shape of which in Fig. 3b the image is spherical, and at a higher magnification, in the SEM image it is in the 
form of a closed chain of about 500 nm in size, consisting of coalesced small particles of various shapes with a 
diameter of 100 nm (Fig. 3b). The intensity of the backward scattering spectra is lower than the intensity of the 
forward scattering spectra, mainly due to the geometry of the experiment. Some samples have a pronounced second 
radiation maximum. The decomposition of the spectra into Gaussian components using the Origin Pro program 
made it possible to determine the positions of the maxima of the electronic (ED) and magnetic dipole (MD) 
moments of silicon nanoparticles. 

 

 
 

(a) (b) 

FIGURE 3. a) Experimentally measured forward and backward scattering spectra created by laser ablation; 
b) SEM image of silicon nanoparticles collected on the glass substrate with ITO. The scale bar in the SEM images is 500 nm 
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Experiments were carried out to measure the forward and backward scattering spectra for various cluster 
geometries- agglomerates of nanoparticles (Fig. 3b). From the obtained data, we concluded that the peak intensity in 
the spectrum of most fractions of nanoparticles is within the interval 510-568 nm. We assume that these groups of 
particles have a comparable area and the same number of spherical nanoparticles with a diameter near of 100 nm. 

The article [1] provides the calculation of magnetic dipole radiation peak wavelength. The spectral position of 
the MD resonance of a spherical particle is approximately MD 
the sphere and D its diameter. The MD peak is at a wavelength of ~ 525 nm (Fig. 3a). Calculation according to this 
formula shows that the particle diameter D = 525 nm/4.5 = 116.6 nm. Silicon nanoparticles have an average particle 
size of around 100 nm; therefore, it can be assumed that the peak of backscattering radiation is due to agglomerates 
of nanoparticles. 

The backward scattering spectrum of silicon particles created by an electron beam and adsorbed onto a glass 
substrate with ITO was measured. A comparison of the backward scattering spectra in Figs. 3 and 4 show that, for 
silicon particles created by an electron beam, the intensities of the peaks of the electron and magnetic dipoles are an 
order of magnitude higher than that of amorphous silicon. The electronic and magnetic dipole peaks of c-Si are 
shifted to the longer wavelength side, by approximately 25-30 nm, compared with ablation silicon - a-Si. It is known 
that an increase in the size of nanoparticles leads to a shift of peaks in the long-wavelength region [13]. On the other 
hand, in the case of scattering by nanoparticles on agglomerates, the distances between nanoparticles can 
significantly affect the position of the peaks [14]. The average size of a-Si nanoparticles is 100 nm, which is larger 
than the average size of c-Si nanoparticles of 35 nm. Due to the different methods for producing a-Si and c-Si, the 
surface properties of nanoparticles and, accordingly, their interaction are very different, which can lead to different 
distances in the agglomerates between particles in a-Si and c-Si. It is most likely that the detected peak shift is due to 
the predominant influence of the latter effect, because of the scattering of visible light on the nanoparticles 
agglomerates. 

 
FIGURE 4. Experimentally measured backward scattering spectra of silicon nanoparticles c-Si collected 

on the glass substrate with ITO 
 
The intensity of Raman radiation from silicon nanoparticles obtained using the electron beam - c-Si is 

approximately 30 times higher than that of n-type single crystal silicon and approximately 3 times higher than that 
of silicon obtained by laser ablation - a-Si (Fig. 5). 
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FIGURE 5. Raman spectra of Si nanoparticles created by laser ablation, electron beam, 

and n-type single-crystal silicon on ITO glass substrate 
 
As seen from Fig. 5, there is an increase of ~ 3 times that of Raman radiation in experiments on c-Si compared 

with silicon obtained by laser ablation - a-Si. In the context of spectroscopic applications, the local electric field 
enhancement is the crucial parameter that defines the efficiency of such processes as spontaneous emission, Raman 
scattering, higher harmonics generation, and others.  

According to calculations [1], the highest Q-factor of magnetic resonance (MD) is approximately 14 for c-Si, 
which is significantly higher than a-Si, with a maximum at 800 nm equal to 8. That is, the intensity of the magnetic 
dipole peaks for crystalline silicon obtained under the electron beam should exceed the intensity peaks from 
amorphous silicon obtained by laser ablation.  

Good resonance characteristics of c-Si are due to the fact that crystalline silicon has a higher polarizability than 
amorphous silicon. From the point of view of the crystal structure in c-Si, the electric dipole moment is higher, 
obviously, both due to the dipole arm and the charge, in comparison with amorphous silicon, in which the formation 
of the induced dipole moment is difficult due to numerous lattice defects. This leads to a decrease in optical 
absorption and, consequently, to higher quality factors compared to amorphous silicon which can be attributed to 
high imaginary part of the dielectric function of a-Si. 

CONCLUSION 

The experiments carried out to determine the spectra of backward and forward scattering of visible radiation, 
Raman radiation from silicon nanoparticles of various types showed the following results. The intensity of the peaks 
of the magnetic dipole resonance for crystalline silicon obtained under the electron beam exceeds the intensity of the 
peaks from amorphous silicon obtained by laser ablation. This is because of the higher quality factor of magnetic 
resonance. From the position of the band structure, the amorphous state means the presence of energy levels in the 
band gap, which prevents the effective polarization of silicon nanoparticles created by laser ablation by interacting 
with electromagnetic radiation. 

 Three times amplification of Raman radiation is observed in experiments on silicon prepared by the action of a 
relativistic electron beam in comparison with silicon obtained by laser ablation and by an order of magnitude in 
comparison with single-crystal n-type silicon. 
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Abstract. The results of an experimental study of the perturbation development created by pulsed glow discharge on the 
swept wing surface with periodic distributed roughness along the leading edge at Mach 2 are presented. The influence of 
periodic roughness on the model surface on the excitation and development of wide-spectrum disturbances in the process 
of laminar-turbulent transition is determined. It was found that the mean flow modulation in the boundary layer of a 
swept wing with a sweep angle of 40 degrees leads to a strengthening of the oblique breakdown mechanism. 

INTRODUCTION 

Despite the large number of works devoted to the experimental study of the laminar-turbulent transition (LTP), 
this problem does not lose its relevance [1-6]. A detailed study of the mechanisms of nonlinear interaction of 
disturbances in the boundary layer and their role in the process of laminar-turbulent transition are very important for 
solving the laminarization problem [7-10]. It is also necessary to create effective flow control methods. One of the 
promising methods of passive flow control is the use of surface roughness. The periodic surface roughness located 
near the leading edge of the swept wing can both stabilize the flow and bring the LTP closer to the leading edge [8, 
11]. In this paper, the results of an experimental study of the perturbation development created by pulsed glow 
discharge on the swept wing surface with periodic distributed roughness along the leading edge at Mach 2 are 
presented. 

EXPERIMENTS SET-UP 

The experiments were performed in a low-noise supersonic wind tunnel T-325 of ITAM SB RAS at Mach 
number M = 2.0 and the unit Reynolds number Re1 = (6.0 ± 0.1) × 106 m–1. In the experiments, a swept-wing model 
with a lenticular profile with a thickness of 7.7% was used, which was installed at a zero angle of attack [12, 13]. 
The sliding angle of the leading edge of the model was 40 degrees. Measurement of the mean and pulsation 
characteristics in the flow were measured with a constant-temperature hot-wire anemometer (CTA). The CTA 
measuring procedure and data processing is given in detail in [14, 15]. 

An artificial localized wave packets were generated using a pulsed glow discharge on the surface of a swept 
wing. The disturbance source design is described in detail in [13]. The experimental setup is schematically shown in 
Fig. 1a. The source of disturbances was at a distance of x ≈ 29 mm. The measurements were carried out at a distance 
of about x = 69 mm from the leading edge of the wing. 

Transverse modulation of the mean flow in the boundary layer was created using glue-based vinyl film stickers. 
Roughness is located on the top surface of the model parallel to the leading edge. Stickers were diamond shape, its 
thickness was h = 85 microns. Three configurations of the sticker location are discussed in the paper: 

• spacing between roughnesses was d = 3 mm, size a = 1 mm and l = 1.5 mm; 
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• spacing between roughnesses was d = 4 mm, size a = 1 mm and l = 2.0 mm; 
• swept wing with smooth surface. 
A photograph of the roughness elements mounted on the swept wing surface is shown in Fig. 1b. 
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(a) (b) 

FIGURE 1. (a) Experiments set-up. (b) Photo of the roughness on the model 

RESULTS 

The roughness elements on the model surface change the mean flow in the swept wing boundary layer. Figure 2 
shows a comparison of the mean flow modulation in the spanwise direction in the test section (x = 69 mm) for the 
case of a smooth wing and swept wing with periodic stickers. The established periodic roughnesses on the model 
surface create in the boundary layer of the wing a periodic modulation of the middle flow of a sinusoidal type, 
period of mean flow modulation λ corresponds to the period of roughness on the model surface d. The amplitude of 
the modulation of the average flow is approximately ±20% of the average flow in the layer.  

 

 
FIGURE 2. Comparison of the mean flow distortion in the spanwise direction for three cases of roughness arrangement 

 
Figure 3 shows the amplitude spectra over β' of the wave packet at various frequencies at x = 69 mm. From these 

data it can be seen that the modulation of the boundary layer significantly affects the amplitude wave spectra of the 
wave packet. The high-frequency part of the wave packet has a several times smaller amplitude in the modulated 
boundary layer compared with the case of a smooth model (2.5÷9.2 times for different frequencies in the boundary 
layer of the swept wing with a period of mean flow modulation λ = 3 mm; 1.7÷4 times for different frequencies in 
the boundary layer of the swept wing with a period of mean flow modulation λ = 4 mm). At a period of mean flow 
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modulation of 3 mm (Fig. 3b), the wave packet is suppressed more strongly than in the case of 4 mm modulation 
(Fig. 3c). This is explained by the fact that the period of modulation of the mean flow in the boundary layer of 3 mm 
is closest to the wavelength of the most growing stationary perturbations obtained in the calculations. The artificial 
introduction of such perturbations into the boundary layer near the leading edge (at the beginning of the perturbation 
growth zone) slows down the growth of perturbations in a wide spectrum of frequencies. 

It should be note that in the modulated boundary layer in the amplitude wave spectra, a some of additional peaks 
are observed that do not correspond to linearly growing ones. This is most characteristic for mean flow modulation 
with a period of 4 mm (Fig. 3c). At a modulation period λ = 4 mm, the peaks in the wave spectra are equidistant and 
the step between them is β' ≈1.4 rad/mm, which indicates the nonlinear interaction as an oblique breakdown. This 
distance between the peaks corresponds to the wavelength of stationary disturbances λ ≈ 4.5 mm, which is close to 
the wavelength of the mean flow distortion created in the boundary layer. Thus, the mean flow modulation in the 
boundary layer of a swept wing with a sweep angle of 40 degrees leads to a strengthening of the oblique breakdown 
mechanism, which is consistent with previously obtained results on a flat plate and a sliding wing using periodic 
controlled perturbations [16]. 

 

 
(a) 

  
(b) (c) 

FIGURE 3. Wave amplitude spectra over β' at different frequency. (a) The boundary layer on the swept wing with smooth 
surface. (b) The modulated boundary layer, λ = 3 mm. (c) The modulated boundary layer, λ = 4 mm 
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CONCLUSIONS 

The experimental data of the wave packets evolution in an inhomogeneous supersonic boundary layer on the 
swept wing with a supersonic leading edge at Mach 2 were obtained. 

The influence of periodic roughness on the model surface on the excitation and development of wide-spectrum 
disturbances in the process of laminar-turbulent transition is determined. 

It was found that the mean flow modulation in the boundary layer of a swept wing with a sweep angle of 40 
degrees leads to a strengthening of the oblique breakdown mechanism. 
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Abstract. In this paper we focus on investigation of temperature distributions in laser elements based on Yb:YAG crystal 
at cryogenic temperatures. We propose the approach to enhancing of gain coefficient by decreasing of thermal load in 
active elements based on special concentration doping profile. The results of modeling are presented and discussed. 

INTRODUCTION 

In the field of research of laser systems with high peak power the increasing of energy and pulse repetition rate 
remains an actual task. Such systems are used in experiments on the generation of attosecond pulses [1], acceleration 
of charged particles, and other applications of high power optical fields [2]. At the moment, laser systems based on 
active media with Yb ions are the most promising from the point of view of creating radiation sources with 
simultaneously high peak and average power. This is due to a small quantum defect, a large gain cross section, a 
long upper state lifetime, and the presence of a powerful high-efficiency diode pump. The technologies for 
manufacturing media doped with Yb ions are well developed, which allows one to scale active elements to increase 
average radiation power. 

At Institute of Laser Physics SB RAS all solid – state Yb-doped diode pumped high power femtosecond laser 
system operating at 1 kHz repetition rate has been being developed. It consists of an oscillator-preamplifier unit and 
two channels with optical synchronization [3,4]: laser amplification channel and optical parametric amplification 
(OPA) channel. The oscillator-preamplifier unit comprises a Yb:Y2O3 cryogenically cooled master oscillator, a 
regenerative amplifier and a gratings stretcher. The two channels are seeded by radiation produced in oscillator-
preamplifier unit. Optically synchronized channels allow to achieve reliable stability while keeping high output 
intensity and high repetition rate. The OPA channel is designed for amplification of an input ultra broadband optical 
signal up to several millijoules. A water cooled 6-pass amplifier and cryogenically cooled multielement multipass 
amplifier forms the laser amplification channel. The first amplifier increases input pulse energy level up to 15 mJ to 
make the second amplifier more efficient. The second amplifier is designed to increase input pulse energy level to at 
least 300 mJ with up to 1600 W of average pump power. 
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FIGURE 1. The layout of the high power laser system

 
The high power level of pump sources [4,5] leads to significant heating of the amplifiers active elements. At low 

temperatures the heat conductivity of solid state laser materials is usually higher than at room temperatures as well 
as the gain coefficient. Besides, for Yb:YAG there are strong dependencies of heat conductivity and gain cross-
section on the concentration of doping ions. The heat conductivity is inversely proportional to the concentration 
value, but gain cross-section is proportional. Therefore, significant temperature dependencies of both the physical 
and laser properties of Yb:YAG elements in high-power laser systems, the gain has a complex dependence on the 
parameters of the pump radiation. 

In this paper we propose a novel approach to enhancing of gain and decreasing of thermal load in active 
elements based on volumetric doping profile. In papers [6,7] the approach of gradient doping to reduce a thermal 
load is discussed, however, the dependencies of material properties of active medium on temperature are not taken 
into account. Therefore, to optimize pump parameters in cryogenically cooled laser amplifiers with high average 
power diode pumping, it is necessary to simultaneously account all of the above parameters and dependences.  
Previously, we have constructed time-dependent three-dimensional model for the laser amplification process with 
accounting of the effect of the temperature distribution on the thermophysical and lasing characteristics of gain 
media [4]. In the next chapter, a model describing the heating of a gradient-doped media with temperature-
dependent parameters is presented. 

THEORY AND MODELING 

To find temperature distribution in the gradient-doped active elements, we have numerically solved time-
dependent 3D heat transfer equation coupled with laser rate equations: 
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where T- temperature,  - density, c - heat capacity,  - heat conductivity of material, Q - laser thermal source that in 
general form is determined as: 
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where Ip, Pa intensity and absorbed power of laser source (in this paper we assume gaussian spatial intensity 
distribution with a constant diameter of the beam profile in the active medium), a – absorption coefficient defined 
as: 
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where fij is occupation factor of ij energy level of Yb:YAG and determined as 
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The heat transfer equation needs to be coupled by appropriate boundary conditions: 
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where the first equation relates to insulated boundaries and second corresponds to a temperature balance between the 
active element and mount. To solve (1) we use finite difference method with spatial splitting [8]. 

It should be noted that the same value of absorbed pump power at the various concentration of dopant ions leads 
to the different temperature distribution in active element [5]. As a way to increase amplifier efficiency and reduce 
maximum temperature, we consider in this paper the gradient-doped active element with the radial distribution of 
the laser ions. Based on the model given above, we simulated the thermal fields in Yb:YAG active element with 
concentration profile depended on pump power spatial distribution (Fig. 2). 
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FIGURE 2. a) Pump power spatial distribution and concentration profile of dopant ions; 
b) Temperature distribution along radial axis at the face of the active element 
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FIGURE 3. Temperature distribution at the center of the active element along pump axis 

 
Modeling parameters for the active element and pump beam corresponded experimental data [9]. Modeling 

results of Fig. 2 based on following conditions: 
 

1 2
0 0

exp ( ) exp ( ) exp
l l

absorptionpump z dz z dz const   (6) 

 
where l and 2 represent absorption coefficient of the active element. Constant absorption exp(- ) provides equal 
conditions by the total absorbed pump power. Despite the equal pump conditions the temperature distributions are 
different. Case of constant doping stands out the temperature maximum, but radial concentration profile decreasing 
of the temperature value and makes it smoother. Smooth transversal temperature profile decreases phase shift of 
trespassing beam, which is important to keep high quality of the amplified radiation. 

Last, but not least, laser amplification process depends on the gain cross-section, reducing of the average 
temperature provides the higher amplification efficiency. Gradient doping allows one to decrease rectilinear 
temperature gradient and increase maximal possible gain. Figure 3 shows the temperature distribution at the center 
of the active element along pump axis. 

CONCLUSION 

To calculate thermal distribution in the Yb:YAG active element, 3+1D heat transfer equation was numerically 
solved. The solution was done by the algorithm based on the spatial splitting method. To achieve high performance 
and keep high accuracy a parallel algorithm was implemented. 

Temperature distributions in Yb:YAG medium with radial spatial distribution of dopant ions depended from 
pump power characteristic were simulated and discussed. It has been shown that the radial concentration profile 
decreases maximum temperature value about 30 % in comparison to classical active element with constant dopant. 
Therefore, the approach of using the active elements with radial concentration distribution to increase the gain 
efficiency looks very promising for high average power laser amplifiers and systems. 

The results of modeling are used in the development of the diode-pumped high power laser amplifier operating 
with pulse repetition rate up to 1 kHz. 
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Abstract. Tests of 09G2S steel specimens were performed under cyclic loading, modes of which were selected based on 
the amplitude dependence of the thermal effect of deformation. The thermal activation analysis of the longevity of 
specimens that had a significant heating, as a result of which their fracture took the form characteristic of cyclic creep, 
was carried out. It is concluded that only the part of the work spent during loading or the energy supplied from the 
outside that changes the internal energy of a solid body determines the rate of its failure. Under static loading, fracture 
can occur without performing external work. The calculated longevity curves are constructed using the relationship of 
processes of deformation and fracture, excluding the work expended during this. 

INTRODUCTION 

Any material is inelastic medium, and under cyclic loading it is necessary to perform work that almost 
completely passes into thermal energy. The energy required for the fracture of the material is drawn from the 
internal energy of the solid, the measure of which is the temperature. By reproducing processes of inelastic 
deformation of a material in calculations using rheological models, calculating the thermal effect and solving the 
problem of thermal conductivity, it is possible to determine the part of the work spent that passes into the internal 
energy of a solid and accelerates the failure process [1]. 

 

  
(a) (b) 

FIGURE 1. Selection of loading modes based on the thermal effect of inelastic deformation of 09G2S steel for two areas  
of temperature difference increase associated with hysteresis-type inelasticity (loading frequency 10 Hz) [3] 
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On the other hand, thermal effects themselves can provide information about the structure of the material and the 
type of its inelastic characteristics [2]. Figure 1 shows an example of measuring the temperature difference between 
the middle and the edges of the working part of the plate made of steel 09G2S, subjected to cyclic loading. The 
stress amplitude a increased stepwise at a constant mean cycle stress m. The procedure for dividing the thermal 
effect into the relaxation and hysteresis parts of inelastic deformation is described in [1, 3]. 

Curve 1 (parabola, Fig. 1a) represents the thermal effect caused by relaxation-type inelasticity. Curve 2 shows a 
further increase in heating as a result of local plastic deformations in the material. Subtracting from the total heating 
the temperature difference associated with the relaxation background of internal friction, we obtain two areas of 
increase in the heating temperature due to inelasticity of the hysteresis type (Fig. 1b). 

The temperature difference component that characterizes the inelasticity of the hysteresis type Th is associated 
with the loading amplitude that causes fatigue fracture of such a specimen. The rate of inelastic deformation in the 
form of opening of the plastic hysteresis loop over the period of the loading cycle, calculated from the thermal 
effect, is related to longevity, as is the creep rate with the time of fracture. For materials with low thermal 
conductivity, thermal effects should be analyzed at the initial stage of heating, extrapolating the heating curve at a 
time equal to zero, in order to methodically eliminate errors associated with other ways of heat removal [2]. 

TEST RESULTS 

An increase in loading amplitudes leads to a significant increase in the heating temperature in their middle part 
and a transition from the process of fatigue failure to fracture as a result of cyclic creep. The type of cracks formed 
at the point where the plate breaks confirms the nature of this case of fracture. Figure 2 shows the appearance of a 
specimen that has fractured as a result of cyclic creep, and Fig. 3 shows the appearance of surface cracks. 

 

 
FIGURE 2. Type of specimen made of 09G2S steel, which fractured as a result of cyclic creep. 

Heating temperature in the middle of the plate ~588 K 
 

 
FIGURE 3. Surface cracks in 09G2C steel specimen that fractured as a result of cyclic creep.  

Heating temperature at the point of failure ~588 K (rotated by 90 ) 

030033-2



With the preferential removal of heat into grips of the testing machine, the temperature field has the form of a 
parabola with a maximum in the center of the working part of the specimen, which is fully consistent with the 
theoretical calculation [1]. The temperature and its distribution along the length of the plate can be judged by the 
colors of the tint on its surface. 

In the break of the specimen, you can also see the distinctive features of fracture of this type. Figure 4 shows a 
snapshot of the fracture of this specimen, which shows the front of the developed macro-cracks. Their origin 
occurred at once in three places from smaller cracks distributed over the surface that are seen in large numbers in 
Fig. 3.Their shape differs from that of fatigue cracks, which usually have a much lower concentration [1]. 

 

 
FIGURE 4. A type of break of a specimen of 09G2S steel, which was fractured by cyclic creep. 

Arrows show the place of origin of macro-cracks ( 8) 
 
After performing a thermal activation analysis of those loading cases that caused this effect, values of the 

fracture activation energy (FAE) were calculated, which were found to coincide with the force dependence of the 
FAE during monotonous loading of steels with similar chemical composition (Fig. 5) [4]. Values of U( ) are equal 
to the product of the universal gas constant R by the absolute temperature T and the logarithm of the product of the 
longevity by the characteristic Debye frequency 0 = 1013 s  [5]. For time-varying stresses , the equivalent value  
is calculated, reduced to the maximum stress values depending on the time trajectory of loading [1]. 

 

 
FIGURE 5. Force dependences of the FAE of steel 08 under monotonous loading in the temperature range of 293–973 K (1)  

and steel 09G2S under cyclic loading with heating up to 389–588 K (2, loading frequency of 2 and 10 Hz) 
 
Monotonous loading is also a case of failure resulting from creep (i.e., over time), as is the longevity determined 

under constant stresses [1]. The rupture of a material specimen under monotonous loading also produces a thermal 
effect as a result of the plastic flow distributed along the length of the specimen, and the rupture of interatomic 
bonds. A heat wave propagates from the surface of the rupture, which can be used to calculate the energy released at 
the site of the rupture. The same happens with fatigue failure at the moment of propagation of the main crack in the 
cross-section of the specimen. 
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Defining in some way the speed of inelastic deformation for a given value of the established temperature of the 
material in a particular design, and linking them with the longevity that is obtained based on the longevity 
characteristics of the loading cycle. Figure 6 shows this relationship for two sections of the amplitude dependence of 
inelastic strains selected by the thermal effect of cyclic deformation (Fig. 1). In other words, the fatigue curve is the 
envelope of the curves of inversely proportional dependences of longevity on increments of inelasticity at each 
section of its amplitude dependence [1, 4]. It is assumed that the increment of inelastic strains is associated with the 
appearance of new places of local plastic strains due to the structural heterogeneity of the material. This is indirectly 
confirmed by comparing calculated and experimental values of longevity [1]. Direct observations of the formation 
and development of damages in the material show that they appear in various places of its structure. It all depends 
on the amount of stress, temperature, and duration of the failure process [6]. 

 

 
FIGURE 6. Averaged calculated amplitude dependences of the longevity of steel 09G2S at two values of mean cycle stresses:  

at symmetrical cycle (1, 2), at m = 50 MPa (3–5), and the longevity of individual specimens with heating (5) 
 
The longest-breaking specimen at amplitude of 300 MPa was tested at a frequency of 2 Hz and warmed up only 

to 389 K. But its longevity is less than the fatigue life for this loading frequency. For the FAE, this result 
corresponds to a fracture in its force dependence associated with relaxation processes in the alloy structure (Fig. 5). 
Other two specimens, tested at a frequency of 10 Hz, showed significantly less longevity as a result of heating, 
although fatigue failure is usually much faster. Curves (1–4) in Fig. 6 are obtained at a heating temperature not 
exceeding 300 K. 

Fyodorov conducted experiments in which the work expended under cyclic loading was measured, from which 
all the allocated heat energy was subtracted [7]. The result was a difference of two very large numbers, which had a 
large scatter, which the author took as a criterion of fracture. However, the amount of work performed depends on 
the loading amplitude, which is associated with the number of local volumes where variable microplastic strains 
occur. This is evidenced by the inelastic component of the hysteresis-type strain that increases with increasing 
amplitude in the loading cycle. And the longevity is in principle determined by one volume, in which the germ of a 
macrocrack will appear before others. Therefore, you need to know the entire volume to which the absorbed energy 
belongs, and estimate measurement errors. Inelastic strains are also an integral characteristic of material behavior, 
but the statistics of their relationship to longevity solve this uncertainty [1]. 

When a material is exposed to high-energy radiation, the process of its failure is also accelerated, since there is a 
direct change in the internal energy of the solid [8]. Figure 7 shows the effect of accelerating the creep process of 
caprone and polymethylmethacrylate (PMMA) when the UV source is turned on. After the irradiation is stopped, the 
creep rate returns to the previous level. 

Estimates of the rate increase during irradiation show that at these values of irradiation intensity and stress, the 
creep rate of caprone increases by 23.7 times, and the creep rate of PMMA – by 62.9 times. The effect, of course, 
depends on the quantum yield, that is, on the part of the energy absorbed by the material that directly affects the 
strained atomic bonds [8]. 

On the other hand, we can give an example of the fracture of a material without performing any work and 
supplying energy. We are testing fiberglass rods loaded with longitudinal bending. Tests have been conducted since 
2001 at room temperature and constant bending moment. To date, 21 of the 40 specimens loaded with the same 
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moment have fractured. The work was spent only when loading. For some time, small increases in the movement of 
free ends of the rods were required to maintain a given bending moment, since the creep of the binder led to a 
redistribution of forces between the fibers. In recent years, this was no longer required, and the potential energy of 
elastic strains practically did not change, and the specimens were fractured. 

 

  
(a) (b) 

FIGURE 7. Dependence of the flow rate of materials under periodic exposure to ultraviolet radiation [8]: caprone oriented, 
experiments in vacuum,  = 650 MPa (a); PMMA,  = 30 MPa (b). Irradiation intensity j  0.2 cal/(cm2 min),  

room temperature; t1 – the moment of switching on UV radiation, t2 – the moment of switching off 
 
Figure 8 shows force dependences of the FAE of these rods together with results of other experiments carried out 

at constant or increasing bending moments and various test temperatures. Conditional stresses calculated by the 
hypothesis of flat sections are plotted along the abscissa axis. They allow us to characterize for comparison only the 
level of loading of specimens. Here U0 is the initial FAE. 
 

 
FIGURE 8. Force dependences of the FAE of fiberglass rods with a diameter of 5.5 mm loaded with longitudinal bending  

at different temperatures, C: 60 (1), 50 (2), 18–25 (3 4). Circles are a constant value of the bending moment, rhombuses 
are a monotonously or stepwise increasing bending moment (constructed from the average logarithmic values of longevity  

or the average values of conditional bending stresses at the moment of fracture of specimens when they increase –  
the so-called “strength”) 

 
The drawing shows the following. First, results of thermal activation analysis show the effect of creep of the 

binder on the longevity or the value of the maximum bending stress when they increase. For rapid fracture, when the 
stress value is significant, we obtain a linear dependence U( ), indicating a practically stable state of the material 
structure. Reducing the stress or loading speed leads to deviations from the straight U0 , which indicates a 
decrease in internal stresses, probably due to a more uniform loading of fibers. The longevity has become much 
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greater. Faster loading or a decrease in temperature gives deviations from this line in the opposite direction similar 
to what was seen in Fig. 5. The activation volume  increases because the initial process of unsteady creep does not 
occur completely [9]. 

Second, the FAE at stresses  = 1206 MPa, which were loaded on previously mentioned specimens at room 
temperature, almost coincides with the FAE of specimens loaded with similar stresses at a temperature of 50 C. 
This may be due to the fact that initial values of the FAE (U0) of epoxy resin and glass fiber, which have not been 
subjected to any pre-processing, almost coincide [10], and flow rates and failure of both materials are thus 
quantitatively interrelated. A higher temperature value in this case requires more work to maintain a constant 
bending moment. 

When stress increases, the work spent on loading and the work associated with the inelastic deformation process 
are performed simultaneously. But if you stop the loading process and fix the deformation, the failure will continue 
without spending energy. Energy is also released [8]. And the energy contained within the material is released, 
including, of course, some of the stored energy of elastic strains. And you can fracture the material without stress. 
Stresses only accelerate the failure, direct the process of mass transfer and create conditions for their irreversibility. 

Longevity, therefore, should not be associated with the work spent on fracture, but with the rate of plastic 
deformation, general or local. Those failure criteria that are based on the relationship of longevity with the work 
expended or energy dissipated in the material are applicable only for special cases of loading. In each case, these 
relationships are different. 

The calculated longevity curves shown in Fig. 6 are based on the relationship between the processes of 
deformation and failure. The rate of fracture is calculated using mathematical models that calculate both interrelated 
processes by time steps: general and local flows in the material and accumulation of damage distributed by volume 
[1, 11]. With external energy influences, an additional contribution to the rate of fracture appears which accelerates 
this process [8]. The mediator between external influences and longevity, it is the work expended upon fracture, 
must be excluded. 

CONCLUSION 

Thus, inelastic deformations that cause an increase in the temperature of the material and thereby increase its 
internal energy should be taken into account depending on the thermal properties of the material used and conditions 
of heat removal, so that there is no premature fracture as a result of its increase. The work expended during cyclic 
deformation of a solid body is a concomitant factor that is not directly related to the rate of its fracture. 

Microplastic strains that cause the appearance of inelasticity and thermal effects will be the result of the failure 
process, the development areas of which are distributed over the volume of the material. Only that part of the work 
spent on cyclic loading will change the rate of fracture, which increases the temperature of the material. And only 
that part of the energy supplied from the outside, which directly changes the internal energy of a solid body, will 
accelerate the process of its fracture. And the rate of fracture should be associated with the rate of plastic 
deformation, not the work spent. If necessary, it can always be calculated. 
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Abstract. Investigations of the excitation and development of contrarotating longitudinal vortices in a supersonic 
boundary layer of a flat plate are considered in this paper. The experimental study was conducted on the model of blunt 
flat plate at Mach 2 and unit Reynolds number Re1 = 8×106 m-1. Vortices in the boundary layer of the model were 
generated by weak shock waves from a pair of 2D-irregularities on the walls of the wind tunnel test section. The 
measurements were performed by a constant-temperature anemometer. According to the experimental conditions, the 
interaction of longitudinal vortices is not observed. Spectral and statistical data analysis showed that longitudinal vortices 
do not lead to a laminar-turbulent transition in the measuring area. 

INTRODUCTION 

The study of laminar-turbulent transition phenomenon is one of the most important problems of aerodynamics. 
At supersonic speeds, weak shock waves can be emitted from the aircraft surfaces. It can affect the flow in the 
boundary layer of the wing. Such effect was studied experimentally and the results are presented and described in 
detail in [1-8]. In previous experiments [1-8] and numerical [9-10] studies on the study of external Mach waves 
influence on the boundary layer flow, it was found that Mach waves are able to generate longitudinal vortices in the 
boundary layer. In this paper, we study the excitation and development of contrarotating longitudinal vortices in 
supersonic boundary layer of a flat plate. 

EXPERIMENTS SET-UP AND DATA PROCESSING 

The experiments were carried out in a T-325 supersonic wind tunnel of ITAM SB RAS at Mach 2 and unit 
Reynolds number about 8 million per meter. A detailed description of the tunnel is given in [11]. In the experiments 
a model of a flat plate was placed under zero attack angle. The experimental set-up is shown in Fig. 1. To produce 
weak shock waves pairs two 2D-irregularities were situated on the sidewall surfaces of the test section. Stickers had 
about 150 mm in length, about 7 mm in width and about 0.23 mm in thickness. To measure the supersonic flow 
characteristics, the constant temperature anemometer (CTA) with single tungsten wire of 10 microns in diameter and 
1.5 mm in length is used. 
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FIGURE 1. Experiments set-up 
 
The mean voltage E of output signal from the CTA was measured by a digital voltmeter Agilent 34401A. Output 

pulsation signal component from the CTA was digitalized by 12-bit analog-to-digital converter (ADC) and recorded 
to the computer memory. The sampling frequency of this ADC is 750 kHz, the implementation length is 65536 
points. At each point in space, 4 measurements were performed, which made it possible to reduce the mean-square 
error of measurements. 

RESULTS 

The mean and pulsation flow characteristics in spanwise direction at x = 60, 100 and 140 mm were measured. 
 

  
(a) (b) 

FIGURE 2. (a) Mean mass flow rate and (b) Pulsation amplitude distributions over z coordinate
 
As can be seen from the distributions in Fig. 2(a), when the fronts of weak shock waves 1 and 3 hit the leading 

edge of the model, two oppositely rotating stationary longitudinal vortices are generated in the boundary layer. The 
amplitude of these vortices increases downstream, while their transverse size and position along the model width 
remains almost constant for all the x values considered. It can also be noted that vortices develop independently. 

The distribution of the pulsation signal levels shown in Fig. 2(b) illustrates that in the region of vortices, the 
mass flow pulsation amplitude increases significantly in comparison with undisturbed flow case and also increases 
downstream. 

Spectral and statistical analyses of the measured pulsations were performed. The amplitude-frequency spectra of 
the mass flow pulsations measured in the boundary layer and the dependences of the density function on the 
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standard deviation  were received for the cross sections x = 60, 100 and 140 mm. The results are presented for z-
coordinates corresponding to the longitudinal vortices location area.  

 

  
(a) (b) 

FIGURE 3. Mass flow rate pulsations analysis in the cross section x = 60 mm: (a) Amplitude-frequency spectra, (b) The 
dependence of the density function on the standard deviation  

 

  
(a) (b) 

FIGURE 4. Mass flow rate pulsations analysis in the cross section x = 100 mm: (a) Amplitude-frequency spectra, (b) The 
dependence of the density function on the standard deviation  

 

100 101 1022 3 4 5 67 2 3 4 5 67 2 3 4
f, kHz

10-4

10-3

10-2

10-1

100

1
3

2
4

2
4

2
4

Af,%
 z=-5,0 mm
     -2,0
     -1,5
     -0,5
      0,9
      1,9
      2,5
      3,3
      4,3
      6,3
 unperturbed flow

-4 -2 0 2 4 6
 

 Gauss
 z=-5,0 mm
     -2,0
     -1,5
     -0,5
      0,9
      1,9
      2,5
      3,3
      4,3
      6,3

0.0

0.1

0.2

0.3

0.4

0.5
 f(

100 101 1022 3 4 5 67 2 3 4 5 67 2 3 4
f, kHz

10-4

10-3

10-2

10-1

100

1
3

2
4

2
4

2
4

Af,%
 z=-5,1 mm
     -3,2
     -2,1
     -1,4
     -1,0
      0,3
      1,6
      2,5
      2,9
      3,7
      5,5
 unperturbed flow

-5 -4 -3 -2 -1 0 1 2 3 4 5
 

 Gauss
 z=-5,1 mm
     -3,2
     -2,1
     -1,4
     -1,0
      0,3
      1,6
      2,5
      2,9
      3,7
      5,5

0.0

0.1

0.2

0.3

0.4

0.5

 f(

030034-3



  
(a) (b) 

FIGURE 5. Mass flow rate pulsations analysis in the cross section x = 140 mm: (a) Amplitude-frequency spectra; (b) The 
dependence of the density function on the standard deviation  

 
As it is evident from Figs. 3(a), 4(a) and 5(a) the low-frequency part of the spectra grows relatively the submitted 

data for unperturbed flow. It allows us to conclude that there is no turbulence and the transition process in this area. 
According to Figs. 3(b), 4(b) and 5(b), the distributions deviation from the Gauss function does not exceed 15%, 
which indicates a locally nonlinear character of the perturbations. 

CONCLUSIONS 

An experimental study of the effect of external weak shock waves on supersonic boundary layer of a flat plate 
with blunt leading edge is performed. As a generator of weak shock waves a pair of two-dimensional stickers was 
used. Based on the results of this work, we can draw the following conclusions: 

1. When weak shock waves 1 and 3 hit the leading edge of the model, two oppositely rotating stationary 
longitudinal vortices are generated in the boundary layer. 

2. The amplitude of these vortices increases downstream, while their transverse size and position along the 
model width remains almost unchanged for all the considered cross sections. 

3. Vortices develop independently. 
4. In the region of vortices, the mass flow rate pulsations amplitude levels increase significantly  
5. The mass flow rate pulsations amplitude levels grow downstream. 
6. Spectral and statistical analysis of the data showed that longitudinal vortices do not lead to laminar-turbulent 

transition in the measuring area. 
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Abstract. ITAM SB RAS is a developer of liquid-crystal (LC) coatings and methods of their application in the aerodynamic 
experiment launched by R.I. Soloukhin. Today, such coatings for panoramic diagnostics of temperature and skin friction shear 
stresses on the studied model include several LC types and techniques. The paper presents special software for automated 
processing of experimental data which expands the potential of the LC sensors and permits obtaining the calibration dependence 
and quantitative data about the studied parameters.  

INTRODUCTION 

It is of common knowledge that anisotropic liquid-crystal (LC) materials feature a big variety of optical effects [1-2]. 
Thermal, mechanical, electrical, magneto-optical and other effects are the best studied. All these effects and their mutual 
influence draw interest as the object of fundamental and/or applied investigations, including the experimental aerodynamics. 
In particular, LC sensors based on cholesteric LC (CLC) are the effective tool for panoramic diagnostics of flows. 

In Russia, ITAM SB RAS is a developer of liquid-crystal (LC) coatings and methods of their application in the 
aerodynamic experiment launched by R.I. Soloukhin. The LC sensors can be divided to two purpose groups: for diagnostics 
of temperature fields and shear stresses on the model surface [3]. Recently, the capabilities of hybrid LC coatings with 
luminophore are studied in order to perform the simultaneous diagnostics of the temperature T and pressure Р fields. The 
importance of these parameters results from their effect on the flow pattern and its variation with time and hence on the fuel 
flow rate and flight safety. 

The LC thermography (LCТ) method is the most used; it permits finding the temperature field and thermal print of the 
flow topology on the studied model surface. Moreover under certain experimental conditions, for example, at the constant 
density of the heat flux on the surface, the temperature map visualizes simultaneously the heat flux density distribution. As 
well as, having the time dependence of temperature Т(х,y, t) and shape of the input thermal pulse, one can find the heat flux 
distribution which is especially important for the parametric investigations of the heat exchangers or aerodynamic heating. 
In case when the Reynolds analogy is met, temperature distribution permits finding the distribution of the skin friction 
coefficient Сf. 

All these panoramic optical methods manipulate with images or video-records of the optical response of the LC coating 
to the external disturbances recorded in the aerodynamic experiment. Special software of automated processing of the data 
from such experiments expands the potential of the LC sensors and permits having the calibration dependence and 
quantitative data about the studied parameters. At the same time, such a soft is usually not multi-purpose, but is developed 
with due regard to the characteristic of a certain facility. 

The paper describes the capabilities of the soft purposed to automate the analysis and processing of big arrays of 
experimental data obtained by means of LC coatings sensitive to temperature and skin friction tangential stresses. At the 
same time, the program can be useful for the study of other panoramic effects. 

The soft is purposed to display and process information from video files and image files of different formats. The main 
program IFM works under the operating system MS Windows, versions 7 and later. To decode the video, the free library 
libVLC is used, which guarantees many types of supported video files. There is the possibility to send the chosen processing 
parameters from external programs, and start of the external processing directly from the IFM, the parameters are sent in the 
text form. A number of Python scripts were prepared as such expansions. Python was chosen owning to a large set of 
available libraries for calculations and results display and convenient text interface for parameter transfer and calculation 
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control. It permits, when necessary, fast expanding the processing capabilities and data presentation. The soft was used with 
Windows 10 Pro and Windows 7 with included libraries VLC (versions above 3.01). To run scripts, we used Python 3.7 
with modules Opencv-Python (processing of data from video files), Numpy (matrix calculations), and Matplotlib (graphic 
data presentation). 

INTERPRETATION OF THE DATA OBTAINED BY CHOLESTERIC LIQUID CRYSTALS 

The feature general for the panoramic methods considered in this paper is utilization of the LC optical response, namely, 
its color as the primary information. All colors as an integrity of 3D affine vectors can be presented geometrically in the 
space referred as the affine color space. To “measure” the color, the system of coordinates is assigned in the color space 
with the aid of basic colors. In this work, the color coordinates in the НSI system (hue Н, saturation S and intensity) are 
used as the metrological characteristic of the LC coating color; they are re-calculated from the RGB coordinates with the 
non-linear transformation. 

In the НSI system, coordinate Н - hue is the intuitively understood value which changes inversely proportional to the 
dominating wavelength λmax of the LC selective reflection. According to the measurements, there is the range in the 
selective reflection area of the cholesteric LC, in which the hue is unique monotonic related with the measured physical 
value (temperature or tangential stress). Normally, as the temperature, the dominating  wavelength λмах of the cholesteric 
LC selective reflection decreases, or the LC coating color changes from red to blue. In the НSI system it corresponds to the 
rise of the color coordinate H. 

The other two coordinates (S – saturation and I – intensity) can be used for additional analysis and pre-processing of the 
initial data (rejection of abnormal values or the values with no physical sense; fill-in-the-blanks). Information about HSI 
coordinates can be used for the visualization of the flow pattern and choice of the position of discrete sensors, or (in the 
presence of calibration), to gather quantitative data about the fields of the studied values. Thus, the calibration modulus is 
the major one for the aerodynamic experiment preparation and LC coating choice. 

In the general case, interpretation and algorithms of the digital processing of experimental data depend on experiment 
purposes and form of the input action (step, pulse, or arbitrary). Now, most experimentalists applying the LC in 
aerodynamic and thermo physical researches, both for LC calibration and measurements, use the step (or quasi-step) input 
action. In this case, the secondary digital processing of experimental results is simpler. For the arbitrary input impulse, 
respective mathematical tools and processing algorithms are needed. 

BASIC OPERATIONS WITH EXPERIMENTAL DATA 

The main window of IFM program is a specialized video player (Fig. 1). The user chooses video frames and/or frame 
sequence. Instead of the video frame, an image can be downloaded from a file. In Fig.1 the main window of IFM program 
and example of user script are shown. 

 

 
(a) (b) 

FIGURE 1. The screen shot of main window of IFM program (a) and run script window (b) 
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Preliminary processing permits making the following basic operations:  
• enter of experiment job definition (date, experiment number, series, serial cycle, horizontal (in the studied surface 

plane – azimuth ϕ) and vertical (in respect to the surface normal – the polar angle θ) angles of position of 
registering cameras); 

• tour and navigation of video-records in file formats МР4, АVI; 
• selection of the process time interval.  
It is available to set the time values of several video frames and the marker position in the frame. In particularly we can 

set of 2 frames as the first and last frames of frame series. By pressing the corresponding button or menu item, the operator 
sets the time of the current frame as the time of the frame associated with this button or menu. 

• selection of the window with the current frame in which the image can be rotated via entering the rotation angle 
value in the input field; This procedure is necessary for the spatial coordination of the frames registered at different 
angles of registering apparatus positions. 

• averaging of color coordinated by the preset window; 
• scaling coefficients by two coordinates. 
The dialog of parameter adjustment for each algorithm and data file creation for the processing is made in the Pyton 

language. 

CALIBRATION AND DIGITALIZATION OF EXPERIMENTAL DATA 

In the general case, the developed soft permits live calibrating of the CLC hue versus the level of the input action 
(temperature Т or tangential stress τ). It is important to obtain the array of the images registered at the assigned levels of the 
studied values, experiment geometry and lighting. The peculiarity of the LC is the presence of the angular dependence 
which, when necessary, can be reduced or increased to a certain degree by means of variation of the content of the multi-
component mixture in the same way as the sensitivity to the studied parameters T and τ. 

The user’s interface includes the following operations: digitalization of the experimental data, calibration, approximation 
by polynomials, enter of 1D and/or 2D calibration as a polynomial or a table of values.  

DATA PRESENTATION AND ANALYSIS 

The secondary processing includes: 
• graphic spatial and temporal presentation (graphs are formed by the values along the top or left boundary of a 

selected rectangle. They can be shifted with a mouse, or to select an area in the graph for the more detailed display 
(or to return back the limits to show the whole graph) (Fig. 2);  

• 2D and 3D presentation of the data on the hue and digitalized physical values (Fig. 3-4); 
• data export for buffer storage and drawing of the fields of studied physical values. 
When calculating the hue (Hue) value, the operator can indicate the necessary conditions – the minimal brightness (I) 

and minimal color saturation (S), the absent amplitude of saturation of R, G, B components). If the conditions are not 
satisfied, the black color is displayed. Moreover, not every color from the range (H min - H max) can be input for Hue. If Hue 
is below Нmin, the black color will be displayed. If the measured value is above Нmax, the white color will be displayed. 

 

 
FIGURE 2. The screen shot of the window with example of temporal evolution of the LC color coordinates  

RGB and H in the point on the wing surface (142, 89), see Fig.1, gray rectangle 
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FIGURE 3. The screen shot of the window with example of 2D distribution of LC hue 

 

 
FIGURE 4. The screen shot of the window with 3D surface temperature distribution 

 
Despite the coordinate system HSI is treated as not suitable for vector operations, arithmetic operations can be used, for 

example, subtraction and division for comparison and rating. The program permits plotting a map by the combination of hue 
values of 2 frames, the basic and chosen current ones. To do this, the operator should choose the operation “Subtract” or 
“Divide” and indicate respective parameters. Chosen “No operations” makes the program calculate only in the current 
frame. The intensity (brightness) is shown for the current frame only.  

It opens extra capabilities for the interpretation of the LC sensor optical response. For example, subtraction of the initial 
frame from the current one permits, for example, determining the relative spatial position and extension of the areas of the 
one-dimensional (1D) flow separation in which the LC coating did not change its color. Or, excluding defect influence. 
However, such an operation with Hue matrices is correct only in the sector of the linear dependence of the tangential stress 
τ on Н. 
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CONCLUSIONS 

Liquid crystal sensors are successfully used in different aerodynamic experiments for panoramic diagnostics of the flow. 
The developed software opens new potentials for the fundamental and applied researhes both of the LC coatings and the 
results of application of various sensors based on cholesteric LC and effect of selective light reflection. Application of user 
Phyton scripts provided additional processing capabilities due to OpenCV -Pythons, Numpy and Matplotlib modules. 

Automatization of the process of optical and physical analysis of LC materials and LC-based sensors for the solution of 
applied task of aerodynamics saves time and increases the informative value of the experiment. 
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Abstract. The operational principle and structural version of a gas discharge source of charged particle fluxes (both 
electrons and ions) is described. Some properties of particle fluxes generated by this source are given. The differences of 
this device from widely known electron and ion guns come down to the fact that it applies the effects of escaping 
electrons and gas rarefaction in a high-current electron discharge. The use of these effects ensures the performance of this 
device under a relatively high operating pressure (up to several kPa), provides large angular apertures of particle fluxes 
(up to 180°) for electrons for a large current amplitude (more than 100A), and allows obtaining a series of pulses with a 
duration longer than 10 ms each. The particle energy in the experiments described does exceed 750 eV. Several research 
problems for a more detailed study of physical processes occurring in the source are formulated and a few ways for its 
practical use are proposed. 

INTRODUCTION 

The operational principle of the device under consideration is based on using the effect of “escaping electrons”. 
This effect can be observed during acceleration in an electric field of electrons propagating in a substance and 
having an initial energy of hundreds of eV to approximately 2 MeV. In this range, the larger the electron energy, the 
lesser electron energy lost during collision. Therefore, if the field density is quite large, then electrons on the mean 
free path gain more energy than they lose. In this case, energy losses during acceleration reduce. 

The phenomenon of “escaping electrons” is observed either with high field density [1] or sufficiently large 
length of the mean free path. The latter can be increased using the density reduction effect in the channel of a high-
current electric charge [2, 3]. 

EXPERIMENTAL DEVICE 

Experimental testing of generating charged particles fluxes in the straight-line gas discharge is carried out using 
the device from [2], whose version is shown in Fig. 1. 

A discharge is formed between two electrodes - a solid electrode (1) and an electrode with a hole (2). Bent 
dielectric plates with holes 3 are placed between the electrodes so as the hole centers in them and in electrode 2 are 
arranged in a straight line. The plates are made of fiberglass impregnated with epoxy resin and wound on cylindrical 
mandrels with a diameter of 15 to 60 mm. The plate thickness is 0.3 mm, and the length along the axis is 50 mm. 
The angular size of the plates varies from 180° to 45° for inner and outer cylindrical plates, respectively. The plate 
closest to anode is plane and glued to it. The discharge 4 should pass through the holes as shown in Fig. 1 by an 
arrow. In order for the discharge to fit through the holes, the size of dielectric plates should be sufficiently large, and 
the first discharge should be formed by closing the discharge gap by a thin wire with a diameter of no more than 0.1 
mm. The electric field that accelerates the particles is averagely directed along a straight line. An accelerated particle 
flux 5 is caught by a collector 6. Between the discharge gap (accelerator) and collector, there is a grounded metal 
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grid 7, separating possible discharges between the electrodes and collector, but being semitransparent for the 
accelerated particles. The distance d between the electrode (2) and collector (6) can be specified up to 200 mm and 
diameter of the collector up to 160 mm. The elements 1-7 are placed inside the evacuated accelerator chamber. The 
value of electric current in the collector Icol is measured using a current transformer 8. The accelerator is powered by 
a condenser C that is discharged through the discharge gap via a controlled discharger G and inductivity L. Before 
the run, the condenser is powered via a resistor R1 up to voltage U, which may vary from 20 to 30 kV. The value of 
inductivity is chosen from the condition of sufficient duration of the discharge half-cycle, during which required 
rarefaction is reached on the discharge axis due to the gas spread caused by the discharge run. The discharge current 
is calculated from the measured current through a standard resistor R2 connected in parallel to a current shunt IS. 
The voltage in the discharge gap is calculated from the measured current through a standard resistor R3. The 
currents are determined from signals Uc and Uv from current transformers 9 and 10. 

 

 
 

(a) (b) 

FIGURE 1. (a) Scheme of the Pulsed Gas Discharge Source and (b) Time dependences of discharge current (1) 
and voltage between electrodes (2) 

TEST RESULTS 

Figure 1 (b) shows typical time dependences of the discharge current (curve 1) and voltage (curve 2) in the 
discharge gap of the accelerator. The stress and current are shown in antiphases for clarity. In this case, the stress in 
the discharge gap Vd does not exceed 750 V, so the electron energy cannot exceed 750 eV. The discharge current Id  
reaches a value of 70 kA. Changing the geometric parameters of the accelerator and the discharge contour 
parameters, one can control the values of the discharge current and accelerating voltage. Thus, the accelerating 
voltage Vd in some experiments can reach up to 4 kV. 

It is revealed that the source under consideration generates points of charged particles in different gases under a 
pressure of hundreds of Pa. Figure 3 shows typical dependences of current in the collector with a diameter of 150 
mm, which is placed at a distance d = 100 mm from the accelerator anode. The cell size of the grid 7 (Fig. 1(a)) is 
1.2 mm, and the cell is made of a wire 0.15 mm in diameter (“coarse” grid). This grid is used in the experiments 
where the results shown in Figs. 3 are obtained. The collector current can have negative and positive halfwaves. In 
other words, the accelerator can generate both electron and ion fluxes. 

The maximal value of the electron current exceeds 200 A with residual gas pressure (air) p = 0.2 Pa, and the 
current in the collector noticeably decreases at a hydrogen pressure p = 200 Pa. The efficiency of the accelerator is 
tested for different gases and at various pressures. For helium, the collector current exceeds 1 A at p = 2 kPa. The 
larger the number of a chemical element located in the discharge channel (or a mean value for a gas mixture), the 
lower the maximal pressure when current in the collector is observed. 

Positive current halfwaves cannot be detected with rising pressure in the accelerator. The amplitude of the 
electron current half waves none monotonously varies from pulse to pulse - increases and then decreases. The effect 
can be explained by the fact that two differently directed processes compete in the accelerator - an increase in the 
free mean path due to decreasing density of the medium and reduction of the accelerating voltage with successive 
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pulses of discharge current. Energy of ions was estimated on value of current cutoff positive voltage on the 
collector. It was occur about 50 eV. 

The estimated measurements of the transverse section of electron and ion fluxes are performed. For this purpose, 
a collector with segmented electrodes is installed, capable of measuring both the total current collected by the 
collector and the currents moving through the sections. A version of the measuring collector used and measurement 
scheme are shown in Fig. 2. The square collector (1) made of foil-clad textolite with a side of 140 mm is split into 
sixteen 140-mm long and 8-mm wide parallel strips sealed off from each other. Each strip is attached to a conductor 
connected to a sealed connector, passing through the current transformer (2) and connected to a grounded case for 
measuring the total current. One of these 16 conductors is connected to another current transformer (3) for 
measuring the current through a chosen strip. The described measurement scheme is chosen to reduce the number of 
tests and pairs of sealed connectors with sufficiently detailed measurements of current distribution in the cross 
section. Two series of measurements are carried out with mutually perpendicular directions of strips. In each series, 
the current distribution through the collector with a spatial resolution of 8.75×140 mm is determined. The 
comparison of the results obtained is followed by estimation of the cross sections of the charged particle fluxes. The 
measurements are carried out with a residual air pressure of lower than 10 Pa. The value of the total current is 
measured after each run for correcting the measurement results of currents through each strip as the current 
amplitude from one run to another varies and averagely decreases. A decrease in the amplitude is caused by a 
gradual increase in the hole diameters in the dielectric plates of the source under the action of discharges. 
 

 
FIGURE. 2. Collector for determining the cross section of the charged particle fluxes: a plate made of foil-clad textolite 1, 
current transformers (2 and 3) for measuring the total current (2) and current through the chosen section of the collector (3), 

and A ÷ P denotes 16 measuring sections (strips) 
 
Figures 3 (a) and (b) show the time dependences of averaged values of currents through the strips A ÷ H (1) and I 

÷ P (2) for mutually perpendicular positions of the collector. The overall number of runs in both series is 40 without 
replacing the dielectric plates - 32 measurement runs and several test runs. If the first series is carried out with the 
collector rotated at an angle of 90°, then the strips are vertical. The axis of the discharge gap is located oppositely to 
the center of the collector, with a value d =100 mm. 

  
(a) (b) 

FIGURE 3. Averaged dependences of currents through the strips. (a) – horizontal (b) – vertical orientation of strips 
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The comparison of the charts a and b concludes that the ion current is concentrated in the upper half (Fig. 2) of 
the collector. The electron current is also initially concentrated mostly in the upper half, and then, beginning with the 
fourth pulse, it distributes over the collector uniformly. The current density in the first pulse of the electron current 
has a noticeable minimum in the upper left quarter of the collector. Consequently, the current distribution over the 
cross section of the charged particle flux is not stationary. The given dependences show that the electron current in 
the first pulse is distributed over the region uniformly, but the angular aperture of the electron flux is much larger 
than 70°. Its density in the following pulses is none uniform and varies from pulse to pulse. The largest angular 
aperture of the charged particle flow is also demonstrated on a photograph from Fig. 2 in [2]. 

The results shown in Fig. 4 are obtained for a grid made of a wire Ø 0.05 and a cell of 0.1 mm (“fine” grid). The 
effect of the grid cell size on the current value is demonstrated in the charts of Fig. 3 (a), with measurements 
performed at a pressure of the order of p=1 Pa and a distance d = 50 mm. The geometric transparency of the fine 
grid is three times smaller than that of the coarse grid. There are curves 1 and 2 show time dependences for the 
coarse and fine grids, respectively. The amplitude ratio of the electron current for the first pulses corresponds to the 
ratio of the grid transparencies. There is larger than a threefold weakening of the ion current by the fine grid. 

Figure 4 (b) shows a fragment of the current dependences a with an increased time resolution for their 
synchronization and comparisons with the time dependences of the discharge current and voltage (Fig. 1 (b)). 

 

(a) (b) 

FIGURE 4. Dependence of greed sell size on current amplitude. 1 – coarse greed (1.2×0.15), 
2 – fine grid (0.1×0.05) mm. (b) – “extended” on time three first pulses of (a) 

 
Figure 5 show results of current measurements for air (a), (b) and hydrogen (c), (d). Characters in the figures 

denote dependences obtained at different pressures (1 – 120, 2 – 300, 3 – 600 Pa) and distances between the source 
anode and collector ((a), (c) – 50; (b), (d) – 150 mm). 
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(a) (b) 

  

(c) (d) 

FIGURE 5 Current to the collector for air (a), (b) and hydrogen (c), (d) at different pressures. 

DISCUSSION OF RESULTS 

The device described in this study was initially developed to investigate the triggering of combustion of different 
fuels by an electron beam in a supersonic flux as it retained efficiency at a very high pressure and allowed injecting 
electron fluxes directly into the gas with no separating thin foil. The results of the first experiments on initiating 
combustion in resting fuel mixtures were given in [3]. The structure of the electron flux source was not described as 
the authors of [3] did not have much understanding of how to construct it. In more than half of the cases, it turned 
out to be inoperative. Apparently, an important condition was the curvature of dielectric plates 7 (Fig. 1(a)). In the 
first samples, the plates were plane and arranged equidistantly, which did not guarantee that the charge would move 
through the holes and, consequently, that electron and ion fluxes would be generated. The main purpose of using the 
plates was to prevent the formation of a powerful plasma jet from the discharge gap, capable of triggering 
combustion and masking the effect of the electron flux on the combustible mixture. The plasma formed in the 
discharge moving through hole in the stack of plates mainly spread in the direction from the discharge axis, which 
weakened the plasma stream along the axis. Testing showed that the charged particle fluxes accompanied by the 
plasma jet were also generated by a capillary discharge. 

The most important result in [3] is that initiating the combustion of gaseous combustible mixtures and a 
suspension of solid particles (graphite) in oxygen occurs differently. In the first case, the effect of an electron beam 
leads to dissociation of molecules with their subsequent (after irradiation by electrons stops) association, e.g., the 
dissociation of hydrogen and oxygen followed by the formation of water. In the case of hydrocarbon fuel, the 
situation is slightly more complex. In the second case, particles begin burning as soon as they are irradiated by 
electrons, which can be explained by the formation of an electric charge in the particles, causing electrostatic 
attraction of oxygen molecules to them due to electric polarization of the latter. The oxygen molecules accelerated in 
the electric field of graphite particles collide with their surface and partake in carbon oxidation.  

Comparing the qualitative behavior of the current dependences shown in the charts, we should note the 
following: 
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1. An increase in the amplitude of the electron current pulses in hydrogen in Fig. 3, not observed in other 
charts obtained later. It could possibly be related to some changes in the source geometry, occurring after its 
post-experiment reconstruction, with the results shown in Fig. 3. The results shown in the following figures 
are obtained with the unchanged source geometry; 

2. Ion current pulses with the decreasing amplitude of discharge voltage vanish earlier than the electron current 
pulses; 

3. The maximal value of the electron pulse (Fig. 4) is reached approximately t ms later than the discharge 
current maximum (Fig. 2);  

4. Electron current pulses (Fig. 5) begin with a “sign”, appearing at the same time with the maximal growth 
rate of the discharge current. 

Explaining some of the above-mentioned phenomena may require constructing qualitative physical models and 
performing additional experimental studies and numerical simulation of the operator of the pulsed gas-discharge 
source of charged particle fluxes for a given configuration and operational conditions. Thus, the phenomenon in 
Item 1 can be explained by the spread of hydrogen under the action of current pulses, which increases the free mean 
path length of electrons and the current pulse amplitude. What remains unclear is the initial conditions under which 
this effect should be observed. The phenomenon in Item 2 is explained by the fact that the scattering cross section is 
larger for ions on heavy particles than for electrons.  

The observations from Item 3 allow estimating the electron drift velocity vde.~ d t = 8.3 km/s. Thus, with an 
electron current in the collector equal to 200 A (Fig. 4), the electron density in the flux with its cross section 200 
cm2 equals ne ~ 7.5·1011 cm-3. Approximately 1016 electrons having a total energy sufficient for complete ionization 
of gas under a pressure of 1 Pa pass through an irradiated volume of the order of 2·103 cm3 during the first pulse. If 
the gas ionization coefficient becomes large due to interaction with the electron flux, then nonideal plasma is 
formed, and the proposed source of electron fluxes can be used in experimental studies of nonideal plasma physics. 

The proposed source of charged particle fluxes can also be used as an instrument for achieving the following 
practical goals: 

1. modification of solid surfaces to give them new qualities, including “attachment” of chemically active 
molecule fragments to them. For example, irradiation of carbon powder surfaces (including nanotubes) in an 
atmosphere of a specially selected composition can improve their wettability;  

2. initiation of different gas-phase chemical processes. As irradiation by electrons occurs in a large volume, the 
processes in the reactor are simultaneous (homogeneous reactor); 

3. formation of new chemical compounds as chemical transformations occur under unusual conditions - 
beginning with complete or significant dissociation of precursors. Usually chemical transformations start 
with the formation of radicals in small concentrations; 

4. ionization of low-density gas fluxes, e.g., supersonic ones; 
5. initiation of nuclear reactions of synthesis in the case of generation of ion fluxes with an energy of 10 keV; 
The list of possible practical applications of the source can be significantly expanded, for example, in continue 

[4,5]. Several propositions for the practical use are also given in [2]. 
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Abstract. The paper discusses the effect of multi-walled carbon nanotubes (MWCNTs) modified by electron beams of 
different intensities on the electro-optical characteristics of polymer-dispersed nematic liquid crystals. It is demonstrated 
that the electron-beam irradiation of MWCNTs improves the compatibility of tubes and polymer-liquid crystals 
dispersion, increases the steadiness of suspensions based on them. In turn it results in the reduction of the threshold 
voltage and response times of the composite to the electric impulse, as well as increasing the light transmission. 

INTRODUCTION 

Development of composite materials based on polymer-disperse nematic liquid crystals (NLC) modified by 
different nano-additives is a promising method to create new thin-film materials with controllable functional 
characteristics [1]. The method of liquid crystals modification by nano-additives is cheaper and less labor-structures 
such as carbon nanofibers, one-wall or multi-walled nanotubes – MWCNTs [2, 3] are of special interest. It is known 
that the carbon nanotubes, as well as liquid crystals, have anisotropic physical properties. The introduction of simple 
or chemically modified nanotubes into the polymer-dispersed liquid crystals even in very small amounts leads to a 
decrease in the threshold voltage and the saturation voltage of the films as compared with the films without additives 
[4, 5]. 

There is however the problem related with the introduction of the carbon nanoparticles in the polymer-liquid-
crystal films. There are different methods of the surface modification of carbon nanoparticles purposed to increase 
the amount of the added MWCNTs: mechanical, physical-chemical, and radiation modification [6]. The surface 
modification of nanoparticles should improve their compatibility with the polymer-liquid-crystal mixture and 
increase the steadiness of the dispersions made on this base. 

The irradiating method for modification has a number of advantages over the chemical methods. It permits 
controlling easily the reaction degree at lower temperatures of reaction, causes lower impurity level and saves time. 

The references give the data on the surface modification of carbon nanoparticles by electron-beam irradiation 
and plasma. Electron beam (EB) irradiation causes structural changes in nanoparticles, however, this method has 
proven to be convenient for creating a thin film of the polymer used in the system on the surface of nanotubes, 
which also improves the crosslink ability of particles with the polymer system [7]. Plasma modification permits 
creating active centers on the nanoparticle surfaces, and different functional groups can join to these centers 
regarding the method by which the plasma was generated [8]. 

The aim of the work was to study the effect of multi-walled carbon nanotubes modified by irradiation with 
electron fluxes of different energies of 3.5 MeV and less than 1 keV on the properties of polymer-liquid crystal 
films. 
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MATERIALS AND MEASUREMENT TECHNIQUE  

Materials 

The paper analyzes the films based on polymer-disperse nematic liquid crystals doped by multi-walled carbon 
nanotubes. Nematic liquid crystals (NLC) – 4-n-pentyl-41- – made by MERCK KGaA were 
used as the basic components; the refraction indices at the room temperature were n  = 1.717, n = 1.531; polyvinyl acetate (PVA) with the refraction index (1.47) approaching to the ordinary one of the NLC; multi-
nanotubes (MWCNTs), organic solvents – acetone, chlorbenzene. 

The order of actions for sample preparation was the following. We prepared the 10% solution of PVA in the 
mixture of acetone-toluene + chlorbenzene (1:1:2) which contained NLC (the PVA/NLC ratio 1:1), 0.05% 
MW NTs to the total weight of PVA and NLC. The resulting dispersion was treated by the ultrasonis within 2 
hours, and then the ready solution was poured on a glass substrate with the current-conducting coating (it was 
rubbed with a soft textile in one direction). Such rubbing in one direction promotes the uniform orientation of the 
axes of NLC droplets along the rubbing direction. The film was air-cured. After this, the film was covered with 
another glass also coated with the current-conducting coating. 

Irradiation of Carbon Nanotubes 

The nanotubes were irradiated by the electron flows of low (below 1 keV) and high (3.5 MeV) energy in ITAM 
SB RAS and INP SB RAS facilities, respectively. 

The flow of charged particles (alternatively electrons and ions) with the low energy (below 1 keV) was generated 
by a gas-discharge charged particles flows source developed in ITAM SB RAS [9]. The source peculiarity is that it 
generates an impulse wide-angle beam of charged particles with the cross section above 200 cm2 and current density 

2, regarding the target position. Figure 1 shows the characteristic dependence of the beam current on the 
collector with the cross section 15×15 cm, located within 10 cm from the output hole of the source at the residual air 
pressure about 10 Pa. The curve demonstrates the alternative fluxes of electrons (odd negative half-waves) and ion 
flux (even half-waves).  

 

 
FIGURE 1.Characteristic current on the collector 

 
The nanotubes were also irradiated in the facilities of the Institute of Nuclear Physics SB RAS in cooperation 

with the team of radiation technologies developers. The samples were irradiated by the beta-radiation from an 
electron accelerator. Two linear electron accelerators “ILU”-type with different electron energies in the beam 
were used. The beam current and exposure time were chosen in order to reach the required level of radiation and 
uniform irradiating of the samples with the intensity of 15 and 30 kGy. 
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EXPERIMENTAL FACILITY FOR THE MEASUREMENT OF ELECTROOPTICAL 
PROPERTIES OF THE FILMS 

Light transmission of the film in the electric field was measured in a special facility. A semi-conductor laser 
KLM-650/80 was used as the light source, and the photomultiplier FEU-83, whereas the electric field supplied on 
the sample was fixed at the same time as the optical response was registered by the two-channel oscilloscope 
“Tektronix” TDS1012B. An impulse of the electric field was supplied on the sample from the impulse generator G5-
56. Threshold voltages, on and off times were measured using the obtained oscillograms (Fig. 2). The on and off 
times correspond to the times of reaching 0.1 of the maximum light transmittance of the film when an electric pulse 
is applied ( on) and turned off ( off). The total time of the sample response is the sum of on + off. 

At the certain intensity of the electric field, NLC molecules are ordered in parallel to the field. Since the 
refraction coefficient of an ordinary liquid-crystal beam approaches to the polymer refraction index, the film 
becomes transparent. Figure 2(a) shows the example of the recorded film response to the electric field (transition 
from the non-transparent into the transparent state). Obtained oscillorgams permitted plotting the dependence of the 
relative light transmission I/I0 (I is the sample light transmission intensity, I0 is the intensity of the light incident on 
the sample) on the electric field intensity  = V/d (V is the electric field intensity, d is the sample thickness) 
(Fig. 2(b)). 

Film morphology was studied by the polarization microscope Altami Polar. 
 

  

(a) (b) 

FIGURE 2. 
electric field intensity (b) 

EXPERIMENTAL RESULTS AND DISCUSSION 

Two batches of polymer-liquid-crystal films were formed and studied; they contain the same amount of multi-
walled carbon nanotubes. The first batch contained the nanotubes irradiated by an impulse flow of low-energy 
electrons (below 1 keV) and high-energy electrons (3.5 MeV). The second batch of the films contained the 
nanotubes irradiated by the electron beams of different intensity (15 and 30 kGy). For comparison, we also used the 
films containing not irradiated nanotubes and the irradiated nanotubes mixed with vinyl acetate monomer.  

After the irradiating of initial MWCNTs, the defects appear on the particle surface. They improve the particle 
compatibility with the PVA+NLC solution. If MWCNTs are irradiated in the presence of the monomer – vinyl 
acetate, the monomer crosslinking takes place under the radiation effect, and a thin PVA layer forms on the 
nanoparticle surface. Such particles are mixed well in the polyvinyl acetate solution. 

The MWCNTs irradiated by the even low-energy electrons aggregate weaker in the polymer solution. The 
dispersions with irradiated nanotubes are steadier. As the similarly prepared films prepared with original nanotubes 
show the great scatter of data (Fig. 3(a)), the films containing the mixture of nanotubes with vinyl acetate, treated 
with an electron beam, demonstrate close results (Fig. 3(b)). 
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(a) (b) 

FIGURE 3. Light transmission of the films containing original MWCNTs (1 keV), versus electric field intensity (a) and 
containing MWCNTs radiated as the mixture with vinyl acetate (1 time) (b) 

 
Figure 4 shows how the film light transmission changes regarding the radiation type and intensity. 

 

  
(a) (b) 

FIGURE 4. Dependence of films light transmission, containing irradiated MWCNTs, on the electric field: (a) low energy 
electrons irradiation (1 keV): 1 – MWCNTs irradiated 20 times; 2 – MWCNTs irradiated 40 times (about 30 kGy); 

3 – MWCNTs without irradiation; b) high energy electron beam irradiation: 1 – irradiation 30 kGy; 
2 – MW NTs without irradiation; 3 – MWCNTs irradiation 15 kGy; 4 – MWCNTs + vinyl acetate – 15 kGy 

 
As the radiation level rises, the film light transmission intensity increases. It is fair to assume that as the radiation 

level rises, the number of active centers increases on the nanotube surface, which promotes the better compatibility 
of the surface with polymers and liquid crystals. 

The more pronounced effect on the functional properties of the film was observed when it contains MW NTs 
subjected to electron-beam irradiation (15 kGy) in a mixture with vinyl acetate (Fig. 4 (b), curve 4). In this case, 
under the electron beam affect, the monomer crosslinking is more profound, and the steady PVA film forms on the 
particle surface, which results in the better mixing of the tubes and polymer-liquid-crystal solution. 

Moreover, under the action of the radiation, the size of liquid-crystal droplets increases, and the texture of the 
liquid crystals in the polymer film changes somehow, this causes the changers in the electrooptical characteristics of 
the film (Fig. 5). 

 

030037-4



    
(a) (b) (c) (d) 

FIGURE 5. Micro-photos of NLC droplets in the films containing original MWCNTs (a), MWCNTs low energy electrons 
irradiated (1 keV) 10 times (b), MWCNTs irradiated 40 times (c) , MWCNTs+ vinyl acetate irradiated 10 times (d) 

 
The irradiating effect appears in the values of threshold voltage and response times of film optical response to 

the electric impulse (Table 1). 
 

Table 1. Threshold voltage and times of the optical response of the films containing irradiated MWNTs 
Beaming type Threshold stress, V/mkm  Optical response time, ms 

MWCNTs without irradiating 3.4 8 
Low energy electrons irradiated   

20 times 3.2 
2.3 

3.1 
40 times (~30 kGy) 

High energy electrons irradiated 
3.7 

15 kGy 
30 kGy 

High energy electrons irradiated +vinyl acetate 
15 kGy 

2.3 
2.5 

 
2.3 

12.5 
4.5 

 
9.4 

 
We observe the common trend of extension of the threshold voltage. However, to explain the irradiation effect 

on the response time, it is necessary to analyze by spectral methods the character of the functional groups which 
form on the nanotube surface and dictate the compatibility of the nanotubes and studied polymer-liquid-crystal 
system. 

CONCLUSIONS 

Electron-beam modification of the multi-walled carbon nanotubes permits forming steady dispersions in 
polymer-liquid-crystal media. It enables to create polymer-liquid-crystal films with replicable characteristics. 

Little amount of the modified MWCNTs (0.05 weight %) does not break the optical texture of NLC in the 
polymer matrix, and the property of the light dispersion controlled by the electric field preserves. 

High and low energy electron irradiation of MWCNTs with the intensity up to 15 kGy results in the increase of 
light transmission and extension of the threshold voltage. 

ACKNOWLEDGMENTS 

The research was carried out within the framework of the Program of Fundamental Scientific Research of the 
state academies of sciences in 2013-2020 (project No. - -117030610137-0). The experiments were 
conducted at the Joint Access Center “Mechanics” of ITAM SB RAS. 

REFERENCES 

1. P. S. Drzaic, Liquid crystal dispersion (World Scientific, Singapore, 1995), 430 p.  
2. I. Dierking, G. Scalis and P. Morales, J. Appl. 97, 044309 (2005). 
3. J. P. F. Lagerwall and G. Scalia, J. Mater. Chem. 18, 2890–2898 (2008) 
4. G. M. Zharkova, S. A. Strelsov, O. Yu. Podyacheva, R. I. Kvon and Z. R. Ismagilov, Liq. Cryst. and Their 

Appl. 3(3), 53-62 (2013). 

030037-5

https://doi.org/10.1063/1.1850606
https://doi.org/10.1039/b802707b


5. G. M. Zharkova, S. A. Strelsov and O. Yu. Podyacheva, J. Opt. Technol. 82(4), 252-255 (2015). 
6. S. W. Kim, T. Kim, Ye. S. Kim, H. S. Choi and H. J. 50, 3–33 (2012). 
7. M. E. Sullivan, D. Klosterman and G. R. Palmese, Nuclear Instruments and Methods in Physics Research B 

265, 352-355 (2007). 
8. S. C. Gallo, C. Charitidis and H. Dong. J. Vac. Sci. Technol. A 35(2), 021404 (2017). 
9. G. A. Pozdnyakov, arXiv 1409, 3303 (2014). 

030037-6

https://doi.org/10.1364/JOT.82.000252
https://doi.org/10.1016/j.nimb.2007.09.002
https://doi.org/10.1116/1.4974913
https://doi.org/10.1016/j.carbon.2011.08.011


Efficiency of Ionic Wind Generated by Contracted Dielectric 
Barrier Discharge 

P.A. Polivanova) and O.I. Vishnyakov 

Khristianovich Institute of Theoretical and Applied Mechanics SB RAS, 
Institutskaya str., 4/1, Novosibirsk, 630090, Russia 

 
a)Corresponding author: polivanov@itam.nsc.ru 

Abstract. The effect of the active component of the current in a contracted dielectric barrier discharge on the ion wind 
was experimentally investigated. Several different configurations of electrodes of dielectric barrier discharge have been 
developed and manufactured. The value of ionic wind and the electrical characteristics of plasma actuators have been 
experimentally investigated. The effect of metallized isolated "islands" (located on the open part of the actuator) on the 
efficiency of ion wind generation was determined. 

INTRODUCTION

Plasma actuator based on the dielectric barrier discharge (DBD) is a simple electrical device which can be easily 
integrated in the aircraft structure. DBD allows to achieve significant improvement of the airflow especially for 
separated flows. One of the main mechanisms of the flow influence by DBD is generation of ionic wind. Many 
studies were devoted to investigate the effect of DBD on a flow (for example, see review [1]). Moreover there are 
some attempts to use DBD in flight experiment [2, 3]. Unfortunately significant success was achieved only for low 
Reynolds numbers [4]. The reason for this is the low efficiency of converting electrical energy into ionic wind of 
DBD. 

(a) 

 

(b) 

 
FIGURE 1. a – Schematic of DBD, b – Electric circuit 
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The effectiveness of DBD is depends on the shape and parameters of the materials of the electrodes and the 
dielectric. A significant increase of the active component of current  for a contracted DBD (CDBD) in comparison 
with the classical DBD was demonstrated in the ITAM SB RAS [5]. The difference of CDBD from the classical 
DBD consists in additional isolated electrodes (metal “islands”) on the open part of the actuator. The DBD will 
allow the introduction of more powerful thermal disturbances into the flow. The effect of contracted DBD on the 
ionic wind has not been studied at the moment. Contracted DBD introduce more powerful thermal disturbances into 
the flow. But the effect of the DBD on the ion wind has not been investigated. 

 

      

#1)  

       

#2)  

       

#3)  

       

#4)  

FIGURE 2. Draw and photograph of DBD plasma for various discharge configurations at with x = 0 mm (In the draw the 
brown color is corresponds the encapsulated electrode connected to the ground, blue color is corresponds the open electrode 

connected with the HV) 

EXPERIMENTAL SETUP 

The experiments were done in quiescent environment under atmosphere pressure and room temperature. The 
DBD scheme can be found in Fig. 1. The experimental model was made from fiberglass of thickness 1.5 mm. Two 
main copper electrodes were placed on the opposite sides of the plate. The closed electrode was grounded and 
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insulated from the air. Length of the electrodes was approximately 80 mm, thickness 20-30 μm. The insulated and 
open electrodes were 8 mm and 3 mm wide respectively.  

Electric current and voltage were measured by digital oscilloscope RIGOL DS1102E using the current probe 
Tektronix P6021 and high-voltage probe Tektronix P6015A. Flow velocity measurements were done using PIV 
system. Flow velocity vectors were obtained using adapting cross-correlation algorithms with sub-pixel interpolation 
and grid refinement of interrogation area. The total error of the technique was estimated as 1-2%. Several velocity 
fields were measured at different transversal for each case for averaging data. 

In order to generate high voltage AC step-up transformer was used, whose input was fed with an alternating 
square wave inverter. The output of step-up transformer was connected by the high-voltage cables with DBD. Since 
the DBD is actually a flat capacitor, the presence of inductance in the secondary circuit resulted in formation of an 
oscillatory circuit with a resonant frequency of 12.5 kHz. All experiments were performed at resonant frequencies at 
amplitude of voltage near 7kV. 

 

       

#5)  

       

#6)  

       

#7)  

FIGURE 3. Draw and photograph of DBD plasma for various discharge configurations at with x = 3 mm (In the draw the 
brown color is corresponds the encapsulated electrode connected to the ground, blue color is corresponds the open electrode 

connected with the HV) 

RESULTS 

Figures 2 and 3 shows a sketch of geometry electrodes of the discharge (top view). In the figure the brown color 
corresponds to the encapsulated electrode which connected to the ground. Blue color corresponds to an open 
electrode connected to a high voltage. The configuration 1 and 5 of the discharges is a classic DBD. The differences 
between them are in the distance between the electrodes. For the first case the trailing edge of the open electrode 
coincides with the leading edge of the closed electrode ( x = 0 mm). For the fifth case the edges of the electrodes 
are spaced at 3 mm ( x = 3 mm). 

Configurations #2-4 are cases of a contracted DBD created based on case # 1. In figure clearly seen additional 
metal “islands” on the open part of the discharge (blue color), which lead to an increase of the surface capacitance. It 
can be seen in the photographs (Fig. 2) that for CDBD an increase of the number of bright streamer formations is 
observed. Thus the CDBD becomes more nonuniformity in comparison with the DBD (case #1). 

An increase the distance between the main electrodes for DBD case # 5 leads to an increase in the breakdown 
voltage compared to the DBD case #1. In addition for the classical DBD the nonuniformity of the plasma in the 
transversal direction is increases. This is clearly seen in photo in Figs. 2 and 3. The addition metal “islands” between 
the main electrodes in case # 6 leads to a more uniform discharge compared to classical DBD (case # 5). In the case 
of location of “islands” in the zone of the grounded electrode (conf. # 7) the concentration of streamer formations is 
increases significantly. Thus the metal "islands" (CDBD) can both increase and weaken the nonuniformity of DBD 
plasma. 
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An example of the electrical characteristics of a DBD is shown in Fig. 4a. For all experiments a sinusoidal 
voltage with amplitude of 7 kV and a frequency of 12.5 kHz was used. The dependence of the mean of the absolute 
value of the active component of the current (blue graph) and the RMS value (red graph) is shown in Fig. 4b. For the 
discharges at x = 0 mm (# 1-4) the addition of metal “islands” leads to an increase of the active current. For cases 
with x = 3 mm (# 5-7) a clear trend is not observed. With a decrease of the nonuniformity of the plasma 
distribution for case #6 the current remains practically unchanged at comparison with case #5. But for the 
configuration # 7, which provides significant plasma nonuniformity the current is increases significantly. 

 

  
(a) (b) 

FIGURE 4. a - example oscillograms of current and voltage on DBD, 
b – active current component for different actuator configurations 

 

  
(a) (b) 

FIGURE 5. Velocity profiles at the end of the plasma region for different discharge configurations 
(a – DBD with x = 0 mm, b – DBD with x = 3 mm) 

 
In Fig. 5 it can be seen the velocity profiles of ion wind which were measured at the end of the plasma zones. For 

discharges at x = 0 mm (# 1-4) the largest ion wind was achieved for the classical DBD. CDBD configurations did 
not show an increase of ionic wind. A similar situation is found for cases # 5-7. For configuration # 7 the maximum 
velocity value is higher than for the classical DBD (case # 5), but the mean of ion wind (along the profile) is larger 
for the classical DBD. 
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The efficiency of ionic wind generation was calculated as the ratio of the power of the dynamic pressure to the 
electric power of discharge (Fig. 6). It can be seen that the highest values of efficiency were obtained for the 
classical DBD (cases #1 and 5). 

 

 
FIGURE 6. Efficiency of ionic wind generation for different discharge configurations 

CONCLUSION 

For actuators based on the CDBD an increase in the active component of current and electric power was found in 
comparison with the classical DBD. For most case of the CDBD the decrease of the ion wind velocity was obtained. 
As a result the efficiency of the CDBD is significantly less than the DBD. 
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Abstract. The possibility of active flow control of the flow separation by a contracted dielectric barrier discharge for a 
transonic laminar airfoil has been studied experimentally. The inflow Mach number and the angle of attack of the airfoil 
corresponded to the regime of laminar transonic buffet. The point of flow separation substantially oscillated along the 
airfoil. Perturbations introduced by the discharge led to the suppression of flow separation and to the termination of 
oscillations of the laminar bubble. 

INTRODUCTION 

Using of laminar airfoils in transonic flow can improve the performance of turbojet compressors and reduce 
aerodynamic drag of an aircraft [1,2]. An important feature of transonic flows is the shock wave / laminar boundary 
layer interaction (SWBLI) which can lead to the flow separation. At some regimes the strong unsteady processes in 
separation region can be found (including the transonic buffet) [3,4]. The turbulent boundary layer is more resistant 
to an adverse pressure gradient. Therefore turbulizers can be used to suppress the laminar bubble. The effect of two-
dimensional roughness on SWBLI at small supersonic Mach numbers was studied in research [5]. It is interesting to 
note that mechanical roughness did not significantly reduce the loss of the total pressure in the zone of SWBLI. 
Plasma actuators have an unsteady perturbation mechanism, which allows them to more effectively control the 
transonic flow [6]. In paper [7] the effect of perturbations generated by a electrical discharge on the zone of 
separation at transonic Mach numbers was experimentally investigated. The data analysis showed the possibility of a 
significant reduction in the length of the zone of separation due to the effect of perturbations created by a low-power 
contracted dielectric barrier discharge. 

EXPERIMENTAL SETUP 

The experiment was performed in a T-325 wind tunnel with transonic test section which allowed adjusting the 
Mach number in the range of M = 0.55-0.72. The studies were done for the stagnation temperature T0  293 K and 
for two values of stagnation pressure P0 = 55 and 70 kPa. The width and height of the test section was consequently 
200 mm and 208. Three laminar airfoils of different shape were user (Fig. 1). The model (length L = 70 mm, width 
W = 190 mm) were mounted on a holder with the ability to change the angle of attack (Fig. 2) and were used to 
study the transonic buffet. In this research, the angle of attack was the 5.5.  

Preliminary CFD simulation allowed to choose the overall dimensions of the experimental models and their 
position in the test section, which allowed to avoid choking of wind tunnel. There were gaps of 5 mm between the 
sidewall of the test section and the experimental model to reduce the flow separation on the sidewalls. Schlieren 
visualization by means of high speed camera was the main measurement techniques in the study. During Schlieren 
visualization high speed camera Phantom 310m was used with frame rate 14 kHz and exposure time 2 μs. The light 
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source was a xenon lamp (35 watts). The models were made of plastic (PEEK). The experiments were carried out 
for the natural laminar cases. 

As a plasma actuator a contracted dielectric barrier discharge (CDBD) was used. The discharge was two main 
electrodes separated by a dielectric layer. One of the electrodes was open and the other was encapsulated (closed). 
To increase the current in plasma streamers and fix the plasma regions additional metal “islands” were used. A 
change of the electric capacitance of these metal "islands" (change the length and width) leads to a change of the 
active component of current in the plasma. Self-adhesive films were used to manufacture the discharge, which 
greatly simplified the installation of electrodes. The installation of electrodes on the surface of airfoil led to the 
formation of a step no more then 50 m. An example of an experimental model with one of the case of discharge is 
shown in Fig. 2. 

The plasma actuators were connected to a high voltage sinusoidal voltage generator. A voltage with a frequency 
of 20 kHz and amplitude of not more than 4 kV was used. The average discharge power was in the range of 5-40 
watts. 

 

(a) 

 

(b) 

 
FIGURE 1. a – test section of wind tunnel, b – Photo of the model in wind tunnel 

RESULTS 

For test studies the effects of the CDBD on the unsteady flow was carried out on a regime in which there were 
only oscillations of the laminar bubble (normal shock wave almost stable). This mode was implemented at inflow 
Mach number M = 0.7 and of angle of attack of 5.5 degrees. The transonic buffet modes for these experimental 
conditions are described in more detail in paper [8]. 

An example of the experimental results can be found in Fig. 2. The addition of electrodes on surface of model 
led to the formation of weak perturbations due to small step on surface. Comparison of schlieren images with the 
results of paper [8] showed a weak effect of these perturbations on the position of shock waves and zone of flow 
separation. In Fig. 2 it is clearly seen that using a discharge the ended (normal) shock wave is shifts downstream. 
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The reason for this is the reduction of the laminar separation zone and the corresponding oscillation of this zone. 
The separation region in the schlieren images is detected as upward shift of the white line (shear layer) from the 
surface of airfoil. The beginning of the deviation of this line is indicated in Fig. 2 as a separation point (SP). 

An increase in total pressure (Fig. 2) leads to a decrease in the separation zone. This is probably due to an 
increase the Reynolds number and correspondingly to a more intensive growth of perturbations in the separation 
bubble. As a result the length of separation zone is decreases. When the CDBD is on the difference between the two 
total pressure cases is minimal, since for the both cases there is no flow separation. 

In these experiments the discharge parameters did not allow introducing perturbations with the intensity 
necessary for the generation of the turbulent spots directly near the zone of discharge. The disturbances generated by 
the discharge had a weak intensity and were not detected directly on the schlieren visualization. 

A change of the discharge power in 4 times (Fig. 2) did not lead to a significant change of the position of shock 
wave. The reason of this is the rapid growth of disturbances in the separation zone. Therefore the growth of 
perturbations (generated by CDBD) in several times is weakly effects on the location of the point of the laminar-
turbulent transition. 

 

 

b)  

c)  
0.55 bar 

a)  

b)  

c)  
0.7 bar 

FIGURE 2. Mean schlieren images for two total pressure cases (a – DBD off; b – DBD on, power 10 W; 
b – DBD on, power 40 W) 

 
In Fig. 3 it can be found the effect of the number of electrodes (streamers) along the transverse direction of wing 

on the efficiency of flow control. In experiments it was found that the displacement of the zone of discharge from 

SP SP 
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the leading edge to the zone of the separation bubble is weakly effects on the efficiency of the plasma actuators. The 
change of the number of plasma streamers from 7 to 12 in the transverse direction of the airfoil also did not have a 
noticeable effect on the characteristics of flow. On the right side of Fig. 3 the RMS of intensity of the schlieren 
images are shown. These data make it possible to qualitatively determine the zones of flow oscillations. 

 

(a)  

(b)  

(c)  

Mean schlieren images 

(a)  

(b)  

(c)  

RMS of intensity of the schlieren images 

FIGURE 3. Schlieren images for two types of plasma actuators (a – DBD off; b – DBD on, 12 electrodes; 
b – DBD on, 7 electrodes) 

 
The effect of the inflow Mach number (M = 0.6-0.7) on the efficiency of flow control is shown in Fig. 4. A 

decrease of the Mach number leads to a decrease the size of the supersonic area and a shift of the ended normal 
shock wave in upstream direction. As a result the Mach number near shock wave decreases and pressure gradient on 
the shock wave also decreases, which leads to a decrease of the length of separation flow and a reduction the 
amplitude of the oscillations of the separation bubble. Therefore the effect of the plasma actuator with a decrease of 
the Mach number is substantially decreases. 
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DBD of 

 

DBD on 

FIGURE 4. RMS of intensity of the schlieren images (Mach number increases from bottom to top) 

CONCLUSION 

The possibility of active control of laminar transonic buffet by perturbations generated by an electric discharge 
was experimentally confirmed. The effect of the geometrical and electrical parameters of the CDBD  on the 
suppression of separation flow is studied. 
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Abstract. The paper describes the results of numerical simulations of a supersonic (  = 7) flow around a cylinder with a 
frontal gas-permeable porous insert. A comparative analysis of four skeleton models of high-porosity cellular materials 
with regular arrangement of skeleton elements is performed: model composed of a set of coaxial rings of different 
diameters and three models composed of spheres with different spatial positions (intersecting hollow spheres, hollow 
spheres connected by cylindrical channels, and non-intersecting solid spheres). The computed drag coefficients are 
compared to the experimental results obtained in the T-327 wind tunnel based at the Khristianovich Institute of 
Theoretical and Applied Mechanics of the Siberian Branch of the Russian Academy of Sciences (ITAM SB RAS). The 
model composed of coaxial rings and the model composed of non-intersecting solid spheres are found to provide the best 
agreement with the measured aerodynamic coefficients. 

INTRODUCTION 

Possible applications of gas-permeable porous materials in aerodynamics include control of the flow around 
bodies with gas-permeable porous inserts for reducing the wave drag or generating side forces for maneuvering. 
This topic has been studied at ITAM SB RAS for the last decade both theoretically and experimentally. 

In the experiments performed in the T-327 wind tunnel based at ITAM SB RAS, we measured the drag force of a 
cylinder model with a frontal gas-permeable insert made of high-porosity cellular material (HPCM) in a supersonic 
flow with variation of the angle of attack [1-7]. 

The main element of numerical simulations of the problem of a supersonic flow around bodies with gas-
permeable inserts is the model of the porous material. In the present study, we consider HPCM models in the form 
of three-dimensional (3D) systems of discrete elements (skeleton models). At the moment, there are only few 
investigations dealing with the influence of the structure of gas-permeable porous materials on the aerodynamic 
characteristics of various bodies. 

In our previous research, we proposed an axisymmetric skeleton model in the form of a set of coaxial ring-
shaped elements with a square cross section. This model was successfully implemented in numerical simulations of 
a supersonic flow around a cylinder with a frontal porous insert at a zero angle of attack [7-14]. The goal of the 
present study is to extend the axisymmetric simulations to a fully 3D problem, to develop and implement 3D 
skeleton models of the porous medium with the structure approaching the real HPCM skeleton, and to study the 
influence of the model structure on the drag coefficients of the flying vehicle model as a whole. 
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EXPERIMENTAL MODEL AND WIND TUNNEL MEASUREMENTS 
OF AERODYNAMIC FORCES 

The experiments were performed with a cylinder model of length L =100 mm and diameter D = 14.5 mm having 
a frontal porous insert made of foamy nickel 29 mm long with the pore diameter d=2 mm (see Fig. 1a). These 
experiments were carried out in the T-327B supersonic wind tunnel based at ITAM SB RAS; the test parameters 
were the Mach number M  = 7, unit Reynolds number Re1 = 1.5×106 1/m, and zero angle of attack. The 
aerodynamic forces were measured by a three-component strain-gauge balance. 

 
(a) (b) (c) (d) 

FIGURE 1. Experimental cylinder model with the frontal porous insert made of foamy nickel (a); Cylinder model used in 
numerical simulations with a 3D HPCM skeleton composed from coaxial rings (b), densely packed hollow spheres (c), 

and non-intersecting hollow spheres with regular arrangement of the elements (d);L=100 mm, D=14.5 mm, x = 28 mm, k=0.95, 
and d=2 mm 

THREE-DIMENSIONAL SKELETON MODELS OF HPCM 

Three-Dimensional Ring Skeleton Model 

The two-dimensional (2D) skeleton model of the HPCM composed of coaxial rings turned out to be a very good 
model for computations of an axisymmetric flow around a cylinder with a frontal porous insert. Therefore, the first 
3D numerical model was chosen to be a ring model (Fig. 1b) similar to the 2D ring skeleton model. The 3D ring 
model is also characterized only by three parameters (porosity k, pore diameter d, and HPCM transparency in the 
streamwise direction), which can be easily obtained by means of direct measurements. The 3D ring model is a 
staggered system of coaxial rings of different diameters. In the plane of the axial section, this system of rings is a set 
of impermeable square elements arranged in the staggered manner (Fig. 2 ). The radial and axial distances between 
these elements are equal to the pore diameter. This skeleton model has no radial connections between the ring-
shaped elements; therefore, the transverse air flow does not meet any obstacles (see the side view in Fig. 2c). 

 
(a) (b) (c) 

   
FIGURE 2. Projection of the ring model onto the streamwise planes in the sections z=0 (a) and z=0.5d (b). 

Side view of the model (c) 

Three-Dimensional Model Composed of Intersecting Hollow Spheres 
with a Continuous Skeleton 

A natural step of making the 3D structure of the model approach the real skeleton of the cellular-porous material 
is another 3D skeleton model, which is a set of hollow spheres with the diameter equal to the HPCM pore diameter 
d [14]. They are arranged in such a way that the sphere centers are located at the vertices of an octahedron (Fig. 3a). 

a
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The gas passes through the holes in the hollow spheres. This model has a continuous skeleton. In the plane of the 
axial section, the model composed of intersecting hollow spheres is a set of diamond-shaped elements with sharp 
vertices arranged in a regular manner (Fig. 3b). The model cell is a hollow sphere having the diameter d with holes 
due to intersections with the neighboring spheres-pores. A similar pattern is also observed in the model projections 
onto the plane oriented across the flow. Therefore, this skeleton model has connections in both axial and radial 
directions (Figs. 3b, 3c and 3d), in contrast to the ring model, which has no radial connections of the skeleton. 

 
(a) (b) (c) (d) 

   

FIGURE 3. 3D structure of the model composed of intersecting hollow spheres with a continuous skeleton ( );
Model projections onto the streamwise planes in the sections z=0 (b) and z=0.5d (c); Side view of the model (d) 

Three-Dimensional Model Composed of Solid Spheres with a Discontinuous Skeleton  

The 3D model composed of intersecting hollow spheres with a continuous skeleton consists of a set of diamond-
shaped elements with sharp vertices. From the viewpoint of numerical simulations, such elements are bluff bodies. 
To avoid such a situation, these elements of the spatial structure are replaced by non-intersecting solid spheres 
having a volume that ensures a specified value of material porosity. In this case, the skeleton model is a 3D structure 
of non-connected elements (solid spheres) located at the vertices of a cube (Fig. 4 ). The porous material cell is a 
hollow sphere with the diameter equal to the material pore diameter, which is inscribed into a system of eight solid 
spheres (marked in Fig. 4 ). In the streamwise section plane and in the side view, the model composed of non-
intersecting solid spheres is a set of regularly arranged impermeable round elements (Figs. 4b and 4d). This model 
has certain directions in which the flow moves without any obstacles (see Fig. 4c), similar to the ring skeleton 
model. However, it should be noted that this skeleton model is an extremely idealized model of the real HPCM 
structure from the viewpoint of the skeleton design. 

 
(a) (b) (c) (d) 

  

FIGURE 4. 3D structure of the model composed of solid spheres with a discontinuous skeleton and regular arrangement of 
elements ( ); Projection of the model onto the streamwise planes in the sections z=0 (b) and z=0.5d (c). 

Side view of the model (d) 

NUMERICAL SIMULATION OF THE FLOW AROUND A CYLINDER WITH A FRONTAL 
POROUS INSERT AT A ZERO ANGLE OF ATTACK 

To determine the influence of the structure of the frontal porous insert of the cylinder in a supersonic air flow at 
a zero angle of attack, we performed computations with three different skeleton models described above. The 
numerical simulations were carried out within the framework of three-dimensional Reynolds-averaged Navier-
Stokes equations with the use of the k-  SST turbulence model. The equations written in the form of a system of 
conservation laws in the Cartesian coordinate system xyz were supplemented with the equation of state for a perfect 
gas. The problem of the flow around the cylinder was solved with the use of implicit schemes of the second order in 
space. The convective fluxes were approximated by the Roe-FDS splitting method with a TVD limiter for retaining 
the solution monotonicity near the discontinuities and local extreme points of the flow. The flow around the cylinder 
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with the model inserts was numerically simulated with the ANSYS Fluent software. The computations were 
performed under the conditions corresponding to the experiments performed in the T-327B wind tunnel based at 
ITAM SB RAS (see above).  

Solving the problem, we obtained all gas-dynamic variables of the flow both outside the model and inside the 
porous material. The drag coefficient of the model was calculated by the formula Cx=(F/0.5 u 2)/Sm, where  and 
u  are the free-stream density ad velocity, Sm is the mid-section area of the model, and F is the aerodynamic force 
including the pressure and friction forces computed by ANSYS Fluent. 

Figure 5 shows the computed fields of the density gradients in the normal direction to the x axis in the flow 
around the cylinder with frontal porous inserts with different structures at an angle of attack. It is seen that the flow 
patterns are similar: the bow shock wave is fixed at the frontal face of the insert and weaker oblique shock waves are 
formed behind the bow shock owing to exhaustion of air streams from the pores. Because of this redistribution of 
the gas flow in the frontal cellular-porous insert, the flow becomes similar to that around a pointed body, resulting in 
reduction of the drag force generated by the model in the supersonic flow (see Table 1). It should be noted that the 
slope of the bow shock wave in the flow patterns obtained for the ring model and for the model composed of non-
intersecting solid spheres is slightly smaller than that for the model composed of intersecting hollow spheres, and a 
decrease in the shock slope leads to reduction of the drag coefficient of the model as a whole. 

(a) (b) (c) 

FIGURE 5. Computed fields of the density gradient in the normal direction to the x axis on the streamwise plane in the section 
z=0 in the flow around the cylinder with the frontal porous insert: a – ring model; b – model composed of intersecting hollow 

spheres with a continuous skeleton; c – model composed of solid spheres with a discontinuous skeleton. 
D = 14.5 mm, L = 100 mm,  = 7, p  = 24.53 Pa, T  = 27.5 K, Re1  = 1.5 106 m-1, x/D = 2, and d = 2 mm 

 
The drag coefficients computed with the use of three skeleton models are summarized in Table 1. It is seen that 

the coefficients x obtained with the use of the ring skeleton model and the model composed of non-intersecting 
hollow spheres are consistent with the experimental data. The coefficients x calculated with the use of the skeleton 
model composed of intersecting hollows spheres are higher than the experimental data and the results computed by 
using models with a discontinuous skeleton. This is caused by the fact that the structure of the model composed of 
intersecting hollow spheres, which has axial and radial connections of the skeleton, generates a greater drag force 
resisting the air flow through the pores. Though this model composed of intersecting hollow spheres is closer to the 
real HPCM structure than other models, it does not reproduce the experimentally observed drag of the cylinder with 
the frontal porous insert. Apparently, this difference is caused by the fact that the model implies regular arrangement 
of the elements and an identical pore size, whereas the pores in a real HPCM structure have different sizes and are 
not arranged that regularly. 

TABLE 1. Coefficient x for different structures of the porous material with k =0.95, d=2 mm, x = 29 mm,  
= 7, Re1 = 1.5 106 m-1, and =0.

Cylinder with a frontal porous insert x x x0 
Experiment 
Ring skeleton model 

1.38 
1.39 

0.74 
0.75 

Skeleton model composed of intersecting hollow spheres 
Skeleton model composed of non-intersecting solid spheres 

1.72 
1.32 

0.92 
0.71 
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CONCLUSIONS 

Numerical simulations are performed to study the influence of the structure of skeleton models of high-porosity 
cellular materials on the drag force generated by a cylinder with a frontal gas-permeable insert in a supersonic flow 
(M  = 7, Re1 = 1.5×106 1/m, =0, D = 14.5 mm, L = 100 mm, x/D = 2, and d = 2 mm.). It is shown that the 
structure of the model porous material significantly affects the aerodynamic coefficients of the flow around the 
cylinder with the frontal porous insert.  

Three 3D skeleton models of the HPCM are considered: ring model with a discontinuous skeleton, model 
composed of intersecting hollow spheres with a continuous skeleton and regular arrangement of the skeleton 
elements, and model composed of non-intersecting solid spheres with a discontinuous skeleton and regular 
arrangement of the skeleton elements. In all models considered in the study, a specified pore diameter and porosity 
(95%) were provided.  

It is found that the best agreement with the drag coefficient measured in wind tunnel experiments is ensured by 
the ring model and the model composed of non-intersecting solid spheres. 
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Abstract. In this work, we study the process of laser photolysis of NO2 molecules followed by fluorescence of NO 
radicals when interacting with broadband radiation from an ArF laser. It was shown that in the presence of nitrogen 
dioxide in the cuvette with a pressure of 1 mbar, the spectral distribution of fluorescence includes high-intensity spectral 

2 2 -4). When helium with the ratio He / NO2 
fluorescence was observed at optical transitions from the electron-

2 2  + 2  

INTRODUCTION 

Nitrogen dioxide NO2 is a toxic substance, its destructive effect on the stratosphere is well known. It can be 
formed as a result of fuel combustion in a gas turbine of an airplane, while emissions of nitrogen oxides from a gas 
turbine are predicted [1]. The use of lidar systems allows you to quickly identify the source of the emission of 
chemically hazardous substances into the atmosphere at a long distance. From our point of view, for the remote 
detection of low concentrations of nitro compounds in atmospheric air, the most effective optical method is the LF / 
LIF method, which has a large c -18 cm2. This method 
includes two stages of the interaction of photons with matter, first the laser photolysis of the main molecule to the 
simpler NO components takes place, and then the process of excitation of these molecules and registration of 

2]. 
After the initial process of photofragmentation of nitrogen dioxide, the molecules of the ground state of NO 2  

are formed with different populations of the upper vibrational levels. To increase the efficiency of extracting a 
useful signal relative to the background NO 2  
resonant excitation of overlying vibrational levels. 

 

 
FIGURE 1. Dependence of the absorption cross section of NO2 on the wavelength of the exciting radiation. 

The curve is constructed according to the data presented in [ ] 
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From the data presented in [ ], it is known that the level of absorption cross section of a NO2 molecule during 

-  cm2, Fig. 1. 
In the process of the interaction of ArF laser radiation with NO2 molecules, the photodissociation of these 

molecules occurs through two photochemical channels almost identical in quantum yield, in which molecules of the 
ground state NO 2  are formed with different populations of the vibrational state. 
 

NO2 +  2 P)     1a 
 

NO2 +  2 1D)     1b 
 

It was shown in [4 1 1

2  are populated with a 
5] it is reported that in the case of reaction 1b, the population of NO 2  molecules by 

 
It should also be noted that as a result of photochemical reactions in the interaction region of high-intensity 

radiation from an ArF laser and atmospheric air, NO 2  6]. As was shown in [ ], in 

N2O molecules arising from the interaction with high-intensity narrow-band radiation from an ArF laser. Using the 
shape of the velocity distribution in the molecular beam, it was shown that the population of the electronic state of 
NO D2 + is caused by the excitation of the non-resonant optical transition NO D2 + 2  However, 
when using the LIF method, the authors of [8] showed that when the narrow-band radiation of an ArF laser interacts 
with a burning flame under natural conditions, the electronic state of NO D2 + is populated due to the excitation of 
the resonant transition D2 + 2 2

was due to the high-
bands with a population of vibrational levels corresponding to the Boltzmann distribution. 

Therefore, based on the data available in the literature, it can be noted that the detected weak fluorescence 
intensity of NO molecules is explained by the low radiation absorption effici
considered optical transitions. 

The aim of this work was to study the LF/LIF method in the interaction of broadband radiation from an ArF laser 
with nitrogen dioxide at a pressure of 1 mbar and with a mixture of He / NO2 gas  

EXPERIMENTAL SETUP AND MEASUREMENT TECHNIQUE 

In the experiments see Fig. 2)
-5 hromator 

mm, Qeff ~ 65%) in the scanning mode. 

-
radiation from the interaction region was recorded perpendicular to the incident laser beam. The slit width on the 

zone. A co
2

2 windows. The gas mixture was collected directly in the cuvette; it was 
- -free pump with a residual pressure of less than 

 mbar. In the experiments, NO2 and He gases with a purity of at least 
-1 mbar, which was controlled using a measuring 

mechatronic or a pressure sensor . 

030041-2



 
FIGURE 2. Optical design of the experimental setup 

 
The obtained ] spectral modeling program 

taking into account the quantum efficiency of the photocathode of the intensified CCD camera. The spectrum and 
-  

EXPERIMENTAL RESULTS AND ANALYSIS 

2 

pressure of 1 mbar is in the cuvette, the spectral distribution of fluorescence includes high-intensity spectral bands 
2 2 -

the spectral bands corresponding to the transitions D2 + 2 -4) may be due to the high quenching 
coefficient by NO2 molecules and the fast rate of energy relaxation at electronic levels NO D2 + 2  

The addition of helium to atmospheric pressure in the cuvette leads to collisional quenching of the excited states 
of NO D2 + and C2 lation of the electron-vibrational level A2 + 
reaction constant of collisional quenching by helium of the excited state of NO D2 + ) molecules is -  
cm s-1 [ ]. In this case, the distribution of the fluorescence spectrum changes, since this additionally increases the 
intensity of the bands at the optical transitions NO A2 + 2 -  
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a) 

b) 

FIGURE 3. Fluorescence spectrum of NO molecules. At LF / LIF of NO2 gas with a pressure of  
and in a mixture of He / NO2  

 
In the cases considered above, the occurring photochemical reactions can be described by the following basic 

equations: 
1. NO2+ hv NO O 
2. 2 hv 2 + 

 NO D2 ++ 2 + 2  
4. NO A2 + 2 2 hv 

CONCLUDING REMARKS 

Thus, as a result of studies of the LF / LIF process of NO2 molecules when interacting with broadband low-
intensity radiation from an ArF laser, the high fluorescence efficiency of NO radicals was shown. It has been 

fluorescence does not contain spectral bands corresponding to the D2 + 2

contains high- 2 2 -4). In the 
case of adding helium to the cuvette with the ratio He/NO2 l 
transitions from electron- 2 2  + 2
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Abstract. Normal and oblique interaction between steel isotropic elongated projectiles of cylindrical shape and an 
orthotropic composite plate is studied in the impact velocity range of up to 2000 m/s. The problem is solved numerically 
by finite-element method in three-dimensional statement with the use of the software package designed by the authors. 
The projectile material behavior is described by an elasto-plastic model, whereas the obstacle material behavior is 
described by an elasto-brittle model that accounts anisotropy of its elastic and strength properties. The influence of a 
nutation angle on the plate fracture and the projectile behavior during penetration is studied. 

INTRODUCTION 

The problem of high-velocity penetration of elongated projectiles into an obstacle is a specific one. It is 
complicated both for experimental research and for mathematical and numerical studies [1-3]. Physical experiment 
with elongated projectiles (in comparison with compact ones) is accompanied by various further complications as 
follows: controlled launch of such projectiles requires creating special technical facilities like vacuum track, pellets, 
steering bands, etc.; also, during penetration of elongated projectiles stability loss can occur along with their 
deformation and fracture, hence special equipment is required to register the process in time. The following 
problems are common when performing mathematical and numerical simulation of such tasks: 1) consistency of the 
model representation of elongated projectiles behavior during high-velocity penetration - ideally, mathematical 
model shall describe all peculiarities of such projectiles behavior: fracture, operation and prediction of stability loss 
of the projectile depending on the interaction conditions, including the range of impact velocities, approach angles 
and nutation angles; properties of the projectile and obstacle materials, correlation of their geometrical parameters; 
2) when designing numerical techniques one shall develop algorithms and methods to provide discretization that will 
not cause non-physical perturbations, also, the algorithm shall enable long-term time-based calculation without 
significant errors that could cause biased outcomes. In real conditions, the direction of velocity vector usually does 
not correspond with the direction of the longitudinal axis of the moving body, an angle is formed called a nutation 
angle. The effect the nutation angle has on the process of the projectile and obstacle interaction is defined by its 
value, as well as by geometrical and kinetic parameters of the process. Obviously, the influence of the nutation angle 
is more significant in the case of elongated projectiles than in the case of compact ones, for in the former case the 
presence of a nutation angle causes variations not only in stress-strain state of the interacting bodies, but also can 
lead to loss of stability of the projectile. 

MATHEMATICAL MODEL EQUATIONS 

The system of equations that describe non-stationary adiabatic movements of the compressed medium in 
Cartesian coordinates XYZ consists of the following equations: 

• continuity equation 
 div 0ρ ρυ+ =

d

  (1) 
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• motion equation 

 
, , ,
, , ,
, , ,

xx x xy y xz z

yx x yy y yz z

zx x zy y zz z

u

w

ρ σ σ σ

ρυ σ σ σ

ρ σ σ σ

= + +

= + +

= + +







 (2) 

• energy equation 

 1 ,    i,j x,y,zij ijE eσ
ρ

= = , (3) 

 
where ρ  is density of the medium; υd  is velocity vector;  u , υ , w  are components of the velocity vector along the 
axes ,  ,  x y z , respectively; ijσ are components of symmetric stress tensor; E  is specific internal energy; ije  are 
components of asymmetric tensor of  strain rates; the dot over the symbol denotes time derivative; the comma after 
the symbol denotes derivative with respect to the corresponding coordinate. Behavior a of steel isotropic cylinder 
under high-velocity impact is described by elasto-plastic medium, in which relation between the components of 
strain rate tensor and the components of stress deviator is defined by Prandtl-Reuss equations [4, 5]. 
 

 ( )12  , 0
3

ij
ij

ij kk ij
DSG e e S
Dt

δ λ λ − = + ≥ 
 

 (4) 

 

 
ij ij

ik jk
jk ik

DS dS S S
Dt dt

ω ω= − − , (5) 

 

where ( )1
2ij i j j iω υ υ= ∇ −∇ , G  is shear modulus. The parameter 0λ =  for elastic deformation, and for plastic 

deformation ( 0λ > ) is defined with the use of von Mises yield criterion 
 

 22
3

ij
ij dS S σ= , (6) 

 
where dσ  is dynamic yield stress. The spherical part of the stress tensor (pressure) was calculated according to the 
Mie–Gruneisen equation as a function of specific internal energy E  and density ρ : 
 

 
3

0
0 0

1 0

1 1 1 2
n

n
n

VVP K K K E
VV

ρ
=

    = − − − +       
∑ , (7) 

 
where 0 1 2 3,  ,  ,  K K K K  are material constants. 

Behavior of orthotropic material of the obstacle was described in the framework of the model of brittle isotropic 
material [6]. Before fracture, stress tensor components in the obstacle material were defined on the basis of the 
generalized Hooke's law written in the terms of strain rates 
 

ij ijkl klC eσ = , 
where ijklC  are elastic constants. 

Besides, due to symmetry of stress and strain tensors and presence of elastic potential the components of elastic 
constants tensor possess the following symmetry properties: ,ijkl jikl ijlk ijlk ijkl klijC C C C C C= = = = . The obstacle 
material fracture was described using tensor multinomial criterion [7]. Fracture of brittle anisotropic materials under 
intense dynamic load is supposed to occur in the following way [6]: 
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1. if the strength criterion [7] is violated under compression ( )0kke ≤ , the material loses its anisotropic 
properties, and its behavior follows the hydrodynamic model, in such case the material preserves only its 
compressive strength; strain tensor becomes spherical ( )ij Pσ = −  and its value is defined from the 
equation [8]: 

2.  

 
2

0 0 0

0

exp 4 1
4

V V c
P b

V b
ρ  −

= −  
   

, 

 
where 0ρ  is initial density, 0c  and b  are Hugoniot adiabatic coefficients 0 mD c bu= + , mu   is mass rate, 0V  and V  
are initial and current specific volumes. 

3. if the strength criterion [7] is violated under tension ( )0kke > , the material is considered completely 

fractured, and strain tensor components are taken to be equal to zero ( )0ijσ = . 

PROBLEM STATEMENT 

The problem under study is a three-dimensional problem of high-velocity interaction between an elongated 
projectile of cylindrical shape and an anisotropic obstacle (Fig. 1). Dynamic impact was considered by many 
authors [9–11]. The projectile material is isotropic steel ( 0ρ =7800 kg/m3, dσ  = 1.01 GPa), and the obstacle material 
is orthotropic organic plastic ( 0ρ =1350 kg/m3) with the following relation of strength and elastic properties: 

x y zE E E> > , bx by bzσ σ σ> >  [6]. Elongation of the projectile is 20 calibers (diameter of 5 mm, length of 100 mm), 
the obstacle thickness is 30 mm. The projectile initial velocities are studied in the range between 1000 and 2000 m/s. 
The angle of obliquity (the angle between the normal to the obstacle and the projectile longitudinal axis) is 0α = α  
(direct impact) and 60α = α ; the nutation angle (the angle between the velocity vector and the projectile longitudinal 
axis) is 0β = α  and 15β = α . To be specific, let us assume that the nutation angle is taken with a positive sign in case 
it is counted clockwise from the velocity vector. On the contact surface between the projectile and the obstacle 
sliding conditions with no friction are implemented. 
 

 
FIGURE 1. Problem statement. ZOX cross-section. α  - angle of obliquity, β  - nutation angle 

RESULTS AND DISCUSSION 

The article presents the results of numerical studies conducted in the framework of phenomenological approach 
of the mechanics of continuous media with the use of finite element method. Calculations are performed using 
EFES 2.0 software packaged developed by the authors [12, 13]. Figure 2 demonstrates three-dimensional 
configuration of an elongated projectile and an obstacle under oblique impact with a nutation angle. The dynamics 
of fracture propagation in the obstacle and the projectile behavior under various geometrical and kinetic interaction 
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conditions are showed in Figs. 3–5, where isolines of relative volume of fracture (fracture rate) are drawn in the 
ZOX  cross-section for various moments of time. Fracture rate is defined as a ratio of the fractured material volume 

dV  to the total elementary material volume V  under study. The value of relative fracture rate equal to 1 means that 
the material in this area is completely fractured. 
 

 
FIGURE 2. Three-dimensional configuration of a projectile and an obstacle. 

0υ = 1000 m/s, 60α = α , 15β = α , t = 20 μs 
 
During normal penetration with no nutation angle (Fig. 3a) the projectile preserves symmetry in relation to 

longitudinal axis. Symmetrical increase in the diameter of the projectile head part is observed caused by the action 
of the unloading wave, similarly to the mechanism described in [14]. During normal penetration with a nutation 
angle (Fig. 3b) one may observe significant deformation of the head part of the projectile, as well as loss of 
symmetry in its part that penetrated into the obstacle. When oblique impact occurs at the velocity of 1000 m/s 
(Fig. 4) a remarkable bend of a non-operating projectile part is observed for the impact with a nutation angle 
(Fig. 4b), whereas for the impact without a nutation angle no projectile bend occurs. With the increase in initial 
impact velocity the influence of the nutation angle on variation of shape (bending) of the non-operating part of the 
projectile decreases (Fig. 5). 
 

        t =20 μs          

(a) (b) 

FIGURE 3. Configurations of the interacting bodies and the fracture rate of the obstacle material in ZOX  cross-section. 

0υ = 1000 m/s, 0α = α . a) 0β = α , b) 15β = α  
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                  t =35 μs                   

(a) (b) 

FIGURE 4. Configurations of the interacting bodies and the fracture rate of the obstacle material in ZOX  cross-section. 

0 1000υ =  m/s, 60α = α . a) 0β = α , b) 15β = α  
 

              t =35 μs                   

(a) (b) 

FIGURE 5. Configurations of the interacting bodies and the fracture rate of the obstacle material in ZOX  cross-section. 

0υ = 2000 m/s, 60α = α . a) 0β = α , b) 15β = α  
 

For the velocity of 2000 m/s, by 35 μs in case of impact with a nutation angle the length of non-operating part of 
the projectile was 16% bigger than for impact without a nutation angle. As can be seen from the presented fracture 
isolines, presence of a positive nutation angle leads to the increase in fractured material volume in the obstacle. This 
is also well demonstrated by Fig. 6 which shows variations of overall relative fracture rate in the obstacle over time 
under oblique impact. What is more, the difference grows with the increase of impact velocity; thus, for the velocity 
of 1000 m/s (Fig. 6a) the difference is 20%, whereas for the velocity of 2000 m/s (Fig. 6b) it is 100%. It can be 
explained by the fact that the amplitude of shock wave initiated in the beginning of the process grows with the 
increase in the impact velocity, which leads to more intense and massive obstacle material fracture. As a result, the 
action of the obstacle material on the projectile decreases. At the same time, due to the increase in the impact 
velocity the projectile operation is higher in case of an impact with a nutation angle. 

 

  
FIGURE 6. Variation in time with relation to the fracture volume in the obstacle 
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CONCLUSION 

Thus, a nutation angle proves to have a significant influence on the process of a steel projectile penetration into 
an orthotropic obstacle made of organic plastic and leads to (bending) loss of stability of the projectile in spite of a 
considerably lower value of density of the obstacle material. For the studied impact conditions (β=+15°), a nutation 
angle causes increase in the volume of fractured obstacle material. 
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Abstract. The article presents the study of stress-strain state and fracture of monolithic and spaced structures made of 
anisotropic material (organic plastic) during interaction with metal projectiles using mathematical and numerical 
modeling methods. Numerical modeling is performed by the finite element method in three-dimensional statement with 
the use of EFES 2.0 software package developed by the authors. Direct impact is studied in the range of initial velocities 
between 750 and 3,000 m/s. 

INTRODUCTION 

Anisotropic composite materials are widely used in high technology related industries like aeronautical and 
aerospace engineering, as well as in design of modern reinforcement elements for concrete structures. The use of 
composite materials enables to significantly decrease weight of the structure while preserving and improving its 
operational characteristics. It should be mentioned that studying properties of anisotropic materials and structures 
made of them under dynamic load is a complex task, concerning both theoretical and experimental methods. Wide 
use of composite materials stimulates studies of their properties and behavior features under various actions [1-4]. 

The use of anisotropic materials in structures subjected to shock wave loads allows improving its operational 
characteristics due to optimal orientation of elastic and strength properties of the material with respect to the external 
action [5, 6]. Apart from optimization of the material properties, various approaches related to architectural design 
of a structure are used. For instance, spaced (shielded) barriers are widely used to protect structures from impact 
loading. Such barriers are especially effective in cases of protection from the impact of high velocity objects [7]. 
When such impact is caused to spaced (shielded) structures the critical role in fracture of both the projectile and the 
obstacle is played by shock wave processes. Development of these processes causes fracture in the projectile and 
thin shields that protect the main structure. Thin shields prove to be effective in protection of spacecrafts from small 
particles of space debris moving faster than 3 km/s, at which point intense fracture of particles themselves occur. 
When interacting with bigger particles moving slower than 3 km/s thin shields lose their protective efficiency. In 
space such situations are possible in cases of interaction between a spacecraft and debris on a pursuit course. For 
impact velocity in the rage up to 3 km/s an important role is played by strength parameters of the material. Previous 
studies on fracture of spaced obstacles made of isotropic materials showed that their efficiency compared to that of a 
monolithic obstacle grows with the increase in impact velocity [8]. Presently, various composite materials with a 
high level of anisotropy of elastic and strength properties are use in production of aircraft elements; it is impossible 
to adequately describe and predict the behavior of individual elements and the whole structure without the account 
of such feature as anisotropy. 

PROBLEM STATEMENT 

The research provides the results of numerical studies on impact interaction between compact projectiles and 
monolithic and spaced obstacles. The problem is solved in three-dimensional statement in Cartesian coordinates 
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 in the framework of phenomenological approach of the mechanics of continuous media [5]. Impact direction 
coincides with the axis  and the normal to the obstacle. A compact cylinder with the height of 15 mm and same 
diameter was used as a projectile. A monolithic obstacle used was 40 mm thick, and spaced obstacles consisted of 
either two plates, each being 20 mm thick and having 5 mm of space in between, or 3 plates with the thickness of 
13.33 mm and the space of 3 mm. Total thickness of the spaced plates equals the thickness of the monolithic plate. 
The projectile is made of isotropic aluminum with the density =2,710 kg/m3 and the dynamic yield stress 

=310 MPa, the material of the obstacles is organic plastic ( =1,350 kg/m3). The initial velocity of the projectile 
varied between 700 and 3,000 m/s. Two cases of orientation of orthotropic organic plastic properties with respect to 
the direction of the projectile movement are studied: initial orientation ( = 0°) and the case when the angle 
between the axes of symmetry of the material and the axis  is 90° ( = 90°). The initial material ( = 0°) had the 
following elastic and strength parameters [9]: =48.6 GPa, =21.3 GPa, =7.14 GPa, =6,000 m/s, 

=3,970 m/s, =2,300 m/s, =0.28, =0.26, =0.25, =2.67 GPa, =1.18 GPa, =0.39 GPa, 
=0.37 GPa, =0.5 GPa, =1.94 GPa, =0.975 GPa, =0.8 GPa, =0.607 GPa. Here, , ,  and , ,  are Young's moduli and speeds of sound in the corresponding directions; , ,  – Poisson's ratios; , ,  – tension, compression and shear strength parameters. The properties of the reoriented material ( = 90°) 

are defined on the basis of the initial material by rotating its axes of symmetry around the axis  by 90  provided 
the following ratios are fulfilled: / = / . 

The projectile material behavior is described by the elastic-plastic model, whereas the behavior of organic plastic 
is described by the elastic-brittle model [5, 9]. Wu strength criterion was used as a criterion of anisotropic material 
fracture [10]. Fracture of brittle anisotropic materials under intense dynamic load is supposed to occur in the 
following way [5, 9]: in case the strength criterion [10] is violated under compression ( 0) the material loses its 
anisotropic properties and its behavior follows the hydrodynamic model; at the same time, the material preserves 
only its compressive strength, and stress tensor becomes spherical ( = ); in case the strength criterion [10] is 
violated under tension ( > 0), the material is considered completely fractured and stress tensor components are 
considered to be equal to zero ( = 0). Here,  is the rate of volume variation. Dynamic impact was considered 
by many authors [11–13]. Numerical modeling is performed by the finite element method with the use of EFES 2.0 
software package developed by the authors [14, 15]. The calculations account interaction between the plates in the 
spaced obstacle. Sliding conditions with no friction are implemented on the contact surfaces. 

RESULTS AND DISCUSSION 

Figures 1 and 2 present design configurations of an aluminum projectile and monolithic and spaced obstacles 
made of anisotropic organic plastic for various impact velocities. Figures 1a and 2a show obstacles made of initial 
material, and Figs. 1b and 2b – obstacles made of reoriented material. Shades of gray denote values with respect to 
the volume of fracture /  in obstacles. It should be specified that the values  and  are brought to the mesh 
points:  - the volume of elements that intersect in the mesh point, in which the fracture condition (1) is fulfilled;  
- total volume of elements containing this mesh point. The value / = 1 corresponds to complete fracture of the 
material in the mesh point. As the studies show, the fracture pattern occurring in the obstacles depends on the 
orientation of material properties in relation to the external load, in this case – to the impact direction. In the end, the 
dynamics of fracture propagation in the obstacle defines the effectiveness of its protective properties. 
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a)       b) 

FIGURE 1. Design configurations of the interacting bodies and distribution of isolines of relative fracture volume in the 
obstacles: a) =750 m/s, =0°, =50  b) =750 m/s, =90°, =50  

 
Material fracture in an obstacle starts in a compression wave ( 0) initiated at the moment of impact. 

Fracture propagation in the material will depend both on the values of the material strength parameters and on the 
velocity of compression and release waves. 
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a)       b) 

FIGURE 2. Design configurations of the interacting bodies and distribution of isolines of relative fracture volume in the 
 =2,000 m/s, =0°, =25 =2,000 m/s, =90°, =25  

 
Fracture that occurs in compression wave in the obstacles made of reoriented material (Fig. 1b and 2b) 

propagates deeper in the obstacle thickness due to higher wave velocity in the direction of impact (  axis) and lower 
value of ultimate compressive strength in this direction. Release waves that propagate from free surfaces cause 
complete fracture to the damaged material when reaching compressive fracture areas. In this case there is a vast area 
of fractured material in front of the projectile. A different pattern is observed in the obstacles made of initial 
material: areas of fracture occurring in compression wave have more extended dimensions in the directions 
perpendicular to the direction of impact. An area of intact material is preserved in front of the projectile, which 
provides higher resistance to the projectile penetration (Figs. 1a and 2a).  

Figure 3 enables quantification of fracture propagation in the obstacles, where variations of total volume of 
fracture in the obstacle are represented over time with respect to fracture volume  ( = ,  – total 
volume of the obstacle) under compression and tension for various initial velocities. Curves 1, 3 and 5 reflect time-
to-time variation of relative volume of material fractured under compression ( 0) and preserving only its 
resistance to compressive fracture for a monolithic obstacle, a spaced obstacle of two plates and a spaced obstacle of 
three plates, respectively. In the similar manner, curves 2, 4 and 6 illustrate time-to-time variation of relative volume 
of completely fractured material (for > 0) having no resistance to the load ( = 0). Since material fracture 
begins in compression wave, early in the process the volume of fractured material subjected to compression is 
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higher than the volume of material fractured under tension. Over time, the volume of material fractured under 
tension grows, while the volume of material fractured under compression decreases. This is caused by the action of 
release waves which propagate from free surfaces of the projectile and the obstacles. While for the impact velocity 
of 750 m/s the volume of completely fractured material (with > 0) of the monolithic obstacle was the lowest 
(curve 1), the pattern change is observed with the increase in impact velocity: the volume of fractured material in the 
monolithic obstacle becomes higher than that in the spaced obstacles (curves 2 and 3). 

 

   
a)       b) 

   
c)       d) 

FIGURE 3. Dependence of relative fracture volume on time in obstacles made of initial material ( =0°): a) =750 m/s, b) 
=1,500 m/s, c) =2,000 m/s, d) =3,000 m/s. (1 – monolithic obstacle, compression; 2 – monolithic obstacle, tension; 3 – 

two-layer obstacle, compression; 4 – two-layer obstacle, tension; 5 – three-layer obstacle, compression; 
6 – three-layer obstacle, tension) 

 
In the end, propagation of fracture in the obstacles defines the overall efficiency of the structure. Comparative 

analysis of protective properties of the monolithic and spaced obstacles made of initial material can be performed 
using the graphs of dependence of center-of-mass velocity of the projectile on time given in Fig. 4 for various 
material properties orientations. Curves 1, 2 and 4 correspond to the material with initial properties orientation 
( =0°), and curves 4, 5 and 6 – to the reoriented material ( =90°). In case of initial material orientation with the 
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impact velocity of up to 2,000 m/s more intense deceleration of a projectile occurs when interacting with a 
monolithic obstacle. 

 

   
a)       b) 

   
c)      d) 

FIGURE 4. Dependence of center-of-mass velocity on time: a) =750 m/s, b) =1,500 m/s, c) =2,000 m/s, d) =3,000 m/s. 
(1 - monolithic obstacle, 0°; 2 - two-layer obstacle, 0°; 3 - three-layer obstacle, 0°; 4 - monolithic obstacle, 90°; 

5 - two-layer obstacle, 90°; 6 - three-layer obstacle, 90°) 
 
It should be mentioned that for the velocity of 750 m/s no through penetration occurs in both monolithic and 

spaced obstacles. Also, in this case the biggest drop in the projectile velocity is observed when interacting with the 
monolithic obstacle, the next efficient is the spaced obstacle consisting of two plates, and the spaced obstacle of 
three plates proves to be the least efficient. The pattern changes with the increase in impact velocity. For the impact 
velocity of 1,500 m/s the monolithic obstacle is still the most efficient, since deceleration of the projectile occurs 
more intensively.  

After-penetration velocity of a projectile in case of through penetration in the monolithic obstacle is 50 m/s, 
whereas in case of penetration in the spaced obstacles it is 150 m/s. However, for this impact velocity value the 

-layer and three-layer spaced obstacles. With the 
obstacles intensifies, besides, 
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after-penetration velocity in case of through penetration in the monolithic obstacle is 10 to 15% higher than for the 
spaced ones. For reoriented material the tendency of growing efficiency of spaced structures is preserved – the 
difference in after-penetration velocities of the projectile after through penetration in the monolithic and spaced 
obstacles decreases with the increase in impact velocity. 

CONCLUSION 

To sum up, the efficiency of protective properties of monolithic and spaced obstacles made of anisotropic 
materials was analyzed for various cases of orientation of material properties. It was found that the efficiency of 
spaced structures grows with the increase in impact velocity and is defined by fracture propagation in the obstacles, 
which depends on wave velocities and orientation of elastic and strength properties of anisotropic material with 
respect to the impact direction. 
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Abstract. A patch antenna based on liquid crystals for the GHz range was simulated. The variation of the antenna 
frequency range after doping of Fe3O4 nanoparticles was verified. The ability to control the frequency range of the patch 
antenna is shown. The phase distributions, both for the case of 5CB crystals with a slight variation in the dielectric 
constant tensor and for crystals with magnetic permeability were shown. 

INTRODUCTION 

The needs of the global market for networks of wireless data, the rapid development and implementation of 5G 
standards, as well as MIMO (Multiple Input Multiple Output) technologies, determine the transition from standard 
antennas such as Yagi-Uda or dipoles to phased array antennas (PhAA). Such antennas consist of an array of 
antennas: slotted, helical, dielectric rod, horn, etc. For PhAA, the phase of each element is vary to addressed to form 
the desired radiation pattern. 

A significant limitation of the mass implementation of PhAA is the cost of the phase control system of a single 
element of antenna, which is most often performed on the basis of phase-shifting circuits or phase shifters [1, 2].  

Devices in which the phase of the signal is regulated by semiconductor elements have high characteristics. 
However, their applications in the gigahertz range are limited either by the unattainable properties of the materials or 
by very high magnetic fields. 

An alternative way to control the phase of individual elements is to use materials, which the dielectric constant 
depends on an external field [3, 4], in particular liquid crystals. They have a strong shape anisotropy, which is 
expressed in the difference in their dielectric properties for different spatial directions. Under an external electric or 
magnetic field, liquid crystals can change an orientation very quickly. This significantly decreases the reaction time 
of the such antenna comparing mechanical based ones. 

PhAA can be synthesized for any region of the electromagnetic spectrum, since the properties of liquid crystals 
are well studied for different frequency ranges: radio wave [5], terahertz [6] and optical [7]. 

And although in the low-frequency range devices based on liquid crystals can be inferior to PhAA based on 
semiconductors and ferroelectrics, in the GHz and THz ranges they significantly surpass them. The first advantage is 
low values of the control field, and the second is a LC anisotropy increasing in this range. For example, the usual 
refractive index decreases from 1.6 to 1.5 when the field frequency passes from GHz to THz. 

An additional opportunity for control the properties of LC-based devices is the ability to doping magnetic 
nanoparticles into them. They can increase the values of both dielectric constant and anisotropy. For example, the 
variation of Fe3O4 nanoparticles concentration from 0 to 10% wt. in nematic liquid crystals resulted in the increasing 
both  from 4.85 to 11.3, and || from 5.31 to 11.9 [8]. 

In addition, the presence of magnetic nanoparticles can vary the frequency characteristics of the LC, as well as 
regulate the initial direction of the LC [9] if the polymerization is performed under a magnetic field. 
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LIQUID CRYSTAL BASED PATCH ANTENNA MODELING 

As a test problem, numerical simulation was performed by tuning a simple patch antenna with a resonant 
frequency about 1.55 GHz. The geometry and parameters of the task are shown in Fig. 1. 

 

 
FIGURE 1. The patch antenna parameters 

 
The support size was a = 100 mm, the patch antenna sizes were L1 = 52mm and w1 = 53 mm. The input of the 

microstrip line of the feeder was defined by wp = 3.2 mm, ws = 7 mm and by the shift of the center of radiation input 
into the antenna from the resonator boundary (L2 = 15.5 mm). The metal layers (yellow) thickness was 100 m. A 
liquid crystals layer (thickness dLC = 0.5 mm) was placed between two layers of textolite (thickness 0.5 mm). The 
total thickness of the support was d = 1.5 mm.  

The patch antenna has dimensions 100 mm by 100 mm. The surfaces of copper were introduced into the 
numerical model as transient boundary conditions with a conductivity of  =5.6×107 S/m and an effective thickness 
of 100 m. Unlike ideal conductors, often used to calculate antennas, this approach allowed to take into account 
losses and calculate the quality factor of the antenna. The metal layers are deposited on a dielectric substrate with 
thickness dS = 0.5 mm and relative permittivity = 3.38, which corresponds to the dielectric constant of a FR4 
textolite at ~ 1.5 GHz. 5 CB liquid crystals had permittivity  = 2.6, || = 2.9  and dielectric loss tangent =0.01 . 

The layer with liquid crystals was placed between two textolite plates with metallization. To simplify the 
simulation, thin plates of ITO covered the liquid crystals layer were excluded from the numerical model, due to the 
small thickness. The sizes of the patch w1 and L1 were slightly different, to mismatch the excitation of the TM mode 
of magnetic fields and dominantly to excite a mode TE001 by an electric field. The choice of such sizes was defined 
by the requirement to keep the polarization of the radiation of the antenna. Parameter L2 was interlinear and 
determined the efficiency of radiation input to the antenna. Parameter wp joined the parameters of the microstrip line 
providing radiation input to the antenna. 

For simulation, we used Fe3O4 nanoparticles having an elongated shape with magnetic permeability written in 
the form of a diagonal tensor with the values of the diagonal elements =2.5 and ||=5. 

The dielectric and magnetic permeabilities strongly depend on the size, form, concentration and synthesis 
method of nanoparticles [8]. So, we did not use a specific permeability value and just analyzed the possibility to 
control the frequency range of the patch antenna. 
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RESULTS AND DISCUSSION 

The dependences of the reflection coefficient of the signal S11 were performed for direct and perpendicular 
orientations of the crystals. The change of the orientation resulted in a shift of the resonance frequency and a slight 
increase of the reflected signal value which is explained by a small mismatch in the impedance when the dielectric 
constant of the support was changed (Fig. 2). However, the S11 ~ -20dB value allows to conclude that energy was 
efficiently supplied into the antenna. 

 
FIGURE 2. Spectral dependence of S11 for direct and perpendicular orientations of liquid crystals 

 
The Smith diagram with a frequency dependence of matching the impedance of the antenna and feeder line 

at 50 Ohms. For a curve corresponding to the orientation of crystals with a large refractive index, it can be seen that 
the matching of the antenna with the feeder line is better. For direct orientation of liquid crystals ( = 2.6) the 
resonance frequency was at 1.595 GHz, and for perpendicular orientation ( || = 2.9) the resonance frequency was at 
1.564 GHz. The quality factors were high = 530  and || = 536. It should be noted the antenna pattern 
profiles are the same for the both permittivity configurations. The for the crystal orientation along the field 
directivity was 6.8 dB and for the second position the directivity was 7dB. The angular dependence of the directivity 
of the antenna does not depend on the epsilon variation. The shift of the resonance frequency for the spatial 
orientation tested was 31 MHz. 

Figure 3 shows the distribution of the electric field value. It can be seen, the field maxima are located at the 
edges of the antenna, and the field minimum is in the center. This pattern is specific for the TE001 mode, as was 
indicated earlier. 

 
FIGURE 3. Directional pattern of radiation of patch antenna given configuration in the resonant mode 

for a frequency of 1.595 GHz and = 2.6. The TE001 mode is excited in the antenna 
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For the liquid crystals considered above, the spatial orientation was changed using the electric field. Further we 
will model a situation when liquid crystals were doped with magnetic particles and, as a result, began to possess a 
magnetic permeability. The magnetic permeability looks like a tensor with the diagonal elements = 2.5 and || = 5. So the spatial orientation of the liquid crystals can be controlled using both electric and magnetic fields.  

The doping of magnetic particles greatly changes the form and location of the antenna resonance (Fig. 4). The 
main operating frequencies for both cases were shifted toward low frequencies. For the dielectric and magnetic 
permeability parameters = 2.6, = 2.5, the main peak was at = 1.335 GHz and for || = 2.9, || = 5 at = 1.074 GHz. In the reflection spectrum, higher-order mode excitation was observed about 2 GHz. Such modes 
had low quality factors and their reflection coefficients did not exceed - 8dB. 

 
FIGURE 4. Reflection coefficient spectra for the variation of the dielectric and magnetic permeabilities 

 
The spectra show the excitation of the next-order mode at frequencies about 2 GHz. Such modes usually 

spectrally superimpose on each other, which affects the final polarization of the radiation of the antenna. For this 
reason, they are not considered further. The radiation pattern and directivity of the antenna do not change 
significantly after doping of magnetic particles. 

To calculate the phase shift due to the reorientation of liquid crystals for the main mode TE001, we used the 
formula of dependence of phase versus frequency near the resonance value [10]: 
 = ( )                                                                     (1)  
 

Figure 5 shows the phase distribution, both for pure LC and for doping crystals. It shows that the maximum 
phase shift is in the resonance regions. The reorientation of liquid crystals shifts the resonance frequency more than 
the half-width of the resonance itself (Fig. 5a). This is especially noticeable for doping liquid crystals (Fig. 5b). This 
indicates that particle control can be ensured due to fairly low values of magnetic fields. 

Figure 5 shows that for both sets of dielectric and magnetic permeability, the phase change is about 90 degrees, 
which is enough to build PhAA controlled at small values of magnetic fields. 
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(a) (b) 

FIGURE 5. Rearrangement of the antenna radiation phase for pure liquid crystals = 2.6, || = 2.9 ( ) 
and liquid crystals with magnetic particles = 2.6, = 2.5  || = 2.9, || = 5 (b) 

CONCLUSION 

For selected parameters of the dielectric permeability of 5CB LC in the frequency range of ~ 1.5 GHz, a 
numerical simulation of the antenna radiation and its phase control were performed.  Radiation patterns of the 
antenna, frequency dependences of the amplitude and phase of the radiation, signal amplification factors were 
obtained for two orientations of liquid crystals. 

A numerical simulation of liquid crystals doping of magnetic particles was also performed. In this case, the 
resonance frequencies were strongly shifted towards long waves. For selected parameters of dielectric and magnetic 
permeabilities, the spectral shift of the resonance occurred in a wide frequency band, which makes it possible to 
construct an effective phased antenna array. 
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Abstract. Wave processes in chemically active bubble media are experimentally investigated. The classification of 
chemically active bubble media is proposed. The phenomenon of bubble media ignition is discovered: the propagation of 
shock waves in chemically active bubble media is accompanied by the ignition of chemically interacting substances 
contained in the medium. The phenomenon of detonation in bubble media, i.e., a self-sustaining autowave stationary 
process, is discovered. The influence of physicochemical properties and parameters of mono- and polydisperse, one- and 
multicomponent bubble media on the conditions of initiation, structure, velocity, pressure, and propagation limits of 
detonation waves is studied. 

INTRODUCTION 

Detonation is a universal phenomenon: detonation waves exist in various homogeneous and heterogeneous 
media. Despite the differences in the structure and physicochemical properties of systems, detonation waves in all 
media have common features: detonation is a self-sustaining process. This fact is due to the feature which is 
common for all the systems, i.e., chemically active media. It is the presence of energy release in the medium that 
enables the propagation of detonation waves. In turn, the structure features and properties of the systems determine 
the specific properties of detonation waves in a given medium. 

The chemically active bubble media (the liquids which contain gas bubbles uniformly distributed in the volume) 
are structurally different from the known chemically active homogeneous (gaseous, liquid, solid explosives) and 
heterogeneous (fuel film - gaseous oxidizer, gas - droplets, gas - particles, etc.) systems. Therefore, it is reasonable 
that a detonation wave in bubble media (“bubble” detonation) having common features for all the detonation waves, 
has a number of peculiarities taking place in structure, properties, and propagation mechanism. 

The chemically active bubble media are various: the liquid component of the medium may contain bubbles 
differing both in size and in gas composition while the chemically interacting substances can be in gaseous or (and) 
in liquid phase. These circumstances cause the existence of chemically active bubble media that differ both 
structurally and qualitatively. 

Below, we classify the chemically active bubble media and distinguish their types: 
- monodisperse media are the systems in which the liquid contains the gas bubbles of the same size; 
- polydisperse media are the systems in which the liquid contains the gas bubbles of different size; 
- one-component media are the systems in which the liquid contains the bubbles of the same type of gas; 
- multicomponent media are the systems in which the liquid contains the bubbles of several types of gas. 
We also distinguish the following types of chemically active bubble media: 
I: “a chemically inactive liquid – the bubbles of a chemically active gas”; 
II: “a liquid fuel (or oxidizer) – the bubbles of an oxidizer (or fuel)”; 
III: “a chemically active liquid – the bubbles of a chemically inactive gas”; 
IV: “a chemically active liquid – the bubbles of a chemically active gas”. 
The phenomenon of “bubble” detonation has a great generality: detonation waves are found in the bubble media 

of various structures (mono- and polydisperse, one- and multicomponent) of qualitatively different type (I and II). 

High-Energy Processes in Condensed Matter (HEPCM 2020)
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EXPERIMENTAL SETUP 

The experimental studies of detonation waves in bubble media were carried out in vertically-arranged shock 
tubes of internal diameter 35 or 40 mm, consisting of sections of high and low pressure with a bursting diaphragm 
between them. The volume concentration of gas phase of the bubble medium varied within the range 1/4  0  8 %. 
The height of liquid column with gas bubbles was 3.5 - 4 m. The detonation in bubble media was initiated by shock 
waves which were generated by the combustion of an acetylene-oxygen stoichiometric mixture (C2H2 + 2.5 O2) in a 
high-pressure section of the shock tube. The amplitude (pressure) of shock waves was varied by changing the initial 
pressure of gas mixture C2H2 + 2.5 O2 in a high-pressure section [1]. 

DETONATION WAVES IN ONE-COMPONENT MONODISPERSE BUBBLE MEDIA 

The following bubble media with one gas component containing gas bubbles of the same size were studied: I - “a 
chemically inactive liquid – the bubbles of a chemically active gas”; II - “a liquid fuel – the bubbles of a gaseous 
oxidizer”. The qualitative difference between chemically active bubble systems I and II is that in the latter there are 
mixing processes that are necessary to prepare chemically active substances for interaction. 

The propagation of shock wave in a bubble medium causes the compression of gas bubbles. As a result of 
compression, gas parameters in the bubbles (pressure and temperature) increase. The following phenomenon of 
ignition of bubble media was discovered [1]: the propagation of shock waves in chemically active bubble media is 
accompanied by the ignition of chemically interacting substances contained in the medium. Moreover, in system I 
(water and 50% water-glycerin solution with bubbles C2H2 + 2.5 O2), a combustible gas is ignited, and in system II 
(saturated hydrocarbons C7H16, C9H20, C13H28,C16H34 and B-70 gasoline with oxygen bubbles O2), the chemically 
interacting substances are ignited. The bubble media are ignited by shock waves with an amplitude exceeding the 
critical P1  the value of which depends on physicochemical properties and parameters of the bubble media: in bubble 
media H2O - (C2H2 + 2.5 O2) (system I) and C7H16 - O2 (system II), at volume concentration of gas phase of bubble 
media 0 = 6 - 8 % P1  = 4.0 - 5.0 and 6.0 - 7.0 MPa, respectively. 

The ignition of chemically active substances in a shock wave is accompanied by the luminescence of the bubble 
medium which is observed visually and detected by a photoelectron multiplier (see Fig. 1, b) (the luminescence of 
chemically inactive bubble media in shock waves is absent). The shock waves of lower amplitude do not cause the 
ignition of bubble medium (see Fig. 1, a) [2]. 

 

 
FIGURE 1. Oscillograms of pressure of wave disturbances (upper beam) and luminescence of bubble medium (lower beam). 

H2O - (C2H2 + 2.5 O2); shock wave amplitude P1 = 2.0 (a), 3.0 (b), 5.0 (c) and 6.0 MPa (d); 
diameter of gas bubbles d = 3 – 4 mm; 0 = 2%; initial pressure on the surface of bubble medium P0 = 0.1 MPa; 1 - solitary wave, 

2 - incident shock wave, 3 - reflected shock wave; sine wave period T = 100 s 
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The process of propagation of the shock wave with an amplitude exceeding the critical one in a chemically active 
bubble medium is unsteady: at a certain distance from the surface of bubble medium, a solitary wave is separated 
from the shock wave, accelerates, and then reaches the constant velocity which is higher than that of a subsequent 
shock wave (see Fig. 2) [2]. The propagation velocity value of the solitary wave is less than that of sound in a liquid 
and significantly exceeds the equilibrium velocity of sound in a bubble medium (in a bubble medium H2O - (C2H2 + 
2.5 O2) at 0 = 2%, the velocity of solitary wave D = 690 m/s, the equilibrium velocity of sound c0 = 80 m/s). The 
increase of the initial amplitude of shock wave accelerates the formation of a solitary wave, i.e., the distance passed 
by the shock wave, before the solitary wave separates from it, decreases as the amplitude of shock wave increases. 
The ignition of bubble medium (i.e., energy release) occurs only in a solitary wave, but it is absent in a subsequent 
shock wave (Fig. 1, c, d). The solitary wave parameters are independent of the amplitude of initiating wave (a self-
sustaining autowave process). 

 

 
FIGURE 2. Oscillograms of pressure of wave disturbances. H2O - (C2H2 + 2.5 O2), P1 = 4.0 MPa; d = 3 - 4 mm; 0 = 2%; 

P0 = 0.1 MPa; distance from the surface of bubble medium L, m: 2.37 (a), 3.12 (b) and 3.66 (c); 1 - solitary wave, 
2 - incident shock wave, 3 - reflected shock wave; sine wave period T = 100 s 

The following phenomenon of detonation in bubble media was discovered: a solitary wave, whose process of 
propagation at a supersonic velocity (relative to the equilibrium velocity of sound in a bubble medium) is self-
sustaining and autowave, was called a detonation wave in bubble media in [2]. The existence of “bubble” detonation 
waves was established in systems I (water-glycerin solutions of various viscosity with bubbles of acetylene-, 
hydrogen-, and (propane-butane)-oxygen mixtures) and systems II (saturated hydrocarbons C7H16 and C16H34, 
mineral oils (condenser and vacuum VM-3) with oxygen bubbles and oxygen-nitrogen mixtures) [2 - 5]. 
A qualitative difference between systems I and II occurs in the phenomenon of secondary ignition of bubbles in 
systems II discovered in [4]: the two-stage character of ignition of the bubbles is due to the processes of mixture 
formation and results from incomplete combustion under the first compression of bubbles (in systems I, the ignition 
of gas bubbles is single-stage) (see Fig. 3) [4]. 

 

 
FIGURE 3. Oscillograms of pressure of detonation waves (upper beam) and luminescence of bubble medium (lower beam). 

a: (0.75 H2O + 0.25 glycerin) – (C2H2 + 2.5 O2), 0 = 1 %; b: (VM-3) – O2, 0 = 1 %; sine wave period T = 10 s
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The shock waves with an amplitude exceeding the critical one (sufficient for gas bubble ignition) can initiate a 
detonation wave in systems I and II (the critical pressure values of the initiating shock wave in the bubble media 
under investigation are P1  = 1.7 - 6.0 MPa). The ignition of gas bubbles is the result of bubble compression in the 
field of shock wave pressure. The initiation of detonation waves was caused by shock waves and electric discharge 
in a bubble medium [5]. The detonation in bubble media is an autowave process: the parameters of detonation wave 
are independent of amplitude, duration, and method of generating the initiating shock wave and they are determined 
by the properties of medium [2 - 5]. The critical amplitude values of initiating shock wave rise as the concentration 
of gas phase and the initial pressure of bubble medium increase, the gas mixture in bubbles is depleted or enriched 
(i.e., when the period of induction of chemical reactions increases) and as the viscosity of liquid component of the 
medium and the diameter of gas bubbles decrease. The processes of detonation initiation by a shock wave in systems 
I and II are similar [2 - 6]. 

The structure of detonation waves in different monodisperse media is qualitatively identical (see Fig. 3). 
The detonation wave is a short solitary compression wave of 40 - 
pulsations of 3 - - 40 MPa. The pressure pulsations result from the 
generation of shock waves by gas bubbles ignited in the detonation wave. The stochasticity of pressure pulsations is 
due to a random distribution of gas bubbles in the liquid. The pressure value behind the detonation wave is close to 
that in an unperturbed bubble medium in front of the wave. The quantitative characteristics of detonation waves 
depend on the size of gas bubbles: the size of gas bubbles correlates with the duration of detonation wave, i.e., the 
duration of detonation wave increases as the diameter of gas bubbles rises [6]. The detonation process results from 
the collective behavior of interacting gas bubbles uniformly distributed in the liquid [2 - 6]. 

The characteristics of detonation waves are determined by the parameters of initial state and physicochemical 
properties of gas and liquid components of bubble media. Detonation in bubble media is a stationary process. 
The velocity of detonation wave D increases as the concentration of gas phase decreases and the initial pressure of 
bubble medium increases; the values of detonation wave velocity decrease as the gas mixture is depleted or enriched 
with fuel (with an increase of the period of induction of chemical reactions) and as the viscosity of liquid component 
of the bubble medium decreases (see Fig. 4, here L ( ) is a water-glycerin solution with a volume concentration of 
glycerol  (system I) or L is a liquid fuel (systems II); G - gas) [2 - 7]. The dependences of the velocity of 
detonation wave D on the diameter d of gas bubbles are nonmonotonic: the velocity of propagation of detonation 
wave is maximal at a certain diameter of gas bubbles; for smaller or larger bubble sizes, the velocity of detonation 
wave propagation decreases (see Fig. 5) [6]. 

 

 
FIGURE 4. Dependencies D ( 0). liquid: L (0) - 1; L (0.25) - 2, 13; L (0.35) - 8, 14; L (0.5) - 3 - 6, 9 - 11, 15 - 17;L (0.7) - 7, 12, 

18; (VM-3) - 19 - 21; gas: (5 C2H2 + O2) - 3; (2.5 C2H2 + O2) - 4; (C2H2 + 2.5 O2) - 1, 2, 5, 7, 21; (C2H2 + 50 O2) - 6; 
(2 H2 + O2) - 9; (H2 + 2 O2) - 8, 10, 12; (H2 + 6 O2) - 11; (C3H8 + 5 O2) - 15; (C3H8 + 10 O2) - 13, 14, 16, 18; (C3H8 + 30 O2) - 17; 

O2 - 19; (0.75 O2 + 0.25 N2) - 20; d = 3 - 4 mm; P0 = 0.1 MPa 
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FIGURE 5. Dependencies D(d).  = 0.5 (1, 4, 7), 0.25 (2, 5, 8) and 0 (3, 6, 9); 0 = 1 (1 - 3), 2 (4 - 6) and 4% (7 - 9); 

10 – detonation is absent; P0 = 0.1 MPa 

The following effect of “viscosity” was discovered. The viscosity of liquid component of bubble media 
essentially influences the critical conditions of initiation, parameters and propagation limits of detonation 
waves [2 - 5]. The effect of viscosity on the characteristics of detonation waves is explained by the influence of 
liquid viscosity on the compression of gas bubbles in detonation wave and, as a result, on the heat loss of bubbles 
under the compression-expansion condition of gas bubbles in detonation wave [5]. 

The detonation waves in bubble media propagate according to the mechanism of microexplosions: the ignited 
gas bubbles generate shock waves into the surrounding liquid, which, in turn, ignite the bubbles in front of the wave 
[2, 4]. When interacting with detonation wave, gas bubbles are disintegrated (see Fig. 6) [6]. 

 

 
FIGURE 6. Photographic record (a) and recording (b) of gas bubbles in a detonation wave. 

 = 0.25, 0 = 1%, d = 5.1 (a) and 2.4 mm (b); P0 = 0.1 MPa 

DETONATION WAVES IN MULTICOMPONENT BUBBLE MEDIA 

Multicomponent bubble media are the systems in which the liquid contains bubbles of several types of gas. 
The presence of inactive gas bubbles in the system reduces the medium energy intensity and thus restricts the 
possibility of detonation wave existence. 

The following chemically active bubble media were studied: 
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multicomponent bubble systems (“liquid - mixture of gas bubbles”) L  ( 1G1 + 2G2) (L - liquid, 1, 2 - gas 
phase concentration in bubbles with gases G1 and G2, total gas phase concentration 0 = 1 + 2): 

- systems I: L ( ) - water-glycerin solutions containing the mixture of bubbles of chemically active gas G1 (C2H2
+ 2.5 O2) and bubbles of chemically inactive gas G2 (Ar, He, N2); 

- systems II: L - liquid fuel (VM-3) with bubbles of gaseous oxidizer G1 (O2) and inert gas bubbles G2 (Ar); 
- “hybrid” systems I-II: L - liquid fuel (VM-3) with bubbles of gaseous oxidizer G1 (O2) and bubbles of 

chemically active gas G2 (C2H2 + 2.5 O2). 
- one-component bubble systems (“liquid - gas mixture bubbles”) L - (xG1 + yG2) (L - liquid, x, y - the 

concentration of gases G1 and G2 in the bubble, x + y = 1): 
- systems I: L( ) - water-glycerin solutions (volume concentration of glycerol  = 0.25 and 0.5) with bubbles of 

chemically active gas G1 (C2H2 + 2.5 O2) diluted with chemically inactive gas G2 (Ar, He, N2); 
- systems II: L - liquid fuel (VM-3) with bubbles of gaseous oxidizer G1 (O2) diluted with inert gas G2 (Ar). 
The critical values of initiating shock wave depend both on the total concentration of gas phase and on the 

relation of concentrations of active and inactive gas bubbles. The structure of detonation waves in one- and 
multicomponent systems whose physicochemical properties and the parameters of initial state varied within a wide 
range is qualitatively identical: the detonation wave is a short solitary wave with pressure pulsations [8 - 11]. 

The increase of concentration of more active gas component in the system (for the given constant total 
concentration of gas phase) results in increasing the velocity of propagation of detonation wave; if the concentration 
of bubbles of a chemically inactive gas increases, then the velocity of detonation wave decreases (up to the 
detonation decay when the concentration of bubbles of the inactive gas exceeds the critical one (concentration 
limit)) (see Fig. 7) [8]. The decrease of propagation velocity of detonation wave is caused by the interaction of 
inactive gas bubbles with the detonation wave that results in an increase of energy loss of detonation wave [8, 9]. 

 

 
 

(a) (b) 

 
(c) 

FIGURE 7. Dependences of velocity D of the detonation wave “with losses” (a), the wave of “two-component” detonation (b) 
and the wave of “hybrid” detonation (c) on the concentration of gas phase component 2. - L(0.5) - (C2H2 + 2.5 O2), 2 - 5 - 
L(0.5) - [ 1(C2H2 + 2.5 O2) + 2Ar (He, N2, H2)], 6 - L(0.25) - [ 1(C2H2 + 2.5 O2) + 2Ar]; 0 = 1 + 2, 1 - (C2H2 + 2.5 O2), 
2 - Ar (2, 6), He (3), N2 (4), H2 (5); b: 1 - L(0.5) - [ 1(2 H2 + O2) + 2(C2H2 + 2.5 O2)], 2 - L(0.5) - [ 1(2 H2 + O2) + 2Ar]; 0 = 

1 + 2, 1 - (2 H2 + O2), 2 - (C2H2 + 2.5 O2) (1), Ar (2); c: 1 - (VM-3) - [ 1O2 + 2(C2H2 + 2.5 O2)], 2 - (VM-3) - ( 1O2 + 2Ar); 
0 = 1 + 2, 1 - O2, 2 - (C2H2 + 2.5 O2) (1), Ar (2); d = 2 - 3 mm; P0 = 0.1 MPa 

When diluting a chemically active gas mixture in the bubbles with inactive gas (one-component bubble media) 
or adding chemically inactive gas bubbles to the liquid along with the reactive gas bubbles (multi-component bubble 
media), the energy intensity of the medium decreases that causes the decrease of the effective (averaged) pressure of 
detonation wave (see Fig. 8) [10]. The data are presented as the dependences of effective pressure of detonation 
wave P on the relative energy content of medium Q0. In one-component systems, Q0 = x/(x + y) = x; in 

030045-6



multicomponent media, Q0 = 1/( 1 + 2) = 1/ 0. The introduction of the parameter of relative energy content of 
medium allows us to compare one- and multicomponent systems. When the initial pressure of a multicomponent 
bubble medium decreases, the propagation velocity and pressure of detonation wave drop [11]. 

 

 
FIGURE 8. Dependencies P(Q0). L( ) - (xG1 + yG2) (1, 3 - 5), L( ) - ( 1G1 + 2G2) (2);  = 0.25 (1, 2) and 0.5 (3 - 5); 

G1 - (C2H2 + 2.5 O2); G2 - Ar (1 - 3), He (4), N2 (5); L(0.5) - (2 H2 + O2) (6); (VM-3) - O2 (7); d = 2 - 3 mm; P0 = 0.1 MPa

DETONATION WAVES IN POLYDISPERSE BUBBLE MEDIA 

Polydisperse bubble media (PDM) are the systems in which the liquid contains gas bubbles of different size. 
The detonation waves were studied in polydisperse media of two types: with continuous and with discrete 
distribution of gas bubbles by size. In polydisperse media with continuous size distribution of gas bubbles, the liquid 
contained the mixture of bubbles of diameter 2.0  d  5.5 mm. In polydisperse media with discrete size distribution 
of gas bubbles, the liquid contained the mixture of bubbles of diameters di and dj (i = 1, 2, 3, j = 1, 2, 3; di,j = d1 = 1.9 

 0.1, di,j = d2 = 2.5 0.2, di,j = d3 = 5.1 0.3 mm) with a variable volume concentration of gas components of 
system 1  1(di) and 2  2(dj), i  j; in this case, the total volume concentration of gas phase of the bubble 
medium is 0 = 1 + 2. The properties of detonation waves in PDM and monodisperse bubble media (MDM) 
(MDM are the systems in which the liquid contains gas bubbles of the same size of diameter d  di,j) are compared. 
When changing the concentration of the second gas component of the system within 0  2  0, the bubble medium 
is transformed: MDM(d2)  PDM(d2, d1)  MDM(d1) or MDM(d2)  PDM(d2, d3)  MDM(d3). 

The detonation waves were studied in mono- and polydisperse bubble media of the type “a chemically inactive 
liquid - explosive gas bubbles”: liquid is water-glycerin solutions with a volume concentration of glycerol  = 0, 
0.25, 0.5 (solution viscosity  = 1.01 10 3, 2.27 10 3 and 6.84 10 3 Pa s, respectively); gas is an acetylene-oxygen 
stoichiometric mixture (C2H2 + 2.5 O2). The presence in the system of gas bubbles of different sizes causes the 
increase of critical amplitude of the initiating shock wave. 

The velocity of propagation of detonation waves D in PDM with continuous size distribution of gas bubbles, as 
in MDM, decreases as the concentration of gas phase of bubble medium increases (see Fig. 9) [12]. The velocity of 
detonation waves decreases as the viscosity of liquid component of the system drops. For  = 0.5 and 0.25, the 
values of D in PDM are within the range of variation of detonation velocity in comparable MDM, i.e., in the systems 
containing gas bubbles whose diameter is in the range of sizes of gas bubbles in PDM. At  = 0, the detonation 
wave in MDM is absent in the systems containing gas bubbles of diameter d  5.1 mm (at 0  2%) and d  1.9 mm 
(at 0  4%). In PDM, detonation is absent within the entire range of variation of 0 at  = 0. The energy loss of 
detonation waves in PDM is higher than that in MDM, and the region of existence of detonation wave in PDM is 
already the region of existence of detonation wave in comparable MDM. The effect of “damping” of detonation was 
discovered when detonation waves existed in comparable MDM but were absent in PDM. 
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FIGURE 9. Dependences D( 0) in PDM (1, 6) and MDM (2 - 5, 7 - 13).  = 0.5 (1 - 5), 0.25 (6 - 10) and 0 (11 - 13); 

P0 = 0.1 MPa; d = 1.9 (2, 7, 11), 2.5 (3, 8, 12), 3.9 (4, 9) and 5.1 mm (5, 10, 13) 
 
The velocity of propagation of detonation waves in PDM with a discrete size distribution of gas bubbles depends 

on the size of bubbles. The character of dependences D( 2) of detonation wave velocity D on the concentration of 
the second gas component 2 is determined by the parameters of a bubble medium (see Fig. 10) [13]. There are two 
types of dependencies: monotonic and nonmonotonic. In bubble media at  = 0.5, the dependences D( 2) are 
nonmonotonic, i.e., the velocity of detonation wave D in PDM is lower than that in MDM. The same type of 
dependences D( 2) is observed in PDM (d2, d1) at  = 0.25. In PDM (d2, d3) at  = 0.25, the character of the 
dependences D( 2) is determined by the parameter 0: the dependences D( 2) are nonmonotonic at 0 = 1% and 
monotonic at 0 = 2, 4, and 6%, i.e., the values D in PDM are within the range of velocity variation of detonation 
waves in MDM. At  = 0, the velocity of propagation of detonation waves does not change during the transition of 
MDM(d2)  PDM(d2, d1)  MDM(d1) for the cases 0 = 1 and 2%; at 0 = 4%, detonation exists in MDM(d2) and 
PDM(d2, d1) and is absent in MDM(d1). In the transition of MDM(d2)  PDM(d2, d3)  MDM(d3) in the case of 0
= 1%, detonation waves exist in MDM(d2) and MDM(d3), but are absent in PDM(d2, d3) (the effect of detonation 
“damping”). For large values of the parameter of total concentration of gas phase (up to 0 = 6%), bubble detonation 
waves exist only in MDM(d2). The character of dependences D( 2) is determined by the energy content of medium 
and the action of various mechanisms of energy dissipation in detonation wave [13]. 

 

 
 

(a) (b) 

 
(c) 

FIGURE 10. Dependencies D( 2).  = 0.5 (a), 0.25 (b) and 0 (c); P0 = 0.1 MPa; 1 - MDM(d2)  PDM(d2, d1)  MDM(d1), 
2 - MDM(d2)  PDM(d2, d3)  MDM(d3); 1 , 2  - detonation is absent 
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In MDM, the process of interaction of detonation wave with gas bubbles has a resonant behavior: the duration of 
detonation wave is approximately equal to compression-expansion time of gas bubbles in a detonation wave. In 
PDM, due to the fact that time characteristics of the interaction of gas bubbles with a detonation wave depend on the 
diameter of bubbles and therefore they are different for gas bubbles of different size, the resonance condition is 
violated [12, 13]. The propagation velocity and pressure of the detonation wave decreases as the initial pressure of 
polydisperse bubble medium drops [14, 15]. 

CONCLUSION 

The existence of detonation waves in bubble media is limited by many factors. The limits of detonation wave 
propagation were found due to the concentration of gas phase and the initial pressure of bubble medium, the 
concentration of gas mixture in the bubbles, and the limits of existence of detonation waves were found due to the 
diameter of gas bubbles [5 - 7]. The limits become narrow as the viscosity of liquid component of the bubble 
medium decreases; moreover, there is a minimal value of liquid viscosity at which detonation is absent in the system 
(viscosity limit) [5]. In fact, the limits of propagation of detonation waves are energetic, i.e., they are due to energy 
losses [9]. The existence of detonation waves is possible provided that energy losses of the wave due to the 
irreversible transformation of the medium are compensated by the chemical energy released in the medium during 
its propagation. During the transition of detonation wave from a chemically active to a chemically inactive medium, 
the energy losses of the wave remain uncompensated. When transiting into chemically inactive bubble media and 
into liquids or when generating both in reflection of a bubble detonation wave from a solid boundary and in the 
collision of detonation waves, the detonation waves are transformed in post-detonation ones which decay during the 
propagation [16 - 20]. 
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Abstract. The soft and hard regimes of generation of periodic fluctuations in the supersonic boundary layer at moderate 
(M=2) and high (M=5.35) Mach numbers are investigated within the framework of weakly nonlinear theory. The model 
includes both the effects of self-action which are inherent in incompressible fluid flows (generation of secondary steady-
state harmonics and generation of double-frequency perturbations) and the cubic terms of original fluctuations appearing 
only for compressible gas. The study of the nature of generation of periodic regimes in the neighborhood of the neutral 
curve in compressible flows is useful since it can lead to new results that are necessary for understanding the laminar-
turbulent transition laws. 

INTRODUCTION 

In [1] the studies devoted to the self-action of a quasi-harmonic perturbation (Tollmien Schlichting wave) in 
subsonic flows and, first of all, to the questions of existence and nature of secondary steady-state regimes in both the 
boundary layers and the mixing layers are reviewed. 

The majority of investigations performed restrict their attention to the analysis of the development of a solitary 
two-dimensional sinusoidal wave. This situation corresponds to the case in which a perturbation intensified 
selectively in the linear section becomes significantly greater than all the fluctuations of other types, the interaction 
with these fluctuation turns out to be negligibly small. Evolving, such a wave distorts original flow and generates 
harmonics; in turn, this changes the extent of energy transfer to the perturbation and its growth rate as compared 
with the linear one. As a result, in some cases strengthening finite fluctuations can exist in the stable domain of 
linear perturbations. In other cases, taking the nonlinearity into account can suppress the linear growth, stabilize the 
amplitude, and lead to the development of secondary periodic flows in the linearly unstable domain. 

Secondary periodic flows can be determined on the basis of branching theory of the solutions of the Navier-
Stokes equations [1]. It is found two types of branching, namely, the hard regime in which the periodic motions are 
possible at the Reynolds numbers Renel which are less than the Reynolds number Relin on the neutral curve 
Renel<Relin and the soft regime at Renel>Relin. 

We will now briefly describe the behavior of perturbations on the basis of solving the amplitude Landau 
equations [2,3]. The Landau equation describes variation of the fluctuation amplitude in time. For the time-periodic 
fluctuations whose amplitude depends on the spatial coordinate X, in the neighborhood of the neutral curve the 
amplitude equation can be written in the form 2 2 4/ 2 i rd A dX A b A  Under the assumption that the 
streamlines of main flow are parallel, the quantities i and  br can be assumed to be constant. It is clear that on the 
neutral curve, where the increments i=0, the character of evolution of the amplitude  is determined by sign of the 
coefficient br. 

In the case of positive values of br, the nature of change in the flow regime can be explosive in both stable and 
unstable domains. 

However, so far there is no information on change in the nature of autooscillations in the supersonic 
compressible gas boundary layers whose instability is related to three-dimensional perturbations. There are several 
explanations of this fact. 
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Firstly, the secondary steady-state periodic regimes of subsonic flows are the regimes of essentially two-
dimensional type, while, as well known, the three-dimensional fluctuations and, consequently, the three-dimensional 
regimes are of most importance in the supersonic boundary layers. Secondly, cubic terms appear in compressible gas 
flows together with the quadratic nonlinearity inherent in incompressible fluid flows. Therefore, the study of the 
nature of generation of periodic flows in the neighborhood of the neutral curve in compressible flows is useful since 
it can lead to new results necessary for controlling laminar-turbulent supersonic boundary layer transition. 

NUMERICAL SIMULATION 

In the present study the second Landau coefficient is calculated within the framework of the quadratic and cubic 
nonlinearity. In this case, the domains of stable and unstable branching-off of periodic solutions (hard and soft 
excitation) are calculated at the moderate supersonic Mach number M = 2 for both two- and three-dimensional 
vortex perturbations. The tests are carried out for two-dimensional vortex and acoustic perturbations at the high 
supersonic Mach number M = 5.35. Both quadratic and cubic terms with respect to the wave amplitude are taken 
into account. 

We will denote the scale of the fluctuation field by  the construction of the amplitude equation can be 
described by the following scheme. The self-action of a wave of the order of 2 leads to generation of secondary 
components, namely, zeroth harmonics initiating the distortion of mean flow field and overtones with the double 
phase. In the third order in 
product of the original wave determine the nonlinear evolution of the amplitude of original fluctuations. Thus, the 
classical autooscillation regime is implemented, namely, this is the source–amplifier–feedback regime. 

We will now consider all the components of such interaction. In [4] the primary propositions of the nonlinear 
model are outlined in detail for the compressible boundary layers. 

= 2 we considered both two- and three-dimensional (with small azimuthal wavenumber ) 
vortex perturbations of the first mode over a wide range of the Reynolds numbers Re < Re < 700, where Re  is the 
critical Reynolds number, at frequencies with dimensionless frequency parameters 0.1  10–4 <F < 3  10–4, where F 
= /Re. The initial data corresponded to the experiments, in the experiments the stagnation temperature was 

 = 1.4, and  = 0.72.  
The detailed results of studying the autooscillations in the neighborhood of the neutral curve when only the 

secondary harmonics are taken into account were outlined in [5]. It is shown that the interaction with the secondary 
zeroth harmonics has the stabilizing effect (all the coefficients br are negative) on the primary two-dimensional 
waves, while the overtones, on the contrary, destabilize the original perturbations (all br are positive). As a result, on 
the upper branch the branching occurs toward the subcritical region, toward the damping fluctuation domain. This 
extends the region of growing waves as compared with the neutral curve of infinitesimal fluctuations. The total 
coefficients are positive on the nose of the neutral curve. Change in sign of these coefficients (branching) occurs at 
Re = 204.6. This is only slightly to the right of the critical Reynolds number Re = 204.4. Thus, fairly weak soft 
excitation of autooscillations is implemented at Re . 

On the lower branch, the autooscillations are implemented at Re greater than the neutral values up to Re = 270. 
These points lead to the overcritical excitation regime. Thereafter, the branching regime changes and at Re > 270 
transition to the subcritical regime occurs so that the branching becomes similar to that on the upper branch of the 
neutral curve (curve 2 in Fig. 1a). 

In Fig. 1b the trend of displacement of infinitesimal perturbations (curve 3) from the neutral points is shown in 
the nonlinear model of such an approximation (curve 2). 

We will now supplement these results by including the effects of the cubic (in amplitude) terms in the nonlinear 
coefficientsbr (curve 1 in Fig. 1a). It turned out that such additional impact changes considerably the nature of 
excitation by extending the supercritical regime domains and significantly increasing Re . In Fig. 1b the hypothetical 
neutral curve for such Landau coefficients is denoted by curve 1. 
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FIGURE 1.The nonlinear coefficients (a) and neutral curves (b) of the 2D perturbations at M = 2 

 
The secondary steady-state periodic regimes considered here represent regimes of the two-dimensional type, 

whereas in the supersonic boundary layers the three-dimensional fluctuations and, consequently, the three-
dimensional regimes are of most importance. In the present study a three-dimensional regime was tested for waves 
with low azimuthal wavenumber (2  = 0.05). It turned out that for such components the effect of distortion of mean 
parameters is much greater than the destabilizing effect of overtone generation and the autooscillation regime is 
completely implemented in the supercritical domains (soft excitation). In this case the critical number Re  increases 
and the domain of growing frequencies narrows (curve 2 in Fig. 2), as compared with the initial regimes for 
infinitesimal perturbations (curve 3). Taking the cubic nonlinear terms into account strengthens this action (curve 1). 
The qualitative confirmation of decrease in the amplitudes of such components with increase in Re was obtained in 
the experiments with controlled perturbations. 

 
FIGURE 2.Neutral curves for infinitesimal (3) and finite (1,2) perturbations: 3D-waves of supersonic boundary layer at M=2 

 
Thus, comparing the neutral curves represented in Figures 1b and 2 for the infinitesimal and finite perturbations 

and the destabilization domains remain only on the upper branch. At the same time, the presence of the azimuthal 
component of three-dimensional perturbations with low azimuthal wavenumbers compensates also this 
destabilization. As a whole, this favors delaying the laminar regime domain. 

35). As well known, 
more unstable acoustic vibrations (second mode) are also implemented together with the vortex waves of the first 
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mode in this domain of the M numbers. The critical Reynolds numbers of two-dimensional waves of these modes 
are Re = 136 and 125.7, respectively. 

In accordance with [5], the self-oscillatory regimes branched off to the subcritical domain were obtained for 
vortex perturbations so that hard excitation is implemented at Re (curve 2 in Fig. 3). In this case the destabilizing 
effect of overtone generation turns out to be very significant. This effect is not compensated by the influence of 

br are obtained in the 
neighborhood of Re . Probably, this effect is related to increase in the gas compressibility. In [20] it was shown that 
the action on the perturbation characteristics becomes stronger as the M number increases. Taking the cubic terms in 
the nonlinear coefficients into account and consideration of the problem in complete formulation worsen this 
destabilization. Unfortunately, the solution was obtained not over the entire lower branch (curve 1 in Fig. 3) but the 
trend is clear. In Fig. 3 we have also plotted the corresponding neutral curve for small fluctuations (curve 3). 

 
FIGURE 3. Neutral curves for infinitesimal (3) and finite (1,2) 2D vortex perturbation at M= 5.35 

 
We will give the data for two-dimensional acoustic waves of the second mode 

the data of [5], the secondary harmonics have the opposite behavior on the lower and upper neutral branches, thus 
implementing a certain competition of the actions. This leads to the total coefficients shown by curve 2 in Fig. 4a. 
The hard excitation is implemented on the lower branch in the neighborhood of Re  and on a part of the upper 
branch at the low Re and the subcritical autooscillation regimes, replaced the supercritical regimes, take place at the 
higher Re. It is typical that the value of br is small in the neighborhood of Re and, therefore, its decrease is 
insignificant. 

FIGURE 4. The nonlinear coefficients (a) and neutral curves (b) of the 2D acoustic perturbations at M = 5.35 
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Taking the cubic terms into account modifies considerably this pattern. Firstly, the values of br decrease still 
more in the neighborhood of Re and, consequently, the hard nature of excitation weakens. Together with this, the 
domains of the subcritical regimes widen (curve 1 in Fig. 4a). 

In Fig. 4b we have plotted the corresponding hypothetic neutral curves for the acoustic mode at M = 5.35. The 
notation of the curves is the same as in Figures 1b, 2 and 3.  

Comparing the coefficients for these two modes in the neighborhood of Re  (br>50 for the first mode and br~ 0.5 
for the second mode), we can expect that in the nonlinear domain the critical Reynolds number for the vortex 
perturbations can become smaller than that for the acoustic perturbations. This means that the growth of vortex 
waves can become greater than that of the acoustic ones and the vortex waves can become predominant. 

 

 
FIGURE 5. The zeroth harmonics for the vortex mode at M = 2 (a) and for the acoustic mode at M = 5.35 (b) 

 
Among the secondary harmonics, the zeroth harmonics which determine deformation of the profiles of the 

average streamwise velocity and the mean temperature are of most interest. In Fig. 5 we have reproduced their 
typical distributions for the vortex mode at M = 2 and for the acoustic mode at M = 5.35 on the heat-insulated wall. 
The strain of the average values can be written as U = A1

2u2,0 it is determined by the squares of the initial wave 
amplitudes. Thus, the form of the secondary zeroth harmonics shows the direction of deformation of the average 
values in the high-amplitude perturbation domain and it is different for the waves of different nature.  
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Abstract. The influence of the Alfven Mach number (MA) on the intensity and length of quasistationary Alfven (AQW) and
slow magnetosonic (MQW) waves and plasma jets generated by periodic laser plasma bunches in a of magnetized plasma was
studied. It was shown that the intensity and wavelength at low velocities of the plasma expansion are maximum, which correspond
to MA ∼ 0.2−0.5. Waves and energy of pumping bunches contain more than 60% of energy of bunches.

INTRODUCTION

The effect of the resonant interaction of a packet of periodic laser plasma bunches with magnetized rarefied plasma
(hereinafter referred to as the background) was revealed in [1, 2, 3]. More than 50% of the energy of bunches is
transferred to the magnetic tube in the form of a plasma jet, AQW, MQW and whistlers. The length of the jet and
quasistationary waves (QW) linearly depend on the number of bunches, and the radius on the energy of one bunch,
which allows to create intense longitudinal jets with azimuthal momentum and electromagnetic radiation. Resonance
is manifested at a certain ratio (hereinafter — the criteria) between the parameters of bunches and background. The
criteria are expected to scale the results of laboratory experiments to conditions for the generation of waves in space.
In the absence of resonance or when using a single bunch in the magenetic tube the weak, high-frequency, rapidly
damped waves are excited. In previous experiments at the KI-1 facility, plasma bunches were created by sequential
irradiation of the target with pulses of two CO2 lasers with energy of 200 J and pulse width ∼ 1 us. In the calculations,
the formation of waves by trains of bunches and the propagation of waves over long distances was calculated. In
experiments on the LAPD facility, similar to KI-1, the Alfven and whistler waves generated by a single bunch of laser
plasma were studied [4].

THE MODEL

In this paper, we study the influence of the initial velocity of the expansion of the plasma bunches on the intensity and
length of quasistationary waves generated by a train of periodic bunches. In calculations, a three-fluid MHD model
with cylindrical symmetry was used. It is accepted that bunches are created in the background at a fixed point as shown
in fig. 1. Depending on the ratio of the velocities, MQW and AQW can be distributed separately or they combined
in space. The bunch pressure initially is much greater than the total plasma pressure and background magnetic field.
Waves and plasma jet are formed at a later stage of each bunch expansion, which is characterized by the Alfven Mach
number MA = V1/CA, which is one of the criteria for the resonant interaction of bunches with the background. Here
V1 is the initial velocity of the expansion of plasma bunches, CA is Alfven velocity waves in the background. In this
paper, we consider a wide range of velocities corresponding to MA ∼ 0.1−5.

In the calculations, the MA was varied at other parameters fixed. The following criteria values were adopted that
are optimal for the creation of AQW and MQW. Larmor radius of bunch ions and ion-inertial length, normalized to
the dynamic radius (Rd) of the bunch, are respectively RL = rL/Rd = 1 and Lpi = 0.14.

Here Rd [cm] =
(
8π ·Q/B2

0(1+β )
)1/3 ≈ 630

(
Q[J]/B2

0(1+β )
)1/3, Q is the bunch energy, B0 is the external magne-

tic field, β = 8πk(1+z0)n0T0/B2
0 ≈ 4 ·10−11(1+z0)n0[cm−3] ·T0[eV]/B2

0 the ratio of plasma pressure to the magnetic
pressure is taken to be β = 10−3; n0, z0, T0 is the density, ion charge, and background plasma temperature. The
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FIGURE 1. Structure of AQV and MQV created by a train of laser plasma bunches. Numerical simulation

dynamic radius of a single bunch characterizes the diameter of the QW and the radius at which the expanding plasma
of the bunch is stopped. At RL ∼ 1, the jet is localized in the magenetic tube, where AQW and MQW propagate.

The Lpi parameter will determine the mode of generation of different types of waves: in the range of Lpi ∼ 0.1÷
0.25, intense AQW, MQW [1, 2] are formed, at Lpi ∼ 0.3÷ 0.4 — simultaneously AQW and whistlers [4, 5], and
at Lpi > 0.6 — whistlers [3]. The condition for generating intense and stable AQWs has the form: α = RL/Lpi =
MA ·m1z0/m0z1 > 5, where m0, z0 and m1, z1 are the mass and charge of background ions and bunches, respectively.
AQW and MQW are formed if the repetition rate of bumches ω is close to the resonance frequency ωA = f ·Rd/CA ∼
0.25−0.3, where f is the dimensional repetition frequency. For ω � ωA, the wavelength is small, and for ω � ωA
the bunches generate a short MQW and a sequence of Alfven waves that do not interact with each other. In the
calculations, the value of ω = 0.3 is assumed. The main condition for the applicability of the criteria and the method
of QW generation is as follows: the initial pressure in bunches is much higher than the total pressure of the magnetic
field and background plasma. The spatial coordinates are normalized to Rd and time t = Rd/CA, and velocities to CA.

RESULTS

The influence of the Alfven Mach number on the intensity of pulses in the AQW and the MQW is shown on the fig. 2.
The longitudinal momentum in the MQW (PQW ) and in the jet (PJ) are maximal on the axis of symmetry of the waves
(R = 0), the azimuthal momentum (Pφ ) in the AQW is maximal at a distance from the R axis ∼ 0.16.

The maximum values of the length and at the same time the intensity of the jet of the background plasma azimuthally
rotating in the AQW are achieved at MA ∼ 0.24. After the termination of the action of bunches (t ∼ 30), the plasma
region pulsates for a long time, creating an extended AQW. At MA ∼ 0.1, the AQW intensity is low. In the region of
MA > 2, AQW is not formed. At MA = 5, the bunches generate a sequence of five weak Alfven waves that do not
interact with each other. The length of the MQW is much shorter than the length of the AQW, which is due to the
pulse repetition frequency that is excessively large for the MQW.

The influence of the Alfven Mach number on the wavelength, propagation velocity of the MQW, and the efficiency
(η) of converting the energy of ten bunches into the energy contained in the plasma jet of bunches and waves is shown
in fig. 3. The velocity of AQW is independent of MA and equal to unity according to normalization conditions. An
increase of velocity (VQW ) of the propagation of the leading edge of the MQW is a consequence of an increase in
the initial pressure in bunches. Values of MA is 0.2− 0.5 are optimal for creating low-frequency AQW and MQW,
propagating over a large distance with virtually no attenuation.

CONCLUSION

The sequence of periodic of laser plasma bunches generates energetic, quasistationary waves and a plasma jet when
the velocity of expansion of bunches corresponds to Alfven Mach numbers is 0.2 ÷ 0.5. The speed of the slow
magnetosonic wave grows and at MA > 2 reaches ∼ 40% of the Alfven wave velocity.
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FIGURE 2. Distribution of pulse intensities along the magnetic field for time instants t = 160 (A), t = 60 (B, D) and t = 80 (C).
MA values shown in the figures.

FIGURE 3. Dependence on the Alfven Mach number of the wavelength (λ ) and the velocity (VQW ) of the propagation of the
MQW along the magnetic tube (A); the ratio of the energy of the waves and jet to the total energy of the bunches (B).
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Abstract. In the given work, the simulation and detection of features of incipient (linear) stage of rotating transverse 
detonation waves evolution in a flat-radial annular combustion chamber was carried out. Arising at this stage the problem 
of linear modal stability of cylindrical flame front in radially divergent subsonic flow with small Mach number was 
solved. Quasi-natural frequencies and analytical expressions of acoustic oscillations and waves were obtained. The 
existence of rotating circumferential waves of perturbation of flame front with a finite number of local loops was shown. 
The mechanics of circumferential waves of instability was investigated; rotation velocities and time growth rates of 
amplitude of these waves were obtained. It is discovered that rotation velocities of circumferential waves of flame front 
perturbation may be higher than sonic speed in reaction products and may be close to it. 

INTRODUCTION 

The given research is devoted to the detection of physical processes accompanying the propagation of a 
detonation wave (DW) during its translational-rotational motion along a combustible mixture. Such way of DW 
propagation is called continuous spinning (rotating) detonation (CSD). The term “continuous” means that the 
detonation, once initiated, does not stop while we supply initial fuel and remove reaction products. In the 20s of 
twentieth century phenomenon of spinning detonation was experimentally discovered [1]. Such behavior has been 
an exotic for a long time and in odds with classical detonation theory. Classical theory was considering planar 
detonation front. Spinning detonation was managed to explain in the 50s of the last century, when a transverse wave 
was detected in the structure of the DW front, which left a helical sharp trace during its rotational-translational 
motion along the detonation tube [2]. It should be noted that Manson before the appearance of work [2] in his study 
[3], using acoustic considerations for oscillations and waves of gaseous column behind the leading detonation front 
in detonation tube, has obtained rotation frequency of single-head mode of spinning detonation, which was in good 
agreement with experimental observations. General acoustic approach and theory of spinning detonation were first 
presented in the work [4] expanding and supporting Manson-Fay’s theory [3, 5]. However, author of study [4] did 
not take account of gas-dynamic structure of flow behind the detonation front. 

Almost immediately following the discovery of the transverse wave in spinning detonation [2], Academician 
B. V. Voitsekhovskii proposed and implemented on practice a method of burning a combustible mixture in the mode 
of SD inside a flat-radial annular combustion chamber with a radial outflow of a mixture from a central hole [6-7]. 
V. V. Mikhailov and M. E. Topchiyan [8] extended researches of CSD phenomenon into the flat-radial annular 
chamber. Later B. D. Edwards carried out burning ethylene in the mode of CSD in a tubular annular chamber 
fundamentally similar to chamber of B. V. Voitsekhovskii, but already with a separate feed of fuel and oxidant [9]. 
The main puzzle of the SD process, according to studies [6-9], is noticeably lower propagation velocity of rotating 
waves compared to the Chapman-Jouget detonation velocity - velocities of rotating waves are often close to the 
sonic speed in hot reaction products. So such waves we usually call quasidetonation. There is currently no 
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explanation for this behavior of velocities of quasidetonation waves (especially into annular chambers of flat-radial 
geometry). 

Currently, development of a new promising engine based on detonation mode of fuel combustion for the aviation 
and rocket and space industries is one of the leading directions for major engine building corporations. Development 
an engine based on modes of continuous spin (rotating) detonation has obvious advantages over one based on pulsed 
modes [10]. Therefore, the topic of the given research is relevant. In Russia, the recognized leader in the study of 
CSD phenomenon (according to citations) is Lavrentyev Institute of Hydrodynamics SB RAS [10]. 

MAIN PART 

Basic Approach for Modeling Dynamics of CSD Process 
in a Flat-Radial Combustion Chamber 

According to experimental observations [6-9], it follows that at the initial stage of ignition of a combustible 
mixture, right after the first run initiating wave along the annular channel, a division boundary between the region of 
the cold mixture (closer to the center of outflow of the mixture) and the region of hot reaction products is formed. 
We may consider the division boundary as a circle with constant radius, coaxial with the inner and outer radii of the 
annular channel (Fig. 1). Further, the division boundary is transformed to a combustion front propagating towards 
radially diverging flow of combustible mixture. Unstable oscillations and circumferential waves with small 
amplitudes arise in the given configuration propagating (running) along the annular channel, i.e. transversely 
combustible mixture current. Subsequently these instabilities may evolve (obviously at the nonlinear stage) to 
transverse rotating quasidetonation waves. Thus, we may consider CSD process in the flat-radial annular 
combustion chamber as the result of evolution of cylindrical combustion front instabilities. 

The main aims of this study were: 
 To analyze the basic acoustic properties of the configuration of combustible mixture and hot reaction 

products layers by the example of flows in the flat-radial annular combustion chamber in the case of initially 
non-planar combustion front. 

 To simulate incipient (linear) stage of evolution of rotating transverse detonation waves and to detect its 
features in the flat-radial annular combustion chamber. 

 

 
FIGURE 1. Image of channel in the flat-radial annular combustion chamber. R1 and R2 are radii of internal and external walls; 

R is radius of division boundary of gas layers “1” and “2” with different temperatures, h is recess of channel 

Acoustic Properties of Two Layers of Gases with Different Temperatures 

In the work [11], neglecting subsonic radially diverging flow, acoustic properties of two layers of gases (initial 
combustible mixture and reaction products) with different temperatures and their division boundary we investigated. 
This layers arising at combustion in annular channel represented on Fig. 1. For planar case, we solve Helmholtz 
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equations for harmonic wave modes in polar coordinates. On the division boundary, the conditions for continuity of 
normal velocity and pressure continuity have been set. We obtained natural modes and natural frequencies of waves 
and oscillations in the layers and their division boundary. Rotating circumferential waves with a finite number of 
local loops (“humps”) are shown to exist on the division boundary of the layers. Number of “humps” is equal to 
angular number of natural mode, k. Linear phase velocity of rotation of “humps” along angular coordinate for 
corresponding mode {k-l}, Vkl, is defined with the help of following expression: 

 R
k

V kl
kl  (1) 

where kl  - is natural angular frequency of waves and oscillations, R - is radius of division boundary of layers, k - is 
angular number of mode, l - is radial number of mode. 

It is also shown that phase velocities of rotation always higher 2-5 times than the sonic speed in cold layer (initial 
mixture) and may be higher than the sonic speed in hot layer (reaction products) within growth of radial number of 
natural mode l. It should be noted that the velocity of rotation of “humps” along angular coordinate, appearing from 
acoustic perturbation of division boundary of hot and colt layers, is velocity of contact point of layers. This velocity 
may significantly differ from sonic speed therefore “supersonic” mode of rotation is possible. 

In the dissertation [12], taking into account the recess, h, of channel (see Fig. 1), the three-dimensional problem 
for acoustic properties of the layers was also solved in cylindrical coordinates. 

Modal Stability of Cylindrical Combustion Front 

In the work [13] closer to real situation, we have solved the problem of linear modal stability of cylindrical front 
of stationary Chapman-Jouget deflagration combustion. The front propagates towards radially diverging subsonic 
flow of combustible mixture in annular combustion chamber. The combustion front is considered as an infinitely 
thin surface of a strong rupture of gas-dynamic parameters. Such approach is correct when lengths of waves of 
unsteady perturbations much more than combustion zone width [14]. It should be emphasized that the combustion 
zone is considered as both an area of chemical transformation of mixture to products and an area of preheating in 
front of reaction zone in which there are gradients of parameters related with heat conductivity, diffusion and other 
effects corresponded with propagation of deflagration wave. Equations in dimensionless variables which satisfying 
harmonic acoustic perturbations of flow and combustion front have been obtained, using condition of small Mach 
number of stationary radial flow of combustible mixture in the region 1 (see Fig. 1) [12-13]: 
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where f  - is dimensionless potential of acoustic perturbations, i - is imaginary unit. 
For unsteady harmonic acoustic perturbations, conditions on combustion front have been obtained in the result of 

linearization main boundary conditions at moving strong rupture. The main boundary conditions are conservation 
laws of mass, momentum, energy and cinematic condition connecting normal velocity of the front with a 
combustion velocity relatively combustible mixture flow. The combustion front and its velocity were disturbed in 
the same way as the division boundary of layers of unevenly heated gases in the study [11]. Disturbed front has 
corresponding features (existence rotating circumferential waves, local loops etc.). Taking into account the 
Chapman-Jouget condition for stationary combustion front, the conditions for harmonic acoustic perturbations are as 
follows [12-13]: 

 
RrAiu
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r );(
;0

1

1  (3) 

 
where )(A  - is dimensionless small amplitude of perturbation of combustion front. Thus, we may eliminate from 
consideration the region of flow of reaction products (region 2 in Fig. 1). 
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We considered influence of combustible mixture supply with the help of corresponding boundary conditions for 
acoustic perturbations at initial radius of supply. We examined three physical cases: 1- the mass flow is constant;  
2 – radial velocity is constant and 3 – pressure is constant. Each of these conditions at initial radius of supply 
together expressions (2) and (3) defines a problem in the region 1 completely. 

In the result of calculation of acoustic perturbations of flow and combustion, using parameters of 
Voitsekhovskii’s annular chamber [6-8] and different cases of combustible mixture supply, we have obtained modes 
and quasi-natural frequencies (another term is “scattering frequencies”) of oscillations and waves. Quasi-natural 
frequency in general is complex number where real part of it defines frequency of oscillations, and imaginary part 
defines oscillations evolution in time (increment or decrement). We showed that if mass flow is constant in mixture 
supply then all quasi-natural frequencies will have negative imaginary part, and combustion front will stable. If 
pressure or radial velocity is constant in mixture supply then there are quasi-natural frequencies with positive 
imaginary part for which combustion front is unstable [13]. We investigated the mechanics of oscillations and waves 
and analyzed an influence of initial velocity of stationary flow in mixture supply (and, hence, an influence of 
position of combustion front in annular channel) on a behavior of rotation velocities of circumferential waves on the 
disturbed flame front. Rotation velocity of circumferential waves was calculated by expression (1) where instead of 
natural frequency real part of quasi-natural frequency for corresponding mode of oscillations and waves must be 
substituted. We found that the velocities of rotation always higher (2-5 times) than the sonic speed in combustible 
mixture in front of combustion front, locating closer to sonic speed in hot reaction products behind the front. The 
velocities of rotation may be higher the sonic speed in hot reaction products for modes with high radial number [12-
13]. 

In the given work, we investigated dependences of growth rates (increments) of amplitudes of unstable modes. 
The dependences of dimensionless growth rates from initial outflow velocity in mixture supply are represented on 
Figs. 2 and 3. The square black marks denote solution limits when position of combustion front 101)( RuR and

201)( RuR , respectively (see Fig. 1). It is shown that for modes with lowest radial number (l = 1) if initial outflow 
velocity in mixture supply increases then the growth rate becomes negative, i.e. instability of mode changes to 
stability of one. 

The shapes of disturbed combustion front for a certain modes {k-l-m} in three-dimensional case are represented 
on Fig. 4. The third number m this is axial number of mode. 

 

 

FIGURE 2. Dependences of dimensionless growth rates of amplitudes of unstable modes from initial outflow velocity of 
combustible mixture at initial radius of supply. Pressure is constant in mixture supply 
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FIGURE 3. Dependences of dimensionless growth rates of amplitudes of unstable modes from initial outflow velocity of 

combustible mixture at initial radius of supply. Radial velocity is constant in mixture supply 

 
(a) (b) 

FIGURE 4. Shapes of disturbed combustion front for modes {3-l-1} (a) and {4-l-2} (b). Internal and external walls of annular 
channel are represented by grey color 

CONCLUSION 

Because of this study, we can draw the following conclusions and derivations. We simulated incipient (linear) 
stage of evolution of rotating transverse quasidetonation waves in the flat-radial annular combustion chamber and 
detected its features. Within the framework of the acoustic approach, the problem of linear modal stability of a 
cylindrical combustion front in a radially diverging subsonic flow of a combustible mixture with small Mach 
number has been solved. Quasi-natural frequencies and modes of oscillations and waves are obtained. 

It was found that if pressure or radial feed velocity is constant in the supply system of combustible mixture, then 
there is a discrete set of frequencies and modes of the corresponding oscillations and waves for which the 
combustion front is unstable. Using numerical-analytical studies, the spatial shape (type) of these oscillations and 
waves is obtained. It has been shown that there are radial vibrations and circumferential waves whose amplitudes 
increase in time. 
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The linear phase velocities of rotation (propagation) of the circumferential waves of flame front perturbation are 
determined. The behavior of the rotation velocities as a function of the parameters of stationary radial flow has been 
analyzed. It has been established that the rotation velocities of circumferential waves are always higher (2-5 times) 
than the sonic speed in the combustible mixture in front of the combustion front when their local loops (a number of 
which is equal to angular mode number) increase from one to four. Wherein the rotation velocities are closer to the 
sonic speed in reaction products behind the combustion front, and with an increase of the radial number of mode, 
they can be in the range above the sonic speed in reaction products. 

It was also shown that for unstable modes of oscillations and circumferential waves with lowest radial number an 
increase of radial velocity of combustible mixture flow in chamber can lead to cessation of growth of mode 
amplitude. This fact may be beneficial in practical applications. 

The above results are in qualitative agreement with the behavior of rotating quasidetonation waves in a flat 
annular channel [6-8], whose velocities range from the sonic speed in the reaction products up to the ideal Chapman-
Jouget detonation velocity. According to the results of the study, we may conclude that the evolution in time of 
unstable modes of circumferential waves of the combustion front perturbation is responsible for the propagation of a 
transverse quasidetonation waves in an annular channel. 

The results of the study reveal new patterns in the mechanism of the appearance and propagation of rotating 
transverse quasidetonation waves in flat-radial annular combustion chambers. The obtained analytical solutions of 
the considered problems can be useful as a special case for testing numerical algorithms for solving more complex 
and general problems in this research topic. 
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Abstract. In the present paper the interaction of the detonation wave with the series of clouds of inert particles is 
considered. The critical length of the cloud for the critical particle mass fraction is obtained. Domain configurations 
leading to the detonation failure were analyzed. It was shown that for the series of more than 7 clouds maximum distance 
remains constant. 

INTRODUCTION 

In the modern world, great attention is paid to the study of the behavior of reacting gas mixtures, since they can 
be dangerous to humans. For example, they can self-ignite, followed by the initiation of detonation. The danger of 
reacting gas mixtures in industrial production, in which gas mixtures are used as working substances, should be 
highlighted. Therefore, it is worth developing a theory of explosion and fire safety. 

Earlier, a number of studies were conducted on the interaction of a detonation waves with clouds of inert 
particles [1–9]. In these works, the possibility of suppressing the detonation wave (DW) by clouds of inert particles 
was shown in [1-2]. The dependence of the diameter and volume fraction of particles on the efficiency of 
suppression by DW particles was investigated in [7-9]. 

PHYSICAL AND MATHEMATICAL FORMULATION OF THE PROBLEM 

Let us consider a shock tube filled with the mixture of hydrogen and air at atmospheric conditions ( 0 1p  atm, 

0 296T ). The detonation wave propagates inside the shock tube and interacts with series of inert particles clouds 
(SiO2). Mathematical model of the mechanics of the reacting gas mixture and inert particles is described by the 
system of equations of the dynamics of the gas mixture and solid particles and has the form shown in [1]. To 
describe the chemical reactions in hydrogen-air mixture we will use the detailed kinetics model [10, 11]. In our 
previous studies, this model allowed us to describe the experimentally observed ignition delay times in a hydrogen–
oxygen mixture [10, 12], calculate the concentration limits of detonation [1], and determine the geometric limits of 
detonation [13]. 

RESULTS OF CALCULATIONS 

Let us consider the interaction of DW in a hydrogen-air mixture with clouds of chemically inert solid particles 
with a diameter of 100 m with gas parameters in front of the incident DW front: pressure 1 atm, temperature 
300 K. 
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Figure 1 shows the pressure distribution in a shock tube in the presence of a cloud of chemically inert particles 
with a critical volume fraction of particles = 2 10 . In the figure the length of the cloud of inert particles is 

25l  cm, the left boundary of the cloud of particles is located at the coordinate of 0.5 m, and the right at the 
coordinate of 0.75 m. At the initial moment of time, the front of detonation wave is located at coordinate of 0.1 m 
(pressure distribution with the pressure jump in a coordinate of 0.1 m). After the DW reaches the left boundary of 
the particle cloud (distribution with the pressure jump in the coordinate 0.5 m). Next, the DW enters in the particle 
cloud, the attenuation of the DW occurs in the cloud, followed by its failure. As a result, the shock wave arrives at 
the right cloud boundary (distribution with the pressure jump in a coordinate of 0.75 m). After that, the shock wave 
leaves the cloud and the reinitiation of detonation or initiation of deflagration isn't observed behind the SW front. 

 
FIGURE 1. Pressure distribution in the shock tube in the presence of a cloud of inert particles 

with parameters 25l  cm, 3
2 2 10m  

 
The pressure distribution in the shock tube in the presence of a cloud inert particles with the length equal to 

20 cm is shown in the Fig. 2. The left boundary of the cloud is located at coordinate 0,5 m and right boundary is 
located at coordinate 0.7 m. At the first moment of time (pressure distribution with a pressure jump in the coordinate 
of 0.1 m), it can be seen the incident DW, in front of which the cloud of inert particles is located. At the next 
moment of time (pressure distribution with a pressure jump at the coordinate of 0.5 m), the front of the DW is 
located at the left boundary of the cloud of inert particles, after which the DW enters the cloud of inert particles, 
where it attenuates and then fail. After that (pressure distribution with a pressure jump in the coordinate of 0.7 m), 
the shock wave leaves the cloud of inert particles. Then, detonation is reinitiated behind the shock wave front and 
the shock wave transforms into the DW. At the next moment of time (a thick line with a pressure jump at the 
coordinate of 1 m), reinitiation of detonation occurs. Then the DW enters the Chapman-Jouguet regime (pressure 
distribution with a pressure jump at the coordinate of 2 m). In result, the length of cloud 25 cm is critical. That is, 
with a decrease in the length of the particle cloud, there will be no failure of the DW without subsequent reinitiation 
of detonation. 
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FIGURE 2. Pressure distribution in the shock tube in the presence of a cloud of inert particles with parameters 20l  cm, 

3
2 2 10m  

 
If you consider the practical application, then it will not always be possible to create clouds of inert particles with 

a length equal to critical or greater, especially in the case of micron and nanoscale particles, when the lengths of 
clouds of inert particles reach several meters. Therefore, interaction with a series of clouds of inert particles with a 
length less than critical will be considered. 

Figure 3 shows the pressure distribution in the presence of two clouds of inert particles. Each cloud is half of 
critical length = 12.5, distance between clouds 1y  cm, 3

2 2 10m , cloud coordinates: 0.5 – 0.625 and 0.635 – 
0.76. At the initial time, the detonation wave front is located at the coordinate of 0.2 m (distribution with a pressure 
jump in the coordinate of 0.2 m). Later, the DW reaches the left boundary of the first cloud, then passes through it, 
enters the second cloud, where the failure of the DW occurs. The moment when the SW leaves the second cloud is 
shown in Fig. 3 by pressure distribution with a pressure jump in the coordinate of 0.75 m. After, the SW moves 
away from the cloud the initiation of deflagration behind the SW front occurs, as shown in Fig. 3 by bold line. 

Now we’ll increase the number of clouds to 3 and the distance between them to 4 cm. Figure 4 presents 4 
distributions of the pressure with clouds, which are located at the initial time in coordinates: 0.5 – 0.625 m, 0.665 – 
0.79 m and 0.83 – 0.955 m. At the initial moment of time, the DW is located at a coordinate of 0.1 m, after which 
the DW reaches the left boundary of the first particle cloud. In these three clouds, a failure of the DW occurs, 
followed by the release of SW from the third cloud of particles (distribution with a pressure jump in the coordinate 
of 0.955 m). After that, the shock wave reaches a coordinate of 3 m and behind the front of the shock wave there is 
no reinitiation of detonation or initiation of deflagration. In the interaction of the DW and 3 clouds of inert particles, 
the distance of 4 cm between the clouds is the largest at which the DW is failed without subsequent reinitiation of 
detonation or the initiation of deflagration. Also, the increasing the number of clouds 12.5 cm long leads to 
increasing in the maximum distance between the clouds, which suppress the DW without subsequent reinitiation of 
detonation or the initiation of deflagration. Dependence of the maximum distance between clouds on their number, 
with a cloud length of 12.5 cm: 3 – 4 cm, 4 – 9 cm, 5 – 13 cm, 6 – 16 cm, 7 – 18 cm, 8 – 18 cm. It was found that 
the increasing the number of clouds more than 7 leads to the fact that the maximum distance between the clouds at 
which the DW fails without subsequent reinitiation of detonation and initiation of deflagration does not increase. 
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FIGURE 3. Pressure distribution in the shock tube in the presence of 2 clouds of inert particles 

with parameters = 12.5 cm, 3
2 2 10m , 1y  cm 

 

 
FIGURE 4. Pressure distribution in the shock tube in the presence of 3 clouds of inert particles 

with parameters 12,5l  cm, 3
2 2 10m , 4y  cm 
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CONCLUSIONS 

The critical length of a standalone cloud of 100 m inert particles for the critical particle mass fraction was 
obtained. The interaction of the detonation wave with the series of clouds of inert particles was studied for the case 
when cloud length is the half of the critical length. The maximum distance between clouds was calculated for which 
the detonation failure occurs without subsequent detonation or deflagration initiation. It was found that the 
maximum distance between clouds increases monotonically with the increase of the clouds number for the series of 
7 or less clouds. For the series of 7 and more clouds the maximum distance remains constant. 
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Abstract. Approximate two-step models of chemical kinetics of detonation combustion in silane- and propylene-based 
mixtures are presented. They include one differential equation for the calculation of molar mass of the mixtures after 
induction period (in the main heat release zone) and algebraic formulas for calculation of the internal energy, heat 
release, heat capacities and adiabatic index of the mixtures. The models correspond to the second law of thermodynamic 
and Le Chatelier’s principle. They are simple and high accurate and therefore can be used in one- and multi-dimensional 
numerical calculations of detonation and explosion processes in corresponding gaseous mixtures. Based on these models 
the structures of DW and equilibrium parameters of the considered mixtures were obtained.  

INTRODUCTION 

The addition of inert particles in the reactive gas mixture is one of methods of modification and control of 
combustion and detonation in such mixtures. For example, the addition of chemically inert microparticles reduces 
the velocity of detonation [1, 2], changes the length of the chemical reaction zone of the detonation wave [3]. In our 
previous papers [1, 4-8] we have defined the concentration limits of detonation in a mixture of hydrogen-oxygen, 
methane-oxygen, silane-air in case of detonation waves (DW) suppression by clouds of inert micro- and 
nanoparticles. Furthermore, in these papers it has been shown that the microparticles with a smaller diameter are the 
most effective in detonation suppression.  

In the present study, the approximate two-step models of chemical kinetic of detonation combustion in silane- 
and propylene-based mixtures are presented. Based on these models the structures of DW in considered mixtures 
were obtained. 

APPROXIMATE MODEL OF CHEMICAL KINETICS FOR DETONATION 
OXIDATION OF SILANE MIXTURES 

The detailed system of equations of chemical kinetics for reactive gas mixtures, especially for silane-air and 
propylene-air mixtures, is rather cumbersome. This significantly complicates the numerical (especially, multi-
dimensional) analysis of detonation processes in such mixtures. Because of this difficulty in the detailed description 
of the chemical reaction, it is very useful to develop an approximate kinetic model of detonation combustion of such 
mixtures. 

Approximate kinetic models applicable for numerical calculations of complicated detonation phenomena, e.g., 
gas detonation cell (see, for example, [9, 10]) have some principal disadvantages. They are not physically grounded 
and are not consistent with the second law of thermodynamics and Le Chatelier’s principle. And there are no 
approximate kinetics models for silane- and propylene-based mixtures with oxidizer. 
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One of the most suitable approximate models of chemical kinetics in mixtures of hydrogen with oxygen, water 
vapor, and inert diluents is the NFZ (i.e., Nikolaev, Fomin, Zak) model suggested in [11-14]. This 2-step model 
allows one to describe energy release and changes in thermodynamic parameters of the gas after the induction period 
with the help of one differential equation and several algebraic formulas. The calculation of the chemical-reaction 
induction period is not included in the framework of this model. The model is also applicable for calculating 
thermodynamic parameters of the gas in the chemical equilibrium state. Explicit algebraic formulas are obtained for 
such calculations. 

The NFZ model is widely used to solve a wide range of scientific and technical problems; for example: modeling 
of cellular structure of detonation waves [15], gas-droplet detonation [16], detonation application of coatings [17], 
pulse detonation engine [18], detonation wave suppression by chemically inert particles injection [2] and explosion 
processes in bubble systems [19]. In [1] NFZ model was used for calculation DW structure in hydrogen-oxygen 
mixtures. In [19-21] NFZ model has been modified for calculation of detonation combustion in methane-air 
mixtures and parameters and non-regular structure of cellular DW have calculated. 

In the frames of present work, we will develop 2-step approximate model of chemical kinetic of detonation 
combustion of silane-air mixtures: 

 
4 2 2 , 2SiH aO bN a .              (1) 

 
Comprehensive summary of NFZ model can be found in [19]. The model includes two stages: induction stage 

and subsequent stage of heat release. The parameters of the gaseous mixture behind the front of the real detonation 
wave are always changing. As is commonly done, we will calculate the value of Y during the induction period of the 
chemical reaction in the gas mixture with variable pressures and temperatures by the formula: 

 

0

t

i

dtY ,       (2) 

 
where Y is the induction parameter and i is the induction period at constant parameters. At the beginning of the 
induction period, t = 0 and Y = 0. Before the end of the induction period, we have 0  Y < 1. At the end of the 
induction period (t = t*), we have Y = 1. To calculate i we will use the Arrhenius-type formula, presented in [22]: 
 

 
4 2

0.47 9695.45
10 0.84 0.07

0
1.374 10 T

i SiH O
p e
p

 

 
Here 

4SiH  and 
2O  are relative mass fraction of silane and oxygen, respectively. Let  be the fraction of silane 

molecules that have not undergone the chemical reaction by a certain time t inside the induction period. The value 
of  decreases monotonically as the mixture moves in the induction zone:  = 1 at t = 0 and  = 0 at the end of the 
induction period. The chemical composition of the gas undergoes the following change during the induction period: 
 

4 2 2 4 2

2 2

(1 ) (1 ) (1 )(1.5 )
(1 )2 ( 1 ) .

SiH aO bN SiH SiO OH H
H a O bN

   (3) 

 
The decomposition reaction is chosen so that its thermal effect is significantly less than the maximum possible 

thermal effect, which is achieved with complete recombination of the reaction products with the formation of 2SiO  
and 2H O  molecules. If the value of  is known, then, the chemical composition (and, therefore, the molar mass) of 
the gas during the induction period is also known. Thermodynamic parameters of this gas with known chemical 
composition can easily be calculated using the corresponding reference books. 

Note that the value of  affect only the profiles of the wave parameters in the induction zone. The wave velocity, 
the flow parameters at the C.-J. point and the main heat release zone do not depend on . Therefore, once the above 
conditions on the value of  are satisfied, the specific form of the equation for calculating it affects the profiles of 
the wave parameters in the induction zone only quantitatively and has no fundamental significance.  As a rule, the 
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chemical reaction rate increases at the end of the induction period. In this connection, the formula for calculating  
should be chosen so as to satisfy the above boundary conditions and so that the rate of its decrease increases as the 
mixture moves in the induction zone. For example, the following formula can be used: 

 
1 , 1nY n .       

 
The second stage of the model includes a kinetic equation for the molar mass of the gas: 
 

22 3/23/4

max min
4 1 1 exp / 1 exp /d K AT T E RT

dt
.        (4) 

 
The caloric equation of state 
 

, ,therm chemU T U T U ,     (5) 

3 3 /, 1 1
4 2 exp / 1therm

a a

T TU T
T

,       (6) 

min

1 1
chemU E            (7) 

 
allows one to calculate the internal energy of the gas at an arbitrary time. Here a , min  and max  are the molar 
weights of the mixture in the atomic state, ultimately dissociated and ultimately recombined states,  is the mean 
energy of excitation of vibrational degrees of freedom of molecules, E   is the mean energy of dissociation of 
reaction products, and K  and A   are the rate constants of recombination and dissociation of reaction products, 

chemU  is the chemical part of the internal energy and thermU  is its thermodynamic part. The origin of Utherm is 0 K. 
The origin of chemU  is ultimately dissociated state (for H, O and N2 the chemical parts of the internal energy 
assumed to be zero). 

ADAPTATION OF NFZ MODEL FOR PROPYLENE-AIR MIXTURES  

The following mixture will be considered: C3H6 + a1O2+ a2N2 + a3Ar + a4H2O, a1  3/2. The algorithm of 
adaptation of NFZ model for propylene mixture under consideration is similar for the algorithm, presented above for 
silane mixtures. 

We assume that during the induction period, each hydrocarbon molecule of the mixture is involved in the 
chemical reactions: 

 
3 6 1 2 1 1 23 (2 3) (4.5 ) 2  if 3/2  a1 < 3,   

3 6 2 23 3 3 (1.5 ) 2  if a1  3.      
 
The value  should be calculated from the condition: the thermal effect of the reaction at the end of the induction 

period Q  is significantly smaller than the maximum possible heat effect of the chemical reaction Qmax per one mole 
of C3H6. 

Similar for silane mixtures, let  be the fraction of un-decomposed hydrocarbon molecules C3H6 in gaseous 
mixture.  In the initial state,  = 1; during the induction period,  decreases monotonically; and at the end of the 
induction period,  = 0, and inside of induction period 1 Y . To determine the induction parameter Y we will 
use the formula (2), where the induction period for propylene-air mixture has the form: 

419 310 /
24.01 10 RT

i O e . The coefficients in the formula are determined in accordance with the Vasiliev and 
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Nikolaev model [22] from the values of the detonation cell size, the Chapman – Jouguet detonation velocity and the 
parameters at the Neumann peak calculated in the framework of chemical equilibrium models. 

Other steps of adaptation of NFZ model for propylene mixtures are similar to the corresponding steps for silane 
mixtures, presented above. 

PARAMETERS OF DETONATION WAVE IN REACTIVE GAS MIXTURES 

Figure 1a shows distribution of normalized mixture pressure and temperature in detonation wave structure in 
stoichiometric silane-air mixture in Chapman – Jouguet and overdriven detonation regime. It was found that DW 
velocity in Chapman – Jouguet regime in stoichiometric silane-air mixture is equal 1840 m/s, in overdriven regime 
we take the DW velocity equal to 2024 m/s which corresponds to overdriven degree / 1.1CJD D  where D  is 
DW velocity and CJD  is Chapman – Jouguet DW velocity. Normalization was performed by the values of the 
parameters on the DW front (in Chapman – Jouguet regime: pressure 32.71fp atm, temperature 1944fT K; in 
overdriven detonation regime: pressure 39.62fp  atm, temperature 2294fT  K). Note, that in [8] it were made 
the calculation of detonation waves in silane-air mixtures by using the detailed kinetics model and the parameters of 
detonation in Chapman – Jouguet regime were follows: 1844CJD m/s, 32.85fp atm, 1943fT K. It is seen 
that parameter obtained by detailed and reduced kinetics models are close to each other. In the figure at the initial 
point – 0 the DW front is located. The wave is moving from right to left. Behind the front the induction zone is 
located followed by the main heat release zone (burning zone) and at the endpoint - the equilibrium state, i.e. 
Chapman – Jouguet point, in which performed the condition eu c  or 1eM . The absolute values of pressure and 
temperature in the equilibrium point are follows: in Chapman – Jouguet regime – pressure 20.95ep  atm, 
temperature 3073eT  K; in overdriven detonation regime – pressure 30.59ep  atm, temperature 3409eT  K. 
From Fig. 1a it is seen that normalized thermodynamics parameters in Chapman – Jouguet regime changes greater 
than in overdriven detonation regime: in Chapman – Jouguet regime pressure reduces by 35% and temperature 
grows by 60% from its values on DW front, in overdriven detonation regime pressure reduces by 22% and 
temperature increases by 49%. Fig. 1b shows distribution of normalized mixture pressure and temperature in 
detonation wave structure in stoichiometric silane-air mixture in Chapman – Jouguet regime in small scale near the 
induction zone. It is known [23] that silane-air mixture has a small ignition delay times and therefore from Fig. 1b 
we can see a very short induction zone length (about 510  m length). 
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FIGURE 1. Distribution of normalized mixture pressure and temperature in detonation wave structure in stoichiometric silane-
air mixture: a) Chapman – Jouguet and overdriven detonation regime, large scale b) Chapman – Jouguet regime, small scale 
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FIGURE 2. Distribution of normalized mixture pressure, temperature and density in detonation wave structure in stoichiometric 

propylene-air mixture in Chapman – Jouguet and overdriven detonation regime 
 
Figure 2 shows distribution of normalized mixture pressure and temperature in detonation wave structure in 

stoichiometric propylene-air mixture in Chapman – Jouguet and overdriven detonation regime. It was found that 
DW velocity in Chapman – Jouguet regime in stoichiometric propylene-air mixture is equal 1793 m/s, in overdriven 
regime we take the DW velocity equal to 1972.3 m/s which corresponds to overdriven degree / 1.1CJD D . 
Normalization was performed by the values of the parameters on the DW front (in Chapman – Jouguet regime: 
pressure 33.01fp atm, temperature 1544fT K; in overdriven detonation regime: pressure 40.12fp  atm, 
temperature 1775fT  K). The chemical equilibrium calculations give the following parameters of detonation in 
Chapman – Jouguet regime: 1812CJD m/s, 33.75fp atm, 1577fT K which are close to reduced kinetics 
parameters.  The absolute values of pressure and temperature in the equilibrium point are follows: in Chapman –
 Jouguet regime – pressure 18.28ep  atm, temperature 2866eT  K; in overdriven detonation regime – pressure 

30.51ep  atm, temperature 3098eT  K. From figs. 1 and 2 it is seen that induction zone length in propylene-air 
mixture is much greater in comparison with silane-air one. The length is equal to: in Chapman – Jouguet regime 

43.71 10il  m and in overdriven detonation regime 59.84 10il  m. This suggests that propylene-air mixture has 
much greater ignition delay times compared with the silane-air mixture. 

CONCLUSIONS 

The reduced two-stage kinetic models of detonation oxidation of silane and propylene mixtures are presented. 
The models are physically grounded, consistent with the second law of thermodynamics and Le Chatelier’s 
principle. They are simple (include only one differential and some explicit algebraic equations) and high accurate 
and therefore can be successfully used for multi-dimensional numerical calculations of detonation processes in 
corresponding gaseous mixtures. These models were used to calculate the parameters and structure of a stationary 
DW in the stoichiometric silane-air and propylene-air mixtures. 
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Abstract. The effect of an electric field on the plasma of an optical discharge in an air stream is experimentally studied. 
At a constant electric field strength of more than 3 kV/cm, the existence of an optical discharge plasma contributed to the 
electrical breakdown. In this case, the shape and limiting characteristics of electrical breakdown depended on the shape of 
the electrodes, the polarity of the applied voltage, and the speed of the air flow. For the configuration of the field 
symmetrically relative to the flow axis, an electrical breakdown was observed from the nozzle exit (positively charged 
electrode) to the laser beam focus point; there were no streamers in the optical discharge trace. 

INTRODUCTION 

Combustion control using external energy deposition is one of the actively developing research areas. This is due 
to the search for methods of initiating and stabilizing combustion in high-speed combustion chambers. For this, 
discharges of various types are used (glow, arc, microwave, barrier, etc.), laser radiation, including optical dielectric 
breakdown. The possibility of initiating combustion in supersonic and transonic ducts was shown in [1]. In order to 
stabilize the flame, laser radiation parameters are required that provide a quasi-stationary mode of interaction 
between the optical discharge and the flow. In [1], the frequency and power of laser radiation were insufficient to 
implement the quasi-stationary mode. I.e. it is necessary either to increase the pulse repetition rate while maintaining 
their intensity, or the size of the plasma formation. The first one is not technically achievable, the second one can be 
achieved by affecting the plasma of an optical discharge with an electric field. In this case, a situation may arise 
when an electric breakdown of the medium occurs at a field strength below the breakdown in the absence of laser 
radiation [2]. 

EXPEREMENTAL SETUP 

In this paper, a stationary electric field with a voltage of up to 6 kV/cm was used as a source of effect on the 
plasma. Two configurations of electrodes were used in the experiments (see Fig. 1): flat electrodes – electric field 
along the beam (a) and ring electrodes – field along the stream (b). 
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(a) (b) 

FIGURE 1. Electric circuit: a - field along the beam; b– field across the beam 
 
To form a laser plasma of an optical pulsating discharge, an LOK-3SGU electric-discharge CO2 laser (developed 

by the Institute of Laser Physics SB RAS) was used, which in experiments provided a pulse-periodic mode of 
radiation with a pulse repetition frequency of up to 60 kHz and an average power of up to 1.0 kW. Basically, the 
laser worked in burst mode: the pulse frequency was 30 kHz, the pulse packet length was 6-7 pulses, and the pulse 
packet repetition frequency was 5 kHz. The CO2 laser radiation propagated across the flow and was focused by a 
ZnSe lens on the axis of the jet, at a given distance from the nozzle exit between the electrodes. During the 
experiment, lenses with different focal lengths (f = 63 or 95 mm) were used. Figure 2 shows the experimental setup. 

 

 
FIGURE 2. The experimental setup: 1 – object of observation; 2 – lenses; 3 – absorber; 4 – schlieren system; 5 – light source; 

6 – photo camera; 7 – high-speed camera; 8 – interference filter; 9 – CCD camera 
 
The distance from the nozzle exit varied during the experiments. The air mixture was supplied to the prechamber 

through the flow measurement system and flowed into the flooded space. The inner diameter of the prechamber is 
80 mm, the length is 95 mm. To form a gas flow, a conical nozzle with an angular point was used. The diameters of 
the critical and outlet cross sections are 15.5 and 20 mm, respectively. The distance between the specified sections is 
25 mm. The maximum pressure in the prechamber was 8 atm and the temperature was 290 K. A shadow scheme 
with a slit and a flat knife was used to register the structure of the thermal trace of breakdown, and a spark source 

ain high-quality pictures 
of the development of the thermal trace from focused radiation. The dimensions of the plasma area were 1.0–3.0 
mm, followed by periodic thermal trace. The following structures were observed in the images: plasmoid (energy 
supply region when laser radiation is absorbed); shock waves coming from the power supply area and thermal 
inhomogeneities moving upstream behind the optical breakdown. 

RESULTS AND DISCUSSIONS 

Figure 3 shows an example of shadow registration for flat electrodes with a field strength of less than 3 kV/cm. 
The above structures are clearly visible, no significant differences are observed. The presence of the field reduces 
the frequency of breakdown, indicating a deterioration in the conditions for the breakdown of the medium. It can be 
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assumed that a decrease in the breakdown frequency is associated with an increase in the outflow of electrons from 
the focus area under the influence of an electric field. 

   
(a) (b) (c) 

FIGURE 3. Shadow registration for the case of flat electrodes: a – in the absence of an electric field; 
b – the field is directed from left to right and c – from right to left 

 
A similar situation is observed for ring electrodes in the absence of electrical breakdown (see Figs. 4 a and 4 b). 

In Fig. 4 c, the streamer from the lower electrode to the optical breakdown area is clearly visible. I.e., the 
coexistence of optical and electric discharges leads to an additional energy effect on the flow structure, and thus can 
improve the conditions for initiating combustion and stabilization of fuel mixtures. 

 

   
(a) (b) (c) 

FIGURE 4. Shadow registration for the case of ring electrodes: a - without electric field; b - with strength less than 3 kV/cm 
and c - with strength of 5 kV/cm (positive electrode on top) 

 
For ring electrodes with reverse polarity (on the ring at the top minus, on the nozzle plus), at the maximum 

kV/cm, the optical breakdown quenching effect was observed, as evidenced by the shadow survey 
(see Fig. 5) and registration using a photometer of the glow of the optical discharge plasma (see Fig. 6). 
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(a) (b) (c) 

FIGURE 5. Shadow registration for the case of ring electrodes: a – without electric field; b – strength is less than 5 kV/cm 
(positive electrode on top) and c – strength is 5.5 kV/cm (negative electrode on top) 

 

  
(a) (b) 

FIGURE 6. Photometric registration of incident laser radiation and optical discharge plasma: a – in the absence of a field 
and b – after the electric field is turned on 

 
As a result of the action of the electric field, the outflow of electrons from the beam focusing area increased 

significantly, which led to quenching of the optical breakdown. 
Thus, using an electric field, it is possible to control the plasma of an optical discharge. There is a decrease in the 

probability of optical breakdown in the presence of a field, regardless of the configuration of the field lines and the 
polarity of the applied voltage. For field strengths above 3 kV/cm, the presence of an optical discharge plasma led to 
an electrical breakdown. The shape and limiting characteristics of electrical breakdown depend on the configuration 
of the electrodes, the polarity of the applied voltage, and the speed of the air flow. In the case of the direction of the 
field along the flow, a breakdown was observed from the nozzle (lower electrode, ground) to the laser beam 
focusing point; there were no streamers upstream of the optical breakdown plasma. With tension along the flow, it is 
possible to completely extinguish the optical breakdown. 
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Abstract. A series of experimental studies of pulse-periodic gas-dynamic combustion control was carried out in order to 
increase the efficiency of the workflow in combustion chambers of variable geometry. Controlled quasi-stationary 
kerosene combustion mode in a high-enthalpy flow is implemented. In the experiments, the geometry of the tract, the 
intensity of the control pulses, and the flow rates of the fuels in the constant section channel and in the expanding part 
were varied. Parameters of control pulses are found and the requirements for the length of the constant section are 
formulated. Based on the data obtained, an engineering method has been developed for applying pulse-periodic gas-
dynamic control of the workflow efficiency for high-speed combustion chambers. 

INTRODUCTION 

At present, finding and learning new schemes for the effective organization of the thermal process in the 
combustion chamber of the ramjet engine are conducted in two main directions: increase in completeness of 
combustion and decrease in hydraulic losses. For aircraft flight speeds with Mach numbers M=5+, two-section 
ramjet combustion chamber are often considered [1-3]. A feature of the workflow scheme proposed in [3] is the 
implementation of an intensive (pre-detonation) combustion mode in a constant section channel (in the first section) 
preceding the main combustion chamber. I.e. the organization of combustion in wave structures, such as a 
pseudoshock, can provide high efficiency of the combustion chamber workflow. At the same time, the passage of 
the fuel jet through the shock waves provides a high-quality mixture of fuel with an oxidizer without additional 
devices. Intensive combustion mode is excited and supported by pulse-periodic gas-dynamic effect on the flow 
structure in the channel, and then it is maintained due to the organization of combustion in the main section of the 
combustion chamber. Experimental studies performed on model combustion chambers with hydrogen and ethylene 
as a fuel [4-6] confirmed the operability of the workflow scheme proposed in [3]. It should be noted that many 
authors consider kerosene as a fuel for promising ramjet engines with flight Mach numbers M > 5. For example, in 
[7], with reference to the requirements of the US Air Force (Air Force solicitation AF073-058), it is shown that it is 
possible to implement a high-speed ramjet using J-7 kerosene starting from the Mach number M=3.5 while 
maintaining the workflow efficiency at higher Mach numbers with minimal changes in the path geometry. In [8], a 
method for initiating and efficiently kerosene combustion at supersonic flow rates in a channel of constant cross-
section is considered as applied to combustion chambers of variable geometry. It has been established that the mode 
is maintained when the action is switched off after the combustion is arranged in the expanding part of the 
combustion chamber. Experimental studies of the technology of pulsed-periodic gas-dynamic control of the 
workflow efficiency in variable geometry combustion chambers are continued. This paper presents the results 
achieved. In the experiments, the geometry of the combustion chamber, the intensity of the control pulses, the flow 
rates of fuels in the channel of constant cross section and at the inlet to the main section of the combustion chamber 
were varied. 
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EXPEREMENTAL SETUP 

The schematic diagram of a model combustion chamber is shown in Fig. 1. The diameter of the first section of 
the combustion chamber is d1 = 50 mm, and that of the second section is d2 = 90 mm. Model combustion chambers 
with two lengths of the first segment of a constant cross section were tested: L = 423 (short) and 499 mm (long). 
Kerosene was supplied along the flow axis at the beginning of the model combustion chamber. The second 
hydrogen feed belt was located before the sudden expansion: 32 holes with a diameter of 2 mm, arranged evenly in a 
circle. The position of the control pulse generator (PG) in both cases was at the end of the first section. 

 

 
FIGURE 1. Scheme of the model combustion chamber: 1 - nozzle; 2 – part of constant cross section; 3 - part with a sudden 

expansion; F - fuel (kerosene) supply; PG - pulse generator; H2 - hydrogen supply; 
Pi – position of static pressure measurement points 

 

 
 

(a) (b) 

FIGURE 2. Cyclogram of experiment (a) and pressure in the PG (b) 
 
The experiments were conducted on an attached pipeline. At the combustion chamber inlet, the following flow 

parameters were set: total temperature T P
combustion mode is realized due to the external action of gas-dynamic pulses with time-varying energy. The 
repetition frequency of the PG pulses was f = 52 Hz and their duration was  = 10 ms. Fig. 2 shows the cyclogram of 
the experiment and the characteristic shape of the PG pulse packet. 

After the set parameters were established, kerosene (t1) was supplied to the combustion chamber inlet, then 
intensive combustion mode (t2-t3) was initiated by powerful gas-dynamic pulses, which was switched to a pulsating 
mode with pulses of lower intensity at the preset frequency and duty cycle (t3-t4). Further, the organization of 
combustion in the expanding part of the CC (t4) led to stabilization of the pseudoshock combustion mode, after 
which the pulse generator was switched off (t5). 

RESULTS AND DISCUSSIONS 

The graphs in Fig. 3a represent the dynamics of initiation of a pseudoshock combustion mode in a channel of 
constant cross section. Figure 3a shows the successive stages: from the beginning of the PG pulse to the complete 
formation of the pseudoshock structure.  
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(a) 

 
(b) 

FIGURE 3. Change in the distribution of static pressure (a) and propagation of the disturbance front from the PG pulse (b) 
 
Figure x is calculated from the 

x = ± 1 mm). The time of arrival of the disturbance front to the pressure measurement point 
t = ± 0.2 ms. The steady-state velocity of the disturbance front did not depend 

on the length of the constant cross section channel. Differences in dynamics are observed only at the initial stage. 
The pulsating mode was implemented on both model combustion chambers. In this case, a decrease in the length 

of the constant cross section part led to a decrease in the stability of the mode. The combustion interruption in the 
long channel occurred when the pressure drop in the PG was below 0.8 MPa, and in the short one, it occurred at 
pressures in the PG above 1.0 MPa. A reduction in the lifetime of the stable mode was also noted. Thus, on a long 
channel, the pseudoshock combustion mode could be maintained for several seconds, while on a short channel it 
lasted for 10-15 pulses. During the experiments, the requirements for PG pulses were determined: the frequency of 
45-52 Hz and a duration of at least 10 ms, the ratio of jet and flow pulses of ~ 5% for the transition to intense 
combustion and less than 1.5% for maintaining the pulsating mode. 

The organization of hydrogen combustion after a sudden expansion in the combustion chamber path allowed to 
implement a stable pseudoshock mode without PG pulses (see Fig. 4). In this case, the total air to fuel equivalence 
ratio 
workflow in the constant cross section part, a quasi-one-dimensional approach of determination of combustion 
completeness was used [9]. In the pseudoshock mode of the model combustion chamber, a high combustion 
completeness is observed (~ 0.9). 
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(a) 

 
(b) 

FIGURE 4. The cyclogram and the distribution of static pressure along the channel: diffusion mode (1); intensification of 
combustion (2) and pseudoshock mode supported by hydrogen combustion (3) 

CONCLUSION 

In conclusion, based on the data obtained, an engineering method is developed for applying pulse-periodic gas-
dynamic control of the efficiency of the workflow for high-speed combustion chambers. The parameters of the 
control pulses are found and the requirements for the length of the constant cross section part are formulated. In this 
case, the optimal mode of operation of the model combustion chamber is realized when, before expansion (at the 
end of the pseudoshock), the Mach number determined by the combustion products is M = 1. In order to achieve 
this, the constant section length should be about 8-10 calibers, the air to fuel equivalence ratio in kerosene was 
6.55, and the total one (taking into account the combustion of H2) was the mass fraction of hydrogen in the 
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Abstract. The initiation of a transverse shear edge crack in elastoplastic materials with the limiting strain is considered. 
The crack propagation criterion is formulated using a modified Leonov – Panasyuk – Dugdale model using the additional 
parameter — the width of the plasticity zone. The coupled fracture criterion for quasi-brittle fracture is formulated for 
mode II cracks in an elastoplastic material in the vicinity of the crack tip. The sequential analysis of the possibility of 
applying the proposed fracture criterion in determining the critical loads for solids containing edge cracks of transverse 
shear at the interface of different media is performed. Quasi-brittle fracture diagrams are constructed for a composite 
plate with an edge crack under plane strain and plane stress conditions. The critical loads were found numerically for the 
quasi-ductile and ductile fracture types. 

INTRODUCTION 

The inevitable presence of cracks is one of the most important factors causing fracture in engineering structures. 
The most common crack-like defects are located in places of stress concentration, as a rule in the vicinity of the tips 
of cuts and at the boundaries of holes, and in composite materials along the interface. Therefore, the problems of 
formulation simple, suitable for engineering calculations, analytical models of the destruction process of materials 
and structures are relevant. In this article, the couple fracture criterion is used to determine critical loads for the 
mode II edge crack in a plate made of an elastoplastic material. The results obtained in this work make it possible to 
evaluate the bearing capacity of structures with cracks in a wider range of loading conditions than the one-parameter 
criteria for fracture mechanics allow. 

FORMULATION OF THE PROBLEM 

The most common crack-like defects are located in composites along the interface. Therefore, the study of the 
stress-strain state in the problem of the transverse shear crack propagation in a composite is of interest.  

The composite piecewise homogeneous bimetal plate is considered. (Fig. 1a). The plate width is ; the plate 
height is ; the edge crack of length  is located on a flat interface of two materials 1 and 2;  is the shear stress at 
the edges of the plate. The fracture mode II is realized. The materials of the plate are considered to be elastic – 
perfectly plastic: ,   are the shear moduli; ,  are the Poisson's ratios; ,  are the yield strengths under 
simple shear. The model crack has the length = + , where  is the prefracture zone length (on continuation of 
the real crack). 

The ( ) strain diagram is obtained when testing the specimen under shear (Fig. 1b).  is the shear stress;  is 
the shear strain. With a bi-linear approximation of the initial material diagram, the material is replaced by an elastic 
– perfectly plastic material, with a ultimate strain, upon reaching which the material is destroyed. In this case, the 
areas under the curves 1 and 2 should coincide. The curve 2 is determined by the parameters: =  is the shear 
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yield strength,  is the shear modulus;  is the maximum elastic strain;  is the maximum strain. The 
approximation of the diagrams at the section < < can be interpreted as a perfect plasticity, and the ratio
( )/  as the ductility of the material under a monotonic shear [1-3]. 

 

(a) (b) 

FIGURE 1. Scheme of loading the bimetallic plate with the edge crack along the material interface (a); 
the original ( ) – diagram (curve 1) and its bi-linear approximation (curve 2) (b) 

THE LEONOV-PANASYUK-DUGDALE MODEL 

Assume that materials 1 and 2 have different shear yield strength: = < . Let  be the characteristic 
linear size of the material structure (average grain diameter). When constructing diagrams of quasi-brittle fracture, 
sufficient fracture criteria are used. The sufficient coupled fracture criterion can be represented by two relations for 
short macrocracks and medium microcracks: 1 ( ) = ,                                                                        (1) 2 ( ) =                                                                                (2) 

Here, ( ) is the shear stresses on the extension of the model crack;  is the rectangular coordinate system, the 
beginning of which coincides with the tip of the model crack, the  axis is directed along the crack (Fig. 2 ); 2 = 2 ( ) is total transverse displacement of the model crack edges ( < 0); is the critical transverse 
displacement of the crack edges for a homogeneous material (the structure of the material at the tip of the real crack 
is destroyed due to the shear at this displacement); is the critical length of prefracture zone [4, 5]. Criterion (1) is 
necessary, since it controls the beginning of the fracture process. Criterion (1), (2) is sufficient, since under both 
conditions the final failure of the specimen occurs. Criterion (1), (2) is coupled: the strain fracture criterion (2) is 
formulated at the tip of the initial crack, and the force criterion (1) for shear stresses, taking into account averaging, 
is formulated at the tip of the model crack [6, 7]. The shear stresses = , acting on the edges of the model 
crack in the prefracture zone are opposite in sign to the stresses =  (Fig. 3 ) and prevent the opening crack in 
the transverse direction. The prefracture zone occupies only part of the plasticity zone. 

 

 
(a) (b) 

FIGURE 2. Shear stresses acting in the model along the extension of the model crack (a). The approximation of the 
plastic zone by the quadrangular prefracture zone of a homogeneous material (b) 
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(a) (b) 

FIGURE 3. The boundaries of the plastic zones according to the Mises criterion in the vicinity of the tip of the 
transverse shear crack in a homogeneous material (a). The one-sided plastic zone in bimaterial (b). 

1 – the plane strain; 2 – the plane stress 
 
Shear stress field on the extension of a model crack x > 0 is: 

 ( ) = 2 +  ,                                                                  (3) 

 
where =  is the nominal stress; = ( / ) is the correction factor that takes into account the width of 
the plate ; = + > 0 is the total stress intensity factor; > 0 is the stress intensity factor generated 
by specified test conditions; < 0 is the stress intensity factor generated by constant stresses , acting in the 
prefracture zone. For > 0 we have the following relations 

     = ,       = 2 2 ,     = 2 1                  (4) 

When considering quasi-brittle fracture under small-scale yielding conditions, the following inequality holds: 
 / 1                                                                                    (5) 
 
In view of (5), from (4) we obtain: 
 = 2 2 /                                                                      (6) 

 
The correction factor = ( / ) is taken in the form = /( ), which corresponds to the approximation 

of the strength of material. As , then , that shows an increase in stresses when the net cross section 
decreases to zero at constant load. For an edge crack of a transverse shear in a half-plane = = 1. 

In conditions (5), the displacement of the model crack edges is: 

( ) = + 14 2 / ,    0,                                                           (7) 

where = /  is the shear modulus of a homogeneous material;  is the stress state parameter. For plane strain = 3 4 . For plane stress = (3 )/(1 + ). 
Critical displacement of the model crack edges is: 

 
 = ( )                                                                          (8) 

 
where  is the prefracture zone width at the tip of the real crack; ( ) is the ductility of the material. 

In an approximate formulation, the shape and dimensions of the plastic zone according to the Mises yield 
criterion in the vicinity of the tip of the transverse shear crack in a homogeneous material for plane strain can be 
expressed as: 
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( ) = 4 32 + 92 + (1 2 ) (1 )                                       (9) 

where  is the radius of the plastic zone;  is the polar angle; = 3  is the uniaxial strained yield strength. 
Figure 4 shows the boundaries of the plastic zones plotted in the dimensionless variables 4 ( )/ , in the 

vicinity of the tip of the transverse shear crack for the homogeneous material ( = ) and bimaterial, 
respectively. In the case of <  the plastic zone is exactly half the plastic zone of a homogeneous material. 
Assuming = /2 in (9), for a homogeneous material with plane strain are obtained: 
 = 2 2 = 4 [3 + 2(1 2 ) ] = 12 [3 + 2(1 2 ) ] =       (10) 

 
where = ( ) . The plane stress state is obtained from (9) or (10) at = 0. 

 
(a) (b) 

FIGURE 4. Dependences of the right-hand side  of inequality (13) on the Poisson's ratio : curve 1 is the plane stress; 
curve 2 is the plane strain (a). The quasi-brittle fracture diagrams (b) 

Estimates of the critical state of the material at the crack tip will be obtained. From criteria (1), (2) with using (3-
10) system of two equations can be obtained, solving which one can be find analytical expressions of the 
dimensionless critical length of the prefracture zone  = /  and dimensionless critical load = / : 
 = 2 + 1 ,                                                                   (11) 
 = + 1 4( + 1) 2                                                     (12) 

 
where = /  is the dimensionless critical crack length, = ( )/  is the ductility of the material under a 
monotonic shear. From the condition of limited maximum load 1, we obtain: 

 < ( + 1)4                                                                           (13)
 
With restriction (13), there is quasibrittle fracture under conditions of small-scale yielding of a homogeneous 

material in the prefracture zone. From Fig. 4a it can be seen that curve 1 is located below than curve 2 for any 0 < < 0,5. For any  at plane strain and plane stress, the inequality 5,027. In the limit as  from (12) 
we obtain: 

 = + 2                                                                    (14) 
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where = /  is the dimensionless critical load according to the necessary criterion, = /  is the 
dimensionless length of the initial crack, relation (14) describes the brittle fracture of materials, <  at < . 

Effective diameter for the fracture structure for sufficiently long cracks is: 
 = 2                                                                            (15) 

 
Here  – the critical stress intensity factor during mode II fracture. If  and approximation of ( )  diagrams 
were obtained in two laboratory experiments, then from ,  ,  two critical curves can be plotted = , , = , , where ,   is the dimensionless crack lengths; = /  – the dimensionless width of the plate. 

Let us combine the two planes ,  and  , . On the combined plane “crack length - stress ”( , ), 
where = / , = / , the quasi-brittle fracture diagrams for the type of specimen under consideration are 
plotted. Let the loading intensity be given . Two critical curves ,  divide the plane ( , ) into three 
subregions: region < , where there are no damage; region < < , where the damage accumulates in 
the material of the prefracture zone; region > ,  where the sample is fractured under monotonic loading. 
Figure 4b shows the dimensionless critical stresses of specimens with an edge crack in double logarithmic 
coordinates. Curve numbers 1-5, 1`-5` correspond to different width of the plate. 

Let us consider the case of an edge crack on the interface of two dissimilar materials with elastic constants: ,  for the upper half; ,  for the lower half; <  is shear yield strengths. Under pure mode I or pure 
mode II loading, tangential and normal stresses (I + II mode) will arise in both cases on the extension of the crack in 
a solid body. Therefore, when constructing the fracture criterion for dissimilar materials, it is necessary to take into 
account both stress intensity factors  and  in contrast to the case of a homogeneous medium. When substituting 
the expressions for  and  in the above equations, meaningless results are obtained, as it should be. Therefore, 
from a practical point of view, such parameter as the elastic energy release rate, which is identical to the Rice-
Cherepanov J-integral, seems to be more suitable. When calculating structural strength under conditions of 
elastoplastic strain, the J-integral is often used as a fracture parameter. Expression of the J-integral in terms of stress 
intensity factors [8] has the following form: 
 = 116 1 + + 1 +                                                               (16) 

 
where =  is complex stress intensity factor, the bar above indicates the complex conjugate value. In [9], 
the concept of the equivalent stress intensity factor = , was introduced, with the help of which it was found 
that in a wide range of changes in the /  the  differs from  by less than 4.5% for plane strain, and less than 
5.1% for a plane stress state. Therefore, in the case of substantially heterogeneous materials, it can be considered 
fulfilled with an error of up to 5% of the ratio, (11) - (14), which is quite acceptable from an engineering point of 
view. 

COMPUTER SIMULATION 

We use the finite element method to numerically simulate the real shape of the plastic zone in the vicinity of the 
crack tip propagating along the interface of two materials. Consider the plate: the width = 25 ; the length = 50 ; the edge crack length = 5 . The plate is in a simple shear condition under the action of shear 
stress. The edge crack is located at the same distance from the smaller sides of the plate, and the front of the crack is 
parallel to . For homogeneous plate: = 200  is the shear stress; = 200  is Young's modulus; = 0.25 is Poisson's ratio; = 400  is yield strength. For bimetal plate: = 100 ; for the top = 200  and = 0.25; = 200 ; for the bottom: = 200 ; = 0.25; = 400 . 

The plate was considered under simple shear conditions for a plane stress state and a plane strain state. During 
loading, the external load  monotonically increased from 0 to  in 100 time steps. At loading levels = / > 0.2 large plastic deformations occur in the vicinity of the crack tip. Therefore, the problem was solved 
in the updated Lagrangian formulation taking into account physical and geometric nonlinearity based on the general 
equations of solid mechanics. The calculation took into account large strains. 
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(a) (b) 

 
( ) (d) 

FIGURE 5. Equivalent plastic strains at loading levels = 0.93. Plane Stress:(a) homogeneous plate; (b) bimetal plate.  
Plane Strain:(c) homogeneous plate; (d) bimetal plate 

 
Table 1 shows the results of a numerical solution under simple shear conditions for the cases of a plane stress 

state and a plane strain state: a is the prefracture zone width; b is the plastic zone length; = /  is the loading 
level. The results of numerical calculations show the real shape of the plastic zone for the homogeneous plate in the 
form of the narrow elongated symmetric “jug” with a “neck” in the vicinity of the crack tip. For the bimetallic plate 
the plastic zone of the similar shape is one-sided and located in the region corresponding to the material with the 
lower yield stress. The results of numerical analysis do not confirm the results of the approximate solution and are 
not similar in shape and size of the plastic zone shown in Fig. 5. In the case of the homogeneous plate at = 0.93 
by formula (10) were obtained = 1.305 ; = 4.473 . 

TABLE 1. Results. 

  Plane Stress Plane Strain 

  , mm a, mm , mm a, mm 

Homogeneous plate 
0.93 19.5 2.19 19.5 2.94 

0.8 6.25 1.63 6.06 2.13 

Bimetal plate 
0.93 20 1.06 19.5 1.38 

0.8 6.56 0.69 7 1 

CONCLUSION 

The initiation of a transverse shear crack (II fracture mode) in elastoplastic materials with ultimate strain is 
considered. The class of materials under study includes, for example, low alloy steels used in structures operating at 
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temperatures below the cold brittleness threshold. The fracture process of such a material is described using a 
modified Leonov – Panasyuk – Dugdale model using an additional parameter: the width of the prefracture zone. The 
coupled fracture criterion for quasi-brittle fracture is formulated for mode II cracks in an elastoplastic material under 
conditions of small-scale fluidity.  The sequential analysis of the possibility of applying the proposed strength 
criterion in determining the destructive loads for bodies containing edge cracks of transverse shear is performed. The 
ultimate loads for quasi-viscous and viscous fracture types are found numerically. Another approach to elastoplastic 
fracture, based on the principles of the mesomechanics, is developed by P.V. Trusov [10, 11]. 
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Abstract. In the framework of the equations of continuum mechanics, the processes of detonation propagation in plane 
channels in two-layer systems are numerically studied. Gas suspensions of aluminum are considered, which form layers 
of various concentrations. A physical and mathematical model of detonation in inhomogeneous suspensions of aluminum 
particles is constructed using known data on the dependence of the detonation velocity on the concentration of particles, 
the dependence of the burning rate of microdispersed and nanodispersed particles on their size, temperature and pressure 
of the surrounding gas. The model allows, within the framework of a single algorithm, to calculate detonation flows in 
gas suspensions with different spatial distributions of concentrations and particle sizes. The numerical algorithm is based 
on the application of the TVD scheme of Harten and Gentry-Martin-Daily for particles. The statement of the problem 
corresponds to the problem of initiation, formation, and development of two-dimensional flows of cellular detonation. 
The calculation results show that the formed cellular structures are irregular, since the reflection of transverse waves 
occurs not only from the channel walls, but also from the surface separating the layers. A variety of patterns of cellular 
detonation in two-layer systems is shown when structures different from those formed in a homogeneous mixture at the 
same concentrations are formed in each layer. 

INTRODUCTION 

A study of the propagation of heterogeneous detonation under various conditions is of interest both in terms of 
safety during storage and use of explosive powders, and in connection with the development of detonation spraying 
technologies, detonation engines, etc. Interest in ignition and combustion, explosive and detonation characteristics of 
aluminum particles is due to the widespread use of microdispersed and nanodispersed powders, as well as the 
formation and accumulation of particles in the processing of aluminum products. A lot of works are devoted to 
experimental studies and numerical modeling of detonation in gas-suspended aluminum particles in air and oxygen, 
but such questions as the concentration limits of detonation, the characteristics of detonation in inhomogeneous 
suspensions are studied very poorly. In particular, the experimental dependences of the detonation velocity on the 
concentration of particles in oxygen or air suspensions are presented in [1-3], numerical simulation was carried out, 
as a rule, for homogeneous suspensions of a fixed concentration [4-9]. In [10], problems of modeling detonation 
processes in micro- and nanodispersed suspensions of aluminum particles are discussed. In [11], a simple semi-
empirical model of detonation of inhomogeneous suspensions is presented. The model is based on the description of 
the reduced kinetics of particle combustion, in which the integral heat release of chemical reactions is determined 
based on the solution of the problem of the propagation of a stationary detonation wave and the correspondence of 
the detonation velocity to the known concentration dependence presented in [3] for suspensions of aluminum 
particles in oxygen. In [12], within the framework of this model, patterns of the propagation of cellular detonation in 
flat channels with longitudinal or transverse concentration gradients were obtained. In the present work, the 
propagation of detonation in mixtures with a concentration discontinuity is studied using two-layer systems of 
different concentration composition as an example. 
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PHYSICAL AND MATHEMATICAL MODEL 

Two-dimensional detonation flows are described by the Euler equations for the gas phase and particles. 

1( 1)ii i i i iu v J
t x y
ρ ρ ρ −∂ ∂ ∂

+ + = −
∂ ∂ ∂

 

2
1

2
( (2 ) ) ( ) ( 1) ( )ii i i i i i i

x
u u i p u v f Ju
t x y

ρ ρ ρ −∂ ∂ + − ∂
+ + = − − +

∂ ∂ ∂
 

2
1

2
( ) ( (2 ) ) ( 1) ( )ii i i i i i i

y
v u v v i p f Jv
t x y

ρ ρ ρ −∂ ∂ ∂ + −
+ + = − − +

∂ ∂ ∂
   (1) 

11 1
2 2 2

( (2 ) / ) ( (2 ) / ) ( 1) ( )ii i i i i i i i
x y

E u E i p v E i p q f u f v JE
t x y

ρ ρ ρ ρ ρ −∂ ∂ + − ∂ + −
+ + = − − − − +

∂ ∂ ∂
, 

2 2 2 2 2( ) ( ) ( )u v J
t x y

ρ ζ ρ ζ ρ ζ ζ∂ ∂ ∂
+ + = −

∂ ∂ ∂
. 

Here ,, , , , ,i i i i i v iu v T E cρ are mean density, longitudinal and transversal velocity components, temperature, total energy 
per mass unit and heat capacity of the i -th phase (1 and 2 indicate gas and particles, respectively), p  is pressure. 
Mass concentrations of gas and particles are defined as / ,i iξ ρ ρ= 1 2ρ ρ ρ= + , i ii imρ ρ= , mi is the volume 
concentration of the i -th phase.  The function ( , )x yζ  is the initial mass concentration of particles in a moving 
volume. The thermal effect of the reduced kinetic Q  and the residual concentration of unburned particles kξ  
depend on the initial concentration of particles that arrived at this point in space. The function ( , )x yζ  is determined 
from the equation 2/ 0D Dtζ =  with the initial conditions 0 0( , ) ( , )x y x yζ ξ= . This approach is justified for 
suspensions of fairly small particles (less than 1 μm), for which the zone of velocity nonequilibrium and the ignition 
delay zone are of the same order. The system is closed by the equations of state and relations describing the 
interphase exchange of masses, momentum and energy. The interphase interaction processes are represented by the 
parameters J  (mass transfer), f



 (interphase interaction force), and q  (heat transfer). 

 2
1 2( )

u

f u uρ
τ

= −


  , 2 ,2
1 2( )v

T

c
q T T

ρ
τ

= − . (2) 

Particle combustion is described in the framework of the simplest model of one-stage kinetics, taking into 
account the transitional regime from diffusion-limited to kinetically-controlled combustion for particles with a 
diameter of less than 1 micron [12]. The dependence of the characteristic burning time of aluminum particles in the 
submicron range from 300 nm to 1 μm is taken as: 

2 [ ( )]kJ
ξ

ρ ξ ξ ζ
τ

= −  at 2 ignT T≥ , kξ ξ> ; 0J = , at 2 ignT T<  or  kξ ξ≤ . 

 0.3
0 0 1 *( / ) exp( / )( / ) m

ad d E RT p pξτ τ −=      (3) 

where 0.25ln [μm]m d= − , micro nano0.5{ (2 ln [μm] ln [μm]}aE E d E d= + − , and Emicro is the  activation energy for 
micron particles (32 kJ/mol), Enano is the activation energy for nanoparticles (60 kJ/mol), p is pressure, and d is the 
particle diameter, kξ  is the residual particle concentration. As in earlier investigations [4, 7-9] and analysis 
presented in [12] we take the ignition temperature equal to the melting point meltignT T= =930 К. 

The formulas for interphase interaction for suspensions of particles with a diameter of more than 250 nm have a 
form [4, 12] 
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where 1µ  is the gas dynamic viscosity and 1γ  is the adiabatic exponent, Nu, Pr are the Nusselt and Prandtl numbers 
(usually, Pr=0.7), 1λ  is the gas heat conductivity. The equations of state have a form. 
 

11 1p RTρ= ,  2 2
1 1 1 1 10.5( ) vE u v c T= + + , 2 2

2 2 2 2 20.5( ) ( )vE u v c T Q ζ= + + + .       (5) 
 

In the framework of the simplest model of one-stage kinetics ( )Q ζ includes the integral thermal effect of the 
particle combustion reaction, excluding the cost of heat for melting and evaporation of the particle material. 
According to experimental observations and data of thermodynamic calculations, the detonation velocity of gas 
particle suspensions D depends on the initial concentration of particles 0ξ  [3]. The dependence ( )Q ζ  for the pre-
stoichiometric compositions is obtained in [10] 0 0( ) 20.3exp( 3.17 )Q ξ ξ= − . In this range according to experimental 
data [1], we take 0.1kξ = . For superstoichiometric compositions we assume ( ) ( )stQ Qζ ζ= =3.52 MJ/kg, and 
determine 0 0 00.1 3.3( 0.55)( 0.4)kξ ξ ξ ξ= + − − , which provide correspondence with data [3] on the detonation 
velocity.  

The statement of the problem of shock-wave initiation, formation and propagation of cellular detonation in a flat 
channel is similar to [4, 8]. The numerical technique is based on the conservative flux-splitting schemes: the TVD 
scheme by Harten for gas and the Gentry-Martin-Daly scheme for particles. The step of the finite-difference grid 
was determined according to the scale of the relaxation zones, varied in the test calculations.  

NUMERICAL RESULTS 

The calculations were carried out in 6-cm channels; the particle size varied from 300 nm to 1 μm. Figure 1 shows an 
example of a test calculation on two grids with a step of 0.2 mm (Fig. 1a) and 0.1 mm (Fig. 1b) in the form of 
pictures of the history of maximum pressure in the mixture with 0 0.75ξ =  (bottom layer) and 0 0.55ξ =  (top layer) 
on the time moment 0.8 ms. As can be seen, the shape of the front, the arrangement of the transverse waves and the 
maximum pressure practically coincide even for such fine suspension. For coarser particles, the length of the zones 
of velocity and thermal relaxation increase proportionally d1.5 - d2, and the combustion zone increases proportionally 
d0.3. Therefore the grid with the resolution ∆x=0.0002 m is adequate, and it was accepted for further calculations. 
 

  

(a) (b) 

FIGURE 1. Test calculations: d=300 nm, 0 0.55bξ = , 0 0.75tξ = , ∆x=0.0002 m (a); 0.0001 m (b) 
 

Cellular detonation structures in gas suspensions of micron aluminum particles are characterized by regular cells; 
in submicron and nanoscale suspensions with decreasing particle size, the degree of irregularity of cellular structures 
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increases. The cell size in homogeneous suspensions weakly depends on the initial particle concentration, despite a 
significant difference in the average detonation velocity [8, 11]. 

In bilayer systems of different concentrations, the formation of transverse waves is caused not only by their 
reflection from the channel walls, but also by reflection from the layer interface. Therefore, the cellular structure is 
more complex with a tendency to irregularity even for micron particles (Figs. 2-4). The average velocity of 
detonation propagation in the channel differs from the propagation velocities in each of the layers and assumes an 
intermediate value. 

Figures 2–4 show the patterns of detonation propagation (maximal pressure histories) in a 6- cm channel with an 
equal layer width in a mixture of particles 1 μm in size. As can be seen, in all the figures the leading wave front is 
curved, this is especially noticeable in Fig. 3, where the superstoichiometric composition in the lower layer and the 
poor mixture in the upper layer. Note that all the pictures are constructed in the same color scale, shown in Fig. 2. 

At 0 0.55bξ =  and 0 0.3tξ =  (Fig. 2), the average propagation velocity is 1.66 km/s; this is an intermediate value 
between 1.6 km/s for a stoichiometric mixture and 1.69 km/s at 0 0.3ξ = . However, the pattern of cellular detonation 
differs significantly from the pattern in a homogeneous suspension with an intermediate concentration value of 0.4, 
where a system of the transverse waves, close to regular, is formed that is four to five cells per channel width [11]. 
Also, several cells are formed in a homogeneous stoichiometric mixture. In the two-layer system shown in Fig. 2, 
one transverse wave is noticeable in each of the layers, and an additional transverse wave arises and disappears in 
the lower layer. The main reason, in our opinion, is a change in the average velocity of propagation of the front, in 
comparison with a homogeneous suspension. Here, in a layer with a higher concentration, the propagation velocity 
exceeds the normal detonation velocity for this concentration (as in the strong detonation mode), while in a layer of 
more lean mixture it has a lower value (as in a decaying detonation). In addition, there is a layer interface that 
partially transmits, partially reflects the transverse wave. It is also possible that the curvature and kink of the leading 
front at the interface between the layers causes a change in the properties of the transverse wave in such a way that 
prevents the formation of secondary transverse waves at a distance corresponding to a homogeneous mixture. 
The formation of secondary transverse waves in cellular heterogeneous detonation and the effect of ignition, 
combustion, and thermal and velocity relaxation on the cell size were discussed in detail in [4].   
 

 
FIGURE 2. Detonation propagation along 6-cm channel in two-layer mixture with 0 0.55bξ = , 0 0.3tξ = , d=1 µm 

 
Figure 3 shows the calculation results in a system with pre-stoichiometric 0 0.3tξ =  and super-stoichiometric 

0 0.7bξ =  layers. The propagation velocities corresponding to these concentrations are, respectively, 1.69 km/s and 
1.48 km/s; in a two-layer system, the propagation velocity is 1.63 km/s. Moreover, as can be seen in Fig. 2, an 
irregular system of shear waves is formed in the lower layer of a higher concentration 0 0.7bξ = ; the maximum 
pressures during the collision of triple points are about 170 atm. In the upper layer of pre-stoichiometric 
concentration 0 0.3tξ = , only weak traces of a single transverse wave are visible. 
 

 
FIGURE 3. Detonation propagation along 6-cm channel in two-layer mixture with 0 0.7bξ = , 0 0.3tξ = , d=1 µm 

 
A similar picture is presented in Fig. 4 for a mixture with stoichiometric 0 0.55tξ =  and superstoichiometric 

0 0.75bξ =  layers. The propagation velocities corresponding to these concentrations are, respectively, 1.66 km/s and 

030054-4



1.36 km/s; in a two-layer system, the propagation velocity is 1.43 km/s. Here, the structure formed in the lower layer 
is similar to that formed in the layer 0 0.7bξ =  adjacent to the pre-stoichiometric layer (Fig. 3). In this case, a single 
weak transverse wave is formed in the stoichiometric layer. Thus, in a layer of the same concentration, the patterns 
of the transverse waves are different, depending on the adjacent layer (compare the lower layer in Fig. 2 and the 
upper layer in Fig. 4). This is due to the fact that the average front propagation velocities imposed by the presence of 
neighboring layers (1.66 km/s in Fig. 2 and 1.43 km/s in Fig. 4) are distinguished. 
 

 
FIGURE 4. Detonation propagation along 6-cm channel in two-layer mixture with 0 0.75bξ = , 0 0.55tξ = , d=1 µm 

 
Figures 5 and 6 show the results of calculations in mixtures with stoichiometric 0 0.55tξ =  and 

superstoichiometric 0 0.75bξ =  layers, as in Fig. 4, but for oxygen suspension of submicron 600-nm aluminum 
particles (Fig. 5) and nanodisperse suspension of 300-nm particles (Fig. 6). Note that the propagation velocities in 
the range d < 5 µm are determined only by the concentration composition and are independent of the particle 
size [3]. 

 

 
FIGURE 5. Detonation propagation along 6-cm channel in two-layer mixture with 0 0.75bξ = , 0 0.55tξ = , d=600 nm 

 

 
FIGURE 6. Detonation propagation along 6-cm channel in two-layer mixture with 0 0.75bξ = , 0 0.55tξ = , d=300 nm 

 
With a decrease in particle size in the suspension of aluminum particles uniformly distributed over the channel 

width, the nature of cellular detonation changes from regular cellular structures to weakly regular and irregular [8]. 
There is a change in the number of the transverse waves and the cell size as the wave propagates in the channel after 
the initiation of detonation. The initially formed system of the transverse waves with small cells is rearranged, the 
cells are enlarged. The peak pressures of the cellular detonation of submicron and nanosized particles are 
significantly higher than in the detonation of micro-sized particles [8]. These properties are due to a change in the 
parameters of the chemical reaction of combustion, in particular, a stronger dependence of the reaction rate on 
temperature for nanoscale particles, in comparison with micron particles, which is associated with the transition 
from diffusion-limited combustion of an aluminum particle to a kinetic regime. Accordingly, in Figs. 5 and 6, one 
can see the formation of fairly small cells in the lower layer (superstoichiometric concentration). However, in the 
stoichiometric layer, the cell appears only in a mixture of 300 nm in a small area, and then the system of transverse 
waves is reconstructed. Significant enlargement of the cell occurs; as a result, in mixtures of 600-nm and 300-nm 
particles one or two transverse waves are formed, which are much weaker than the transverse waves in the lower 
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layer. In the superstoichiometric layer, the system of shear waves is also irregular, but their number does not 
decrease, and several waves form 2–3 cells. Moreover, as can be seen from a comparison of Figs. 4-6, the location 
of the front at the same time moment coincides, although the shape of the front is different, due to the influence of 
the transverse waves. 

Thus, the calculations showed a variety of patterns of cellular detonation in two-layer systems, when structures 
formed in each layer are different from those formed in a homogeneous mixture at the same concentrations. 
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Abstract. The non-linear development of the slow and fast supersonic instabilities and their mutual interactions are 
studied in the mixing layer at the convective Mach number Mc = 4 with the numerical simulation. Spatial evolution of the 
instability is considered. The unstable waves are excited at the inflow boundary in the form of linear stability 
eigenfunctions. The simulation results show that the disturbance of the slow mode grows rapidly at the initial stage and 
reaches a nonlinear development regime with the formation of vortex structures in the form of curls in the lower critical 
layer. The development of the fast-mode disturbance at the initial stage is much slower. The disturbance gradually 
reaches the regime of nonlinear growth with the formation of elongated vortex structures in the upper critical layer. In 
both cases, intensive radiation of waves in the external streams is observed. 

INTRODUCTION AND PREVIOUS STUDIES 

Instability of the mixing layer formed at the interface of two gas flows moving at different speeds is a 
phenomenon that plays an important role in many problems of fluid dynamics such as mixing enhancement in 
combustion chambers [1]. The mechanisms of instability and transition to turbulence inherent in free shear layers are 
also characteristic of other flows in the absence of solid boundaries, such as jets and wakes (see, for example [2] 
where the wake instability downstream of the flat plate was studied). A clear understanding of the processes 
occurring in high-speed mixing layers has its own fundamental value as part of the overall problem of turbulence 
occurrence. In addition, knowledge of the characteristics of such gas flows is necessary for solving many applied 
problems. For example, when jet engines exhaust into the ambient stream, the expansion rate of the jet boundary 
layer determines the length of its initial section, which is responsible for the intense emission of noise into the 
surrounding space.  

The linear stability of the compressible mixing layers was extensively studied in the past [3–7]. There is also a 
number of DNS studies on later stages of transition to turbulence at supersonic relative Mach numbers of the mixing 
streams [8–11]. It is well known from the linear stability theory (LST) that compressibility has a significant 
influence on the development of instability in the mixing layer. An important parameter that characterizes the effect 
of compressibility is the so-called convective Mach number 

 M = , (1) 

where U1 > U2 are the velocities of the two mixing streams, a1, a2 are the speeds of sound in the corresponding 
stream. For small values of Mc, the dynamics of the mixing layer is governed by the development of the Kelvin–
Helmholtz instability. When the convective Mach number Mc reaches a certain critical value, the subsonic Kelvin–
Helmholtz disturbance mode stabilizes, and the instability is determined by two supersonic disturbance modes, see 
Fig. 1 where the pressure eigenfunctions of the linear stability analysis are given for the Kelvin–Helmholtz mode 
and the fast supersonic mode. 
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(a) (b) 

FIGURE 1. Pressure eigenfunctions for the Kelvin–Helmholtz instability mode at convective Mach number Mc = 0.5 (a) 
and the fast supersonic instability mode at Mc = 1.5 (b) 

 
The non-linear evolution of the disturbances was previously studied with the direct numerical simulations. 

Figure 2 presents the results of the temporal DNS of the instability development published in our earlier paper [11]. 
The simulations have been carried out at velocities of the two streams having equal magnitudes and opposite 
directions U2 = U1, equal temperatures of the streams T2 /T1 = 1, the Reynolds number Re = 1000, and three values 
of the convective Mach number: Mc = 0.5, 0.75, and 1.5. Here, the flow is assumed periodic in downstream 
direction, so the instability evolves in time in the coordinate system moving with the convective velocity 
Uc = (U1+U2) / 2. The results of the spatial numerical simulations at Mc = 0.5 and Mc = 1.5 were also reported in 
[11]. The Reynolds number is defined based on the vorticity thickness 
 
 = ( / )  (2) 

of the undisturbed mixing layer at the initial time moment. The basic flow velocity profile of the undisturbed mixing 
layer is given by the self-similar boundary layer solution 
 

 ( ) = + erf  ,  = ,  (3) 

 
where  is the Lees–Dorodnitsyn variable, T is the temperature. The temperature profile ( ) is calculated assuming 
the Prandtl number Pr = 1 from the Crocco’s integral with the free-stream temperatures T1 and T2. At the initial time 
moment the fundamental instability wave of the most-growing LST disturbance with frequency 1, its harmonic 
with 2 = 2 1 and the subhamonic with 1/2 = 1/2 were superimposed on the basic flow with some amplitudes. 
The streamwise size of the periodic simulation domain is equal to the wavelength of the subharmonic. 

At Mc = 0.5 case, shown in Fig. 2a, a typical Kelvin–Helmholtz instability pattern is observed. The development 
of instability waves leads to the roll-up of the shear layer, intensive formation of vortices, pairwise interaction and 
merging of neighboring vortices. The flow field shown in Fig. 2a corresponds to the event of merging of the two 
adjacent vortices. 

At Mc = 0.75, Fig. 2b, weak shock waves are formed in the flow, which is associated with the formation of local 
supersonic zones in the flow around vortices. This flow pattern is somewhat similar to the transonic flow around an 
airfoil.  

At Mc = 1.5, Fig. 2c, there is a pattern of development of supersonic instability with intensive formation of 
inclined shock waves in external flows. Here both, fast and slow, supersonic instability waves were imposed at the 
initial time moment. 
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(a) (b) (c) 

FIGURE 2. DNS results of the temporal instability development at three convective Mach numbers: 
Mc = 0.5 (a), Mc = 0.75 (b) and Mc = 1.5 (c) from the work [11] 

PROBLEM FORMULATION AND NUMERICAL TECHNIQUES 

We study the non-linear evolution of the disturbances via the direct numerical simulation. The unsteady Navier–
Stokes equations for a compressible gas are solved with the CFS3D numerical code. The convective fluxes of the 
Navier–Stokes equations are computed with the finite-difference WENO-5 scheme [12]. The diffusive fluxes are 
computed with the 4th order central-biased finite differences. Integration in time is performed with the explicit 4th

order Runge–Kutta–Gill low-storage scheme. The numerical code is essentially the same as was used in our earlier 
simulations of the mixing layer instability development [11]. Recently, the CFS3D code has been successfully used 
in the DNS of the instability and transition to turbulence in supersonic boundary layers at flow Mach number 2 and 
6 [13,14]. 

The boundary conditions specify the supersonic inflow at the left boundary of the computational domain. Here, 
the basic flow in the form (3) with superimposed unstable disturbances of the LST are set. The linear stability 
analysis is conducted in locally parallel assumption for the basic flow in the inflow section. The LST calculations 
are performed with the in-house LST code that provides the wave parameters of the disturbances and their 
eigenfunctions. The right boundary of the domain is supersonic outflow. Non-reflecting boundary conditions [15] 
are imposed on the upper and lower boundaries. Instability waves evolving in space are considered. The Mach 
numbers of the upper and lower stream are, respectively M1 = 10 and M2 = 2, the temperatures of the two streams 
are equal: T1 = T2. The corresponding convective Mach number of the mixing layer is Mc = 4. The Reynold number 

 in the inflow section is Re = 1000. The dynamic viscosity is assumed linearly proportional to the 
temperature. The Prandtl number is Pr = 1. The computations are two-dimensional with the number of cells in the 
computational domain Nx = 1000, Ny = 400 along the streamwise and normal coordinate, respectively. 

The preliminary LST calculations were conducted at various Mc for three-dimensional disturbances with the 
angle of the wave vector = tan ( / ), where  and  are respectively the streamwise and spanwise components 
of the wave vector. The results of this LST analysis are given in Fig. 3. -dimensional Kelvin–
Helmholtz disturbances are the most unstable. At Mc = 0.6, the growth rate remains almost constant in the range of 
propagation angles  = 0÷20°. At large subsonic Mach numbers, three-dimensional disturbances become the most 
unstable, so at Mc = 0.75 the disturbance propagating at the angle  = 38° to the flow is the most unstable. 

An interesting feature of three-dimensional disturbances is that, unlike the two-dimensional Kelvin–Helmholtz 
waves which are fully stabilized at Mc = 1, the three-dimensional Kelvin–Helmholtz disturbances remain unstable at 
noticeably larger Mach numbers. Thus, disturbances with  = 60° become stable at Mc = 2, disturbances with  = 70° 
stabilize at Mc = 2.92, and disturbances with  = 80° stabilize only at Mc  5. This leads to the fact that at moderate 
supersonic Mach numbers, it is the inclined Kelvin–Helmholtz disturbances that are growing fastest, and not the 
two-dimensional supersonic disturbances of the two new modes, fast and slow, whose waves propagate with 
supersonic speed with respect to the slower and faster of the mixing streams. 

However, if we increase the Mach number Mc even further, there comes a point when the two-dimensional 
supersonic disturbances are again the most unstable. According to our calculations, this occurs between Mc = 2.7 
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and Mc = 2.8. At Mc = 4, the growth rate of the two-dimensional supersonic disturbances is 5.5 times higher than the 
maximum growth rate of the Kelvin–Helmholtz waves. 

 

 
(a) (b) 

FIGURE 3. Maximum growth rates of the unstable LST disturbances vs the angle  of their wave vector at several Mach 
numbers (a), neutral wave numbers of the disturbances versus the Mach number at several angles  (b) 

 
These results are in agreement with [6], where it was noted that at Mc = 4 and equal temperatures of two mixing 

streams, the peak growth rates of the three-dimensional disturbances in a wide range of angles of the wave vector 
0° <  < 60° remain approximately constant (within 3%). It is therefore possible to conduct a numerical study of the 
development of the supersonic disturbances in a two-dimensional setup. 

RESULTS AND DISCUSSION 

Figure 4 shows the numerical schlieren visualizations of the instantaneous flow fields obtained in the numerical 
simulations of the supersonic instability development. In the first case, shown in Fig. 4a, the slow supersonic 
instability wave is excited in the inflow section with the following parameters. The non-dimensional circular 
frequency of the most unstable disturbance of this mode is F = 2 *  / U1 = 0.0740, non-dimensional complex 
wave number  = *  = 0.286 – i·0.0116, phase speed ph = ph

* / U1 = 0.259 is supersonic with respect to the upper 
stream, initial amplitude of the wave in the inflow section is Aslow = 0.01. In the second case, shown in Fig. 4b, the 
fast supersonic mode is excited with the following wave parameters: F = 2 *  / U1 = 0.257,  = 0.273– i·0.00287, 
phase speed ph = 0.940 is supersonic with respect to the lower stream, Afast = 0.01. In the third case, shown in 
Fig. 4c, the combination of the slow and fast modes is excited in the inflow section with amplitudes 
Aslow = Afast = 0.01. 

T i = 0.0116 in the inflow section is approximately 4 times higher than the 
i = 0.00287. According to linear theory, the disturbance of the slow mode grows 

rapidly at the initial stage and reaches a nonlinear development regime with the formation of vortex structures in the 
form of curls in the lower critical layer. In this case, waves are radiated to the outer space in the upper stream with 
M1 = 10. Farther downstream the disturbance is saturated. Further evolution of the flow occurs in the form of 
convection of a chain of isolated vortices in the lower critical layer. 

The development of the fast mode disturbance at the initial stage is much slower. The disturbance reaches the 
regime of nonlinear growth at x /   200 with the formation of elongated vortex structures in the upper critical 
layer. In this case, waves are radiated to the outer space in the lower stream with M1 = 2. The radiated waves passing 
through the lower critical layer lead to the formation of vortex disturbances in this layer. 
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(c) 

FIGURE 4. Supersonic instability development of the slow mode (a), fast mode (b) and both modes (c). Numerical schlierens 
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Abstract. For media with periodic changes in Young's modulus and yield strength, the problems of stress, strain and 
displacement distribution around single excavation of spherical and cylindrical shape are solved. The density of the 
medium is determined by the difference between the elastic modules and the yield strength in the blocks and interblock 
space. In each case analytical solutions are obtained. Influence of blocks quantity on length unit and differences in 
properties of blocks and interlayers on the nature of changes in stress, strains and displacements was studied. It is noted 
that blockness is one of the factors that form zonal disintegration around excavations. 

INTRODUCTION 

In [1], it is noted that in the mechanics of rocks there are some peculiarities related to the study of 
heterogeneities and anisotropy of artificial origin. These peculiarities are the result of mining work on the 
construction of excavations and the impact of blasting on the massif [2]. When studying the mechanical condition of 
rocks near the contours of vertical shafts in [3] by selecting and testing of rock cores taken at a depth of 10 meters, 
with simultaneous measurement of stresses in wells, the wave nature of the distribution of mechanical characteristics 
was also established. Under this characteristics zones of increased values of mechanical characteristics alternate with 
zones of their decrease. The heterogeneity of the rocks is studied in many works, for example, in [4], where its study 
was considered in light of the improvement of the oil recovery process. 

Along with studies of the heterogeneity and anisotropy of the media, there are many works in which an attempt 
to take into account the block nature of the rock mass structure around the mine excavations is made. These include 
mathematical models of the rock massif, consisting of deformable elements in the form of parallelepipeds, 
interconnected by a more weakened elastic material [5], other models connect a block medium with a chain of 
masses interconnected by elastic springs and viscous elements [6-9]. Below, we propose to study the block model of 
the rock massif on the basis of periodic functions, that is, consider that the block medium is an inhomogeneous 
medium with a periodic change in the elastic moduli, ductility, elastic limits, strength, and so on. Let us consider 
examples illustrating this position and the influence of block parameters on the change in the basic characteristics of 
a stress-strain state – stress, strain, displacement. 
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ROD CONSTRUCTIONS 

Let there be a rectilinear rod with the length L . We believe that Young's modulus along the length of the rod is 
distributed according to a sinusoidal law: 
 

 0 1 sinE E E x , (1) 
 
where 0E , 1E  – material’s constants; 2 /n L ; coordinate x  directed along the axis of the rod. 

It follows from (1) that the number n  is related to the number of blocks along L  , since inside the blocks the 
Young's modulus is higher in value (the material is more rigid) than at the boundaries. 

If we take 4n  in (1), then the rigidity modulus E  will be minimal in points 3 /16x L , 7 /16x L , 
11 /16x L , 15 /16x L , and the value 0 1E E E . At other points with coordinates /16x L , 5 /16x L , 
9 /16x L , 13 /16x L  the Young's modulus has the increased value: 0 1E E E . Hence the number  in (1) is 

connected with the number of blocks in the rod (blocks number is n ). 
We calculate the average value E  in accordance with (1) 
 

 1
0 1 0

0

1 2sin [cos(2 ) 1]
2

L EnxE E E dx E n
L L n

. (2) 

 
According to (2), with increasing n  ( n ) E  becomes equal 0E . The question arises: how E  is reflected 

on the stress-strain state of the rod and, first of all, how the number of blocks appears when calculating the 
displacements of the rod during compression. 

Let a constant force is applied to the rod 0 : 0x L . To determine the displacements in the rod, we have a 
closed equation system: the equilibrium equation / 0x , Hook’s law E , Cauchy ratio /u x . 
Boundary conditions are: 

 
 

 0 00,x x Lu . (3) 
 
The stress 0  throughout the rod satisfies this system. To determine the function u , we obtain the 

following first-order differential equation: 
 
 0 0 1( sin )du dx x . (4) 

 
Integrating (4) under conditions (3) and 1 0| | | |E E , we find a solution to the equation 
 
 0 0 1 02 arctg tg 2 arctg( )uE x E E , (5) 

 
where 21/ 1 , 1 0/E E , giving the distribution of displacement during compression of the rod by force 

0 . 
As can be seen from (5), the distribution u  in a complex way depends on the ratio 1 0/E E . At 0

( 0n , the number of blocks is zero) and in other case when 1 0E  (the rod is homogeneous), the right part (5) 
strives to the value x , so 0 0/u x E , i.e., we have a linear distribution of displacement u  along the rod. When 

0n  and 1 0E  distributions of “relative” displacement 0 0/uE  have a wave-like nature (Fig. 1a, b). 
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a) b) c) 

FIGURE 1. Dependencies: (a) – displacement 0 0/uE  from coordinate x . Line 1 corresponds to 1 0E , lines 2, 

3 – 0.9  (for line 2 – 5n , for line 3 – 50)n ; (b) – displacement 0 0/uE  from parameter ;  
(c) – velocity V  from  at 5n , dashed line – at 40n  

 
The slope of the curves (on average) to the axis  is positive, and it grows with increasing n  (Fig. 1a). So if 
0n  the value of “relative” displacement at 10L  is 10, for 25n  this value is close to 23, i.e., the influence 

of E  is not shown. In Fig. 2b at fixed values 25n  10L , the influence of the parameter 1 0/E E  on the 
values of the “relative” displacement 0 0/uE  is shown. It is seen that when 0.5  this influence increases 
significantly. Another feature of the displacement behavior from the coordinate x  along the rod (Fig. 1a) is that, 
despite the vibrating nature of the "relative" displacement growth from the coordinate x , the derivative of this 
displacement by x  is always non-negative, i.e., along the entire length of the rod only compression and no 
stretching strains occur [10, 11]. 

CYLINDRICAL EXCAVATION 

Let us consider the inhomogeneous distribution of the shift modulus around the cylindrical excavation. Here the 
block structure can be described similarly to the rod problem. It is assumed that the material around the excavation 
with the radius 0r  has a non-uniform distribution of the shift modulus in the most general form 

 
 02 2 r r , (6) 

 
where  – arbitrary function of the radial coordinate. The solution is made at 0r r . The task is to investigate the 
influence of block structure of the medium on the distribution of displacements and stresses in the rock mass. There 
is a system of equations consisting of an equilibrium equation: 
 

 ( ) 0r rd dr r , (7) 
 
Hooke's law in the form  
 

 

( ) ( ) ,
( ) ( ) ,

r r

r

k k
k k

 (8) 

 
where 2 ( )r r ; 2 ( )r rk ; 2  – shift modulus; 2k  – bulk compression modulus in case 
of plain strain; 2 / (1 )E ; 2 / (1 )(1 2 )k E ; E  – Young's modulus;  – Poisson's ratio. Cauchy 
relations: 
 

 r du dr ,   u r . (9) 
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Substituting (9), (8) into (7) and assuming that module 2k  is constant and module 2  is a function with the 
radius r  ( r ,  – polar coordinates), we obtain a second-order linear differential equation with variable coefficients 
to determine u : 

 

 

2

2 2

1 0
( )

d u d du u du u
k dr dr r r drdr r

. (10) 

 
We introduce the logarithmic coordinate  into (10), the function ( )P  by the formulas: 
 

 0ln r r ,   ( ) ln( )dP k
d

. (11) 

 
From (10) we obtain 
 
 2 2 ( ) 0d u d P du d u u . (12) 

 
We lower the order of differential equation (12) by introducing a new function 
 
 v du d u . (13) 

 
From (12), taking into account (13), we have the following system of linear differential equations of the first 

order for finding functions v  and u :  
 

 
(1 ( ) 0,

.
dv d P v
du d u v

 (14) 

 
System (14) is solved analytically. First, the first equation (14) is solved, from which we can get  
 

0

[1 ( )]

0

P d

v v e , 
 
where 0v  – value v  on contour 0r r . Then concerning ( )v  from the second equation (14) we find out the function 
u , its value is determined from the expression 
 

 0

[1 ( )]

0 0
0

P d

u u e v e e d e , (15) 

 
where 0u  – value if displacement u  on the contour 0r r . Note that (15) is the general solution of equation (10), 
where 0u  and 0v  are constants. 

For taking block structure into account let us consider the case when shift module 2 , in the vicinity of the 
excavation, changes according to a rule similar to (1): 

 
 0( )(1 sin(2 ))k k n , (16) 

 
Here the number n  again defines the number of " blocks” in the interval of coordinate  change from 0 to 1 

(radius r  changes from 0r  to 0r e r , where 2.718e ). Substituting (16) into (11), we find 
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( ) 2 cos(2 ) 1 sin(2 )P n n , 
 
then after integrating the first equation (14) we get 
 

 0 1 sin(2 )v v e n . (17) 
 
To find ( )u , we need to use (15), i.e. take the integral of the function 2 / (1 sin(2 ))e n . Such an integral, 

strictly speaking, is not calculated. Considering that  in (16) ( | sin(2 ) | 1n , we expand the function 
1/ (1 sin(2 ))n  into an infinitely decreasing geometric progression. In other words, we decompose the function 

2 / (1 sin(2 ))e n  into the following row: 
 

2
2 2 2 3 3(1 sin(2 ) sin (2 ) sin (2 ) ...)

1 sin(2 )
e e n n n

n
, 

 
the desired integral is represented as the sum of integrals: 2e d , 2 sin(2 )e n d , 2 2sin (2 ) , ...e n d  

with coefficients 2 31, , , , ... . Each of these integrals is calculated using the integration by parts formula in 
parts. 

Then the connection between the constants 0u  and 0v  is found in (15). For this, it is believed that the contour of 
excavation is free of stresses, i.e. 

0
0r . This shows that 

 

0 0 0( ) ( ) 0rr k du d k u , 0u u , 0 0
0

du u v
d

. 

 

As a result, we get 0 0 0 0 0( )[ ] ( ) 0k u v k u , where 0 0
0

0

2
1

k u u
v

k v
,  – Poisson's ratio. For this 

reason, the expression for ( )u  is as follows: 
 

 2 2 2 3 3

0 0

( ) 11 (1 sin(2 ) sin (2 ) sin (2 ) ...)
1

u e e n n n d
u v

. (18) 

 
It defines the behavior of displacement u  from parameters , n , . 
In Fig. 2a the dependence of the relative displacement 0( ) /u u  from the logarithmic coordinate  is shown. 

This dependence shows that up to the value 0.8  the derivative 0( ) /u u  with respect to coordinate  ( in 
average) is negative, i.e. in the change interval  from 0 to 0.8 the material is stretched in the direction of the radial 
coordinate. After value 0.8  the derivative becomes positive, i.e., the material in this region area ( 0.8)  
shrinks. In the change interval [0; 0.8]  the local derivative can be either positive or negative, i.e. there is an 
alternation of areas of stretching and compressing deformations near the excavation’s contour – zonal disintegration 
of the rock mass around the excavation is observed [12]. 

Knowing the displacements, one can find the radial stress using Hooke's law. In this case, the expression for 
radial stress has the form: 
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0 0 0

0 0 0

(2(1 )(1 sin 2 ) 1)r

du du
r u uu ue v n e
u k d u d u

. 

 
In Fig. 2b the relative radial stress 0 0/rr ku  becomes oscillatory. Five harmonics are marked on the interval
[0;1] , which corresponds to the number of blocks. In the vicinity of the excavation's contour the radial stress 

0( 0)u  is positive on the first block. When  the relative radial stress has a horizontal asymptote with the 
value 0.43. 

 
 

 

a) b) 

FIGURE 2. Dependencies: (a) – of the relative displacement 0( ) /u u  from the logarithmic coordinate  at values 0.5 ,

0.3 , number of blocks 5n  (in the interval of change from 0 to 1); (b) – of radial stress 0 0/rr ku  from the 
logarithmic coordinate 

SPHERICAL EXCAVATION 

To solve the problem in a spherical coordinate system , ,r x  in the case of central symmetry we have the 
Cauchy relations: 

 
 r rdu dr , rdu dr , 0r r , (19) 

 
equilibrium equation , 0r r , 
 

 (2 )( ) 0r r rd dr r F , (20) 
 
Hooke's law relations 
 

 2r r , 2 2 3r r k , (21) 
 
where 2 1E , 3 1 2k E . 

Expressing stresses r , r  in terms of displacement ru  from (21), (19) we get  
 
 4 3 2 4 3r r rk du dr k u r , 2r r rdu dr u r . (22) 

Starting from this point, we assume that the shift modulus is some given function r : 

030056-6



 

 2 2 ( )r . (23) 
 
Then, substituting (22) under condition (23) in (20), we find the equation for finding the displacement ru u : 
 

 

2

2 2

1( ) 2 0d u du u du uA r
dr r r drdr r

, (24) 

 
Where 
 

 0rF , 4( ) ln
3

A r d k dr . (25) 

 
Now we set the following task – to find a general solution (24) under conditions (25). 
We pass from the variable 0r r  , where 0r  is the radius of the excavation, to the variable 0ln r r  Then from 

the condition 0r r e  we get 0  when 0r r . Expressions for derivatives followed from this definition are: 
 

 

1du du d du
dr d dr r d

,   
2 2

2 2 2 2

1 1d u d u du
ddr r d r

. (26) 

 
Substituting them in (24), we have the following equation for finding the u : 
 

 

2

2 2 2 2

1 1 ( ) 2 0d u du dA du duu u
d d d dr d r r

. (27) 

 
Let us convert it. After multiplying (27) by 2r  we get 
 

 

2

2 ( ) 2 2 0d u du du duP u u
d d dd

. (28) 

 
It follows that 
 

 

2

2 2 ( ) 0d u du duu P u
d dd

. (29) 

 
Here we use the notation ( ) ln 4 3P d k d . To solve (29), we introduce an auxiliary function 
 

 v du d u . (30) 
 
Then, using this substitution, equation (29) is reduced to a first-order differential equation for defining v . Let us 

show it. Really, from (30) we find sequentially 
 

 

du v u
d

,   
2

2

d u dv du
d dd

. (31) 

 
On the basis of (31) from (29) we get that 
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2 ( ) 0dv d du d du d u vP . (32) 

 
Substitution (30) again, we finally set the equation for determining the function v  
 

 
( ) 2 0dv d v P . (33) 

 
It is obvious that this is a first-order differential equation with separable variables. After defining the function v

from (33), we find u from (30). We give solutions to all these equations. Separating the variables in (33), we have. 
 

 
( ) 2dv v P d . (34) 

 
Integrating (34), we set that 
 

 
0 0

ln 2 ln 4 3 4 3v v k k . (35) 

 
then 
 

 

2
0 0

4 3 4 3v v e k k , (36) 
 
where 0  – value of function  at 0  (that is at 0r r ). 

Here we introduce the periodic nature of the function  change: 
 

 
0

4 3 4 3 1 sin(2k k n , (37) 
 
where  – parameter changing from -1 to +1, that is <1, n  – defines the number of “blocks” in the interval of 
coordinate change  from 0 to 1. Then 
 

 
13

0 1 sin 2v v e n . (38) 
 
To define you need to solve (30) under the condition (20). Considering (30), we find the general solution of the 

corresponding homogeneous equation, it is u Ce . 
Figure 3 shows the dependence of the relative displacement 0( ) /u u  from the logarithmic coordinate  at value 
0.4 . Solid line – the number of blocks n=8 (in the interval of coordinate change  from 0 to 1), 0.9 . Dashed 

line – n=5, 0.5 . Dot-dashed line – n=1, 0 . 
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FIGURE 3. Dependence of the relative displacement 0( ) /u u  from the logarithmic coordinate  at value 0.4  

Further, we use the method of variation of an arbitrary constant, i.e. we assume ( ) . Then to determine 

( )  we get the differential equation 3
0( ) 1 sin(2 )v e n . Integrating it, we find 

 

 
3

0 0
0

( )
1 sin(2 )

ev d u
n

  and  
3

0 0
0 1 sin(2 )

eu v d e u e
n

. (39) 

 
To determine the constants 0u , 0v , we use the initial conditions: 00

u u , 
0

0r . 

Substitution (39) in the expression for r (22) gives us 
 

0

4 1 42 0
3 3

r r
r

r r

du uk k
r d r

 or 0 0 0
4 42 0
3 3

k v u k u . 

 
Then 0 03 4 3v ku k . Thus, an analytical solution of differential equation (24) with a variable shift 

modulus 2  is obtained. 

CONCLUSION 

1. Analytical solutions to problems of the distribution of stresses, strains, displacements around excavations of 
spherical and cylindrical shapes with periodic changes in the shear modulus and elastic limit are obtained. 

2. The influence of blocking on the nature of changes in the basic values of the stress-strain state is established. 
It is shown that the axial deformation near the excavation’s contour is positive, which can cause the 
formation of zonal disintegration. 

3. It is shown that, near the mine contour, the regions of tensile and compressive deformations alternate and 
that there is a zonal disintegration of the rock mass around the mine. 
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Abstract. The work is devoted to the review of aircraft that are operated or are in the design stage, whose wings or 
blades streamline under the condition of low Reynolds numbers. By low Reynolds numbers, it is meant that this number 
taken along the chord of the aircraft wing at a cruising flight speed is less than Re = 500 000. It is under these flow 
conditions in the wing boundary layer that specific separation zones appear, the modification of which with the help of an 
wavy surface of the wing can bring about an improvement in aerodynamic characteristics of the aircraft as a whole. 

INTRODUCTION 

Such a physical phenomenon as a separation bubble has been studied in sufficient detail, the criteria for its 
occurrence and some ways of influencing the dimensions of the separation bubble are known, in particular, the 
technology of giving the surface a waviness described in detail in the authors [1-7]. However, in practice, 
engineering solutions are observed that ignore the presence of the separation bubble phenomenon. For these reasons, 
the performance of newly designed unmanned and even manned aircraft is deteriorating. The purpose of this review 
is to show the types of aircraft where these problems can be solved using the accumulated fundamental knowledge. 
The results of the analysis are presented below, which briefly describes the type of aircraft and indicates the location 
of the possible occurrence of separation bubbles. An example of a specific aircraft of this type and its photograph 
are also given.  

CLASSES OF AIRCRAFT WHERE FUNDAMENTAL SCIENTIFIC KNOWLEDGE 
ABOUT THE FLOW OF WINGS AT LOW REYNOLDS NUMBERS CAN BE USED 

Unmanned High-Altitude Aircraft Long-Term Patrol (HALE)  

Typical representatives of aircraft falling under the definition of small Reynolds numbers are Zephyr [8–9] with 
a mass of 30 kg and Global Observer [10–11] with a take-off mass of 1800 kg (see Fig. 1).  
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(a) (b) 

FIGURE 1. UAV Zephyr (a), Global Observer (b) 
 
At Zephyr, even near the ground, the Reynolds number along the wing chord is about 500,000. At an altitude of 

20 km, it decreases another 3-4 times. Global Observer - the machine is much heavier and near the ground the 
Reynolds number is more than 1 million, but at an altitude it drops to 500,000 and the flow around even the main 
wing again falls into the region of small Reynolds numbers. Separation bubbles, respectively, can be observed both 
on the main wing and on the tail. 

Long-Range Patrol Unmanned Aerial Vehicles 
with Take-Off Weight of Less Than 1000 Kg (MALE) 

Example: Predator MQ-1 [12] (see Fig. 2).  
 

 
FIGURE 2. UAV Predator MQ-1 

 
Aircraft for this purpose do not have a high patrol speed (about 40 m / s) and a large aspect ratio of the wing, 

which also has a narrowing. For this reason, on the end parts of the wing and on the stabilizers of aircraft of this 
type, the appearance of local separation bubbles is also possible. 
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Medium Range Unmanned Aerial Vehicles (MR) 

Example: RQ_2 Pioneer [13] (see Fig. 3). 
 

 
FIGURE 3. UAV Pioneer RQ-2 

 
The take-off mass of this type of aircraft is reduced to a level of less than 300 kg, and the need for a prolonged 

stay in the air dictates the need to have a low speed and a large wing aspect ratio. Under these conditions, a 
Reynolds number of less than 500,000 can be realized already over the entire wing span, when the influence of 
separation bubbles becomes noticeable. 

Manned Ultralight Gliders 

Example: Light Hawk [14] (see Fig. 4) 
 

 
FIGURE 4. Glider Light Hawk take-off weight 200 kg 

 
The high aerodynamic quality required for such gliders also leads to the use of a wing with a large aspect ratio, 

which leads to a decrease in the wing chord and falling into the range of Reynolds numbers less than 500 000. 
Separation bubbles can occur at the ends of the wing and on the tail. 
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Ultra-Light Aircraft Short Take-Off and Landing (STOL) 

Example: Super STOL [15] (see Fig. 5). 
 

 
FIGURE 5. Super light aircraft shortened takeoff and landing Super STOL  

 
In general, the wing of such aircraft operates at Reynolds numbers of more than 1 million. But the wing has 

developed mechanization in the form of slats and flaps, which operate on take-off and landing as separate 
aerodynamic surfaces at flow speeds of about 20 m/s, and typical chords of the order of 0.4 - 0.2 meters. In this case, 
the Reynolds number for the flaps and slats also decreases below 500,000 and the influence of separation bubbles 
may occur. 

Small Unmanned Aircraft Weighing Less Than 10 Kg 

Example: ZALA-421-04M [16] (see Fig. 6). In this weight category, almost any aircraft has a flow region at low 
Reynolds numbers. 

 

 
FIGURE 6. UAV class mini. ZALA-421-04M STOL 

 
Moreover, for this class, the task of increasing critical angles of attack becomes especially relevant. This is 

necessary due to the fact that flights are carried out in the lower atmosphere, where strong (up to 10 m / s) vertical 
gusts of wind and vertical wind shifts are possible, while the angle of attack of the wing of a small aircraft can 
unexpectedly increase. Therefore, it is very important to have a wide range of angles of attack at which flow does 
not stall for the described class of aircraft. This led to the fact that the largest number of works in which the 
separation bubble is studied are devoted to this particular class of aircraft. 
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Helicopters with Take-Off Mass of Less Than 500 Kg 

Example: Schiebel Camcopter S-100 [17] and Robinson R22 [18] (see Fig. 7) 
 

 

  
(a) (b) 

FIGURE 7. Light (200 kg) unmanned helicopter (a) Schiebel Camcopter S-100, light manned helicopter Robinson R22 (b) 
 
The rotor chord of this kind of helicopter is not more than 0.1-0.2 meters. Therefore, flow conditions often arise 

on the part of the blade closer to the root when the Reynolds number is less than 500,000, when separation bubbles 
can appear. This is especially true for a retreating blade, where due to the unfavorable addition of the flow rates and 
the rotational rotation of the rotor, the effect of stalling is known, which limits the flight speed of the rotorcraft. 

Autogyros Weighing up to 500 Kg 

Example: Xenon 2 [19] (see Fig. 8). 
Autogyros differ from helicopters in a simpler design, therefore they are gaining more and more popularity 

among amateur pilots. 
 

 
FIGURE 8. Xenon 2 gyro in the police service) 

 
Small Reynolds numbers are also realized on the rotor blades. The rotor blades of the gyroplane, as well as the 

helicopter blades, make flywheel movements during the flight, therefore, expanding the acceptable angles of attack 
of the blade is an urgent task for this type of aircraft. 
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Multicopter 

Example: Hexa-carbon-v6-arf [20] (see Fig. 9 (a)) and E-Volo [21] (see Fig. 9 (b). 
 

 
(a) (b)

FIGURE 9. Unmanned multicopter Hexa-carbon-v6-arf (a), manned multicopter E-Volo (b) 
 
The ability to create multicopter systems appeared after the emergence of such important components as: 

batteries with a high density of stored energy (0.13 kW * h / kg); permanent magnet permanent magnet motors; 
semiconductor power electronics to control these motors. 

Unlike helicopters, multicopter rotors do not have hinges and mechanisms for changing angles of attack. 
Management occurs only by changing the speed of rotation of the screw. A lot of screws help to achieve reliability 
and flexibility of the control system, but there is a downside - small diameter screws and a chord of the blade are 
less than 1-5 cm. Therefore, when these blades flow around, modes with Reynolds numbers less than 500,000 in the 
chord also appear, and therefore, on the blades tear bubbles may appear. Their appearance significantly impairs the 
rotor efficiency. 

Ornithopter 

Example: Festo [22] (Fig. 10 (a)) and HPO [23] (Fig. 10 (b)). 
Ornithopter has long attracted the minds of designers and inventors. 
 

  
(a) (b) 

FIGURE 10. Festo unmanned ornithopter (a), HPO manned ornithopter (b) 

Small Reynolds numbers are mostly realized on unmanned ornithopter. Although there are flying specimens of 
ornithopters, however, their energy efficiency does not reach the small-sized aircraft of the aircraft circuit. The 
peculiarity of flapping flight is that the wing varies its angles of attack over a wide range and often reaches critical 
angles of attack. However, the authors failed to find works that would study the structure of the boundary layer on 
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the flapping wing at low Reynolds numbers. Perhaps eliminating stall flow will help solve the problem of energetic 
efficiency of flapping flight.  

Unmanned Helicopters with Stopped Blades 

Example: StopRotor Technology [24] (Fig. 11). 
 

 
FIGURE 11. Promising UAV StopRotor Technology 

 
The essence of this technology is that the wing of large elongation is first used as a lifting screw, and then it 

stops and horizontal flight occurs already in airplane mode. Omitting the possible difficulties associated with 
transients, it immediately becomes noticeable that the bearing surface both in the mode of the lifting screw and in 
the airplane mode will work at low Reynolds numbers. In this regard, in this design it will be necessary to make 
efforts to combat the tear-off regime of flow around the wing. Separated bubbles can also occur in this design on the 
front horizontal tail and the stabilizer. 

Blades Rotor-Bladed Aircraft 

Example: Funwing [25] (Fig. 12). 
 

 
FIGURE 12. Promising aircraft Funwing 

 
A feature of this device is that the cylindrical fan, due to the selection of internal and external fairings, creates 

both lifting force and thrust for the aircraft. There are already successfully flying versions of unmanned aerial 
vehicles of this type. Their obvious advantage is low take-off and landing speed and stability in conditions of gusts 
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of wind in the surface layers of the atmosphere. For the rotor fan blades, one can again observe a set of conditions 
(small chord lengths, low rotation speeds) that create a flow around at low Reynolds numbers. Thus, separation 
bubbles may also appear on these structural elements, which may interfere with the energy-efficient use of this type 
of aircraft. 

CONCLUSION 

The review shows how many types of aircraft, especially unmanned ones, operate in the range of Reynolds 
numbers from 100,000 to 500,000. And in the near future some new designs will surely appear. Giving the wings 
such flying vehicles, as shown by basic research, can lead to an increase in the lifting force of the wing, an 
expansion of the operational angles of attack, and a decrease in the hysteresis of the aerodynamic characteristics of 
the wing. This undoubtedly should improve the operational and functional performance of the aircraft listed in the 
review. 
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Abstract. Based on the integral laws of conservation of mass and energy, a mathematical numerical-analytical model of the defor-
mation of a continuous liquid-metal drop after its collision with a flat porous surface is constructed. The model takes into account
the capillary and adhesive properties of the melt, the processes of cooling a liquid drop until it solidifies. Numerical calculations
are carried out for model cases of collision of a continuous liquid droplet with a porous steel substrate. We studied the geometric
parameters of the resulting splat and the depth of penetration of the liquid into the substrate, depending on the initial temperatures
of the substrate and the melt drop. It is shown that in the case of the deposition of refractory metals (for example, zirconium diox-
ide), the crystallization temperature of the droplet is reached before the maximum possible penetration of the liquid deep into the
substrate. In this case, similar calculations for the collision of a drop of nickel with a steel porous substrate show that crystalliza-
tion begins only after the drop has completely spread. Thus, to obtain a greater depth of penetration of the liquid deeper into the
substrate (and, therefore, for better adhesion of the obtained splat to the substrate), a higher heating of the substrate is required.

INTRODUCTION

Investigation of the processes of droplet-substrate collision is given great attention in connection with the tasks of
applying protective powder coatings to parts and mechanisms, thermal barrier coatings on turbine blades and aircraft
engines, applying solders to microchips, etc. [1–8]. In this case, continuous smooth surfaces are mainly considered.
One of the main problems with this is the problem of the adhesion strength of the coating to the substrate. In this paper,
we study the problem of the interaction of a liquid metal droplet with a porous substrate, which is of interest from the
point of view of increasing the adhesion strength to the substrate, as well as for questions of the dynamic impregnation
of working surfaces with various materials resistant to corrosion, chemical and other aggressive influences.

The proposed model is a further development of the models of impact of a continuous and hollow drop with
a solid substrate [9–12]. In particular, in [12] a mathematical numerical-analytical model of the deformation of a
continuous liquid-metal droplet after its collision with a flat porous surface in the isothermal case was constructed.
The model takes into account the capillary and adhesive properties of the melt. In this paper, this model is generalized
to the nonisothermal case.

ISOTHERMAL SPREADING

The initial diameter of the droplet is H0, the collision velocity of the droplet with the substrate is v0, the initial
temperature of the droplet is T0, the initial temperature of the droplet is Ts0, and the porosity of the substrate is mp, the
effective radius of the capillary is rp, the contact angle of contact is θ. In [12], a model is described without taking into
account the solidification processes and temperature changes. The solution in this case is described by the solution of
a system of ordinary differential equations (one equation of the first order and one of the second order) with Cauchy
data. All formulas are given in [12], here we do not give them.

We carry out numerical calculations using this model for the cases of collision of a drop of zirconium dioxide
and a drop of nickel with a porous steel substrate. The initial diameter of the droplet is 50 μm, the collision speed
of the droplet with the substrate is 50 m/s, the radius of the capillaries is 0.5 μm, and the porosity of the substrate is
0.15. For zirconia, the density of the liquid metal is 5600 kg/m3, the surface tension at the liquid–gas interface is 0.43
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FIGURE 1. Change in the diameter Dc of the contact spot of a spreading drop over time. The red lines are the calculation for a
drop of nickel, the blue lines are for a drop of zirconium dioxide.

N/m, and the dynamic coefficient of viscosity of the liquid is 0.021 N·s/m2. In this case, the Weber number is 1628,
and the Reynolds number is 667. For nickel, the density of the liquid metal is 7790 kg/m3, the surface tension at the
liquid–gas interface is 0.33 N/m, and the dynamic viscosity coefficient of the liquid is 0.00444 N·s/m2. The Weber
number in this case is 2951, and the Reynolds number is 4386.

Figures 1–3 show the change in the geometric dimensions of the spreading drop over time. Figure 1 shows the
change in the diameter of the contact spot Dc. Figure 2 shows the change in the height of the droplet H. Figure 3 shows
the change in the maximum penetration depth zs of the liquid into the substrate. The red lines are the calculation for a
drop of nickel, the blue lines are for a drop of zirconium dioxide. As we see, the change in the geometric dimensions of
the part of the droplet located above the surface does not substantially depend on the material of the droplet. However,
the maximum penetration depth of the liquid metal deep into the substrate substantially depends on the type of metal.
This result could be roughly predicted based on Darcy’s law: the higher the Reynolds number, the higher the rate of
penetration of the liquid into the substrate, and hence the greater the depth of penetration.

This part of the model does not take into account thermal processes and solidification of the metal. In the isother-
mal case, complete spreading takes place in about 3 μs, the diameter of the resulting splat will be approximately 260
μm, and its height is 1 μm. The penetration of liquid metal into the substrate lasts less time than the spreading of
a drop. So, the maximum penetration depth is reached after about 3.5 s. For nickel, this depth is 3.5 μm, and for
zirconium dioxide it is 1.4 μm.

From the point of view of adhesion strength of the splat to the substrate, the greater the penetration depth, the
better. If the collision process were non-isothermal, then the penetration of liquid metal deep into the substrate is.
However, under real conditions, when a liquid metal droplet collides with a substrate having a lower temperature, a
situation is possible when, at the beginning of penetration into the substrate, the metal hardens before penetration to a
sufficient depth occurs. Therefore, when modeling, it is very important to take into account thermal processes.

NONISOTHERMAL SPREADING

We supplement this model with a description of the process of changing the temperature of a liquid droplet until
solidification (we do not affect the solidification process itself). We introduce the effective thermophysical parameters
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FIGURE 2. Change in the height H of the contact spot of a spreading drop over time. The red lines are the calculation for a drop
of nickel, the blue lines are for a drop of zirconium dioxide.

of the region of the substrate impregnated with liquid metal:

λ f = λlmp + λs

(
1 − mp

)
, cV f = cVlmp + cV s

(
1 − mp

)
, (1)

where λl and cVl are the thermal conductivity and bulk thermal conductivity of the liquid metal; λs and cV s are the
thermal conductivity and bulk thermal conductivity of the substrate material. The drop is cooled due to the radiative
heat transfer of its free surface with the surrounding medium having a temperature Ta and heat transfer to the substrate.
We take all the geometrical parameters of the drop from the results of calculations by the isothermal model.

In view of the small volume of the droplet, we consider the solidification process by volume. Then the heat
balance equation in the volume of the drop above the substrate will have the form:

M (t) cVe
dT1

dt
= −Fc (t) q − F1 (t)αr (T1 − Ta) , (2)

where M (t) is the mass of the melt in the volume of the particle above the substrate; cVe = cVl +
κρ1

ΔT is the effective
volumetric heat capacity of the melt; κ and ρ1 are the heat of crystallization and the melt density; ΔT is the melt
overheating; q = −λ f

∂T1

∂z is the heat flux removed to the substrate; T1 is the temperature; Fc (t) = πRc (t) is the area of

the contact spot; F1 (t) is the free surface of a liquid particle; αr = εσ0(T1+Ta)
(
T 2

1 + T 2
a

)
is the coefficient of radiative

heat transfer; σ0 is Stefan—Boltzmann constant; ε is the black factor.
The heat transfer equation in the region of the substrate impregnated with the melt is

cVe

(
∂T2

∂t
+ v
∂T2

∂z

)
= λ f

(
∂2T2

∂r2
+

1

r
∂T2

∂r
+
∂2T2

∂z2

)
, (3)

where T2 = T1mp +Ts(1−mp) is the mass-average temperature of the substrate with the melt, Ts is the temperature of
the substrate, v is the rate of filtration of the melt into the substrate. This equation is solved under boundary conditions

T1|z=0 = T2|z=0 , −λ f
∂T2

∂n

∣∣∣∣∣
Γ

=
λse

rp + z(t, r)
(T2 − Ts0) , (4)

where z(t, r) is the penetration depth of the liquid into the substrate, Γ is the impregnation boundary.
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FIGURE 3. Change in the maximum penetration depth zs of the liquid into the substrate. The red lines are the calculation for a
drop of nickel, the blue lines are for a drop of zirconium dioxide.

TABLE 1. The dependence of the geometric dimensions of the zirco-
nium dioxide splat on the initial temperature of the substrate.

Ts0, K t, μs −zs, μm Rc, μm H, μm
isothermal spreading 3.0 1.42 128 1.2

1370 0.87 1.31 39.3 15.7
970 0.75 1.24 36.1 19.9
570 0.66 1.2 34.3 23.2

Different versions of the initial temperatures of the droplet and substrate were investigated. In the calculation,
the substrate temperature was taken to be 570 K, 970 K, and 1370 K. For the nickel drop, the following parameter
values were used: λl = 69 W/(m·K), Tm = 1728 K, cVl = 735 J/(kg·K), drop temperature at the moment of collision
1828 K. For the zirconia drop, the following parameter values were used: λl = 3.35 W/(m·K), Tm = 2960 K, cVl =

710 J/(kg·K), droplet temperature at the moment of collision 3300 K.
The spreading calculations for the nickel droplet show that the crystallization temperature of the droplet is

reached no earlier than 4 μs regardless of the substrate temperature, i.e. already after the complete spreading of the
drop. Therefore, in this case, the geometric dimensions of the final splat can well be calculated using the isothermal
model.

The dependence of the geometric dimensions of the zirconium dioxide splat on the initial temperature of the
substrate is presented in Table 1. It turned out that the crystallization temperature of the droplet in all these cases is
reached before the maximum penetration of the liquid deep into the substrate. Therefore, the final splat turns out to
be higher and significantly less spread. However, the depth of liquid penetration into the substrate does not decrease
significantly compared to the isothermal case.

CONCLUSION

A numerical-analytical model of the interaction of a metal is constructed. A numerical-analytical model of the in-
teraction of a metal drop with a porous substrate is constructed. It has been shown that for refractory materials (for
example, ZrO2), a higher substrate heating is required to obtain a greater penetration depth.
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The proposed solution can be useful for evaluating the parameters of the splat during the formation of powder
coatings with dynamic impregnation of porous surfaces in order to harden and obtain composite layers with improved
properties.
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Abstract. This article is devoted to an analytical study of the possibility of using a varioform sectional wing  
as a power and control surface of a promising future aircraft. The paper provides a theoretical 
 assessment of the possibility of full control of the aircraft due to a variable wavy surface. 

INTRODUCTION 

The idea of using a wing that is adaptable to flight conditions and capable of changing its geometric 
characteristics has occupied the minds of researchers since it was possible to create a lift surface for the apparatus 
capable of lifting it into the air. The first attempts to apply this concept in practice appeared much earlier than when 
a person rose above the ground. Trying to get closer to the desired flight, a man imitated flying animals while trying 
to reproduce not only the surface of the bird itself but also its ability to change geometry. This happened rather from 
the consideration of the most accurate copy of the wing of flying creatures, and not from the consideration of 
making a flexible wing that is adapted to the flight conditions. On the other hand, a person believed that a 
deformable wing is a necessary and sufficient condition for creating a flight. Such a wing was supposed to work as a 
source of lifting force and traction at the same time in flapping mode as it works in birds and insects. After 
numerous attempts to organize a flight with the help of a flapping wing, a man moved away from the idea of 
independent take-off and simplified the task to a slowed down. Under such conditions, there is no need to flap a 
wing, it must be completely dissolved, and in order not to spend extra energy on restraining a dissolved wing under 
the influence of an oncoming flow, a person fixed the wing in a constant position due to power elements. There are 
many documented cases of using such devices to stay in the air with a constant decrease from a height. The most 
successful attempts at free flight can be considered the experiments of Otto Lilienthal who made more than a dozen 
devices on which he successfully descended from hills and even tried to process upward flows around. It is worth 
noting that Lilienthal was successfully in the air long before the appearance of a unified theory of wing and 
propeller. Other naturalists adopted the theory of creating Newton's lifting force and used plate wings and rotor-
propulsion systems to overcome airborne gravity. At the same time, the functions of creating lift and traction were 
divided between the rigid wing and the propeller. To control such devices, the principle of separation of functions, 
the main wing and the deflectable rudders for controlling the aircraft, was also used. Until recently, such a principle 
of separation and improvement of the functions of an aircraft was dominated by rare attempts to combine functions, 
for example, in the so-called adaptive wing [1-2]. However, in modern reality, improving the material and technical 
base has made it possible to take a fresh look at the creation of devices with surfaces adaptable to flight conditions. 
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This has sparked a surge of interest in similar to similar devices called morphing aircraft[3-7] in international 
literature (Fig.1). 

  

  
(a) (b) 

FIGURE 1. Morphing  surfaces: (a) Hybrid morphing wing (b) Smart Airfoil 
 
In the present work, the possibility of using an improved varioform sectional (VFS) surface as a way to control 

an aircraft is considered. 

VARIOFORM SECTIOIN WING (VSW) 

The proposed device is based on the use of the wavy wing effect. In early works, the effectiveness of the wavy 
surface of the wing was shown to improve the aerodynamic characteristics of a subsonic aircraft [8-15]. 

The device is a system of rigid power frame and elastic skin (Fig.2). The sectors of the bearing surface are 
hermetic and independent. When creating a differential pressure in the section, there is a deformation of the elastic 
skin. This leads to a change in the surface and as a consequence of the distribution of pressure on it. As a result, the 
distribution of aerodynamic forces changes and there is a deviation of the apparatus from its original state. 
 

 

 
FIGURE 2. Varioform Section Wing (VSW): 1 - primary structure; 2 - longitudinal frame set; 3 - transverse frame set; 

4 - elastic skin; 5 - pressure gradient channel; 10 - hump; 11 -  
 
In this embodiment, VSWI device has constant dimensions forming the nodal geometry of the ribs. Only the 

space between the frame elements is subject to deformation. In this paper, we propose a modification of the initial 
device by adding flexible components of the structure allowing more efficient change of the device geometry 
(Fig. 3). 
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FIGURE 3. VSWI section. 1 - rigid rib part; 2 - flexible formative rib part; 3 - elastic skin; 4 - form-building space 

In this device, elastic ribs limit the deformation of the surface to the outside when a positive pressure drop is 
created in the cavity. When creating a vacuum in the cavity, the ribs do not interfere with the complete deformation 
of the surface to the base of the (Fig. 4). 

 

 
FIGURE 4. VSWI concept. Deformation of the surface using positive and negative pressure drop 

EFFICIENCY ESTIMATION 

To determine the characteristics of such bearing surfaces, it was decided to design a special experimental model 
of the VFS wing. Before the direct development of the model, its geometry was optimized based on the design 
features and evaluation of the management efficiency. The assessment was carried out by analyzing the 
aerodynamic characteristics of the averaged two-dimensional profile using the X-foil[ ] calculation program. The 
averaging of the geometry was carried out in the area between the transverse elements of the power frame in a 
different way in the area of the hump-depression. 

In the following figures we ca  
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FIGURE 5. Change in the lift coefficient from the angle of attack for various configurations 
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FIGURE 6. Change in the lift coefficient from the angle of attack for various configurations 

00,000 
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CONCLUSIONS 

According to the results of the assessment, it can be said that the use of a similar method of controlling the flow 
on the surface will allow changing the cruising coefficient of the lifting force of the section up to one and a half 
times upward when swelling and up to two times less at. When comparing these values with the influence of the 
deflected back of the flap or aileron [17], it follows that, according to a preliminary assessment of the effectiveness 
of morphing control, it will be enough to perform the functions of the classical organs of changing the pressure 
distribution on the wing and controlling the apparatus in generally. 
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Abstract. The study is devoted to numerical modeling of the flow pattern in the two-channel tract of an acoustic-
convective dryer (ACD). The data were obtained as a result of mathematical modeling using the ANSYS Fluent software 
package. To solve the problem three-dimensional Navier-Stokes equations averaged by Reynolds supplemented with the 
k-  turbulence model were applied. The fields of velocity and pressure were quantified. The process of forming an 
acoustic-convective flow in the channels is described and visualized. A connection has been established between the 
wave processes occurring in the ACD and the generated high-intensity sound. The results of numerical modeling are in 
good agreement with experimental data. 

INTRODUCTION 

An important role in industry is played by the dehydration of materials. Removing excess moisture from 
materials ensures a long storage period and facilitates transportation. As a result of research [1-3] it was found that 
the effect of acoustic waves on a material is a promising idea the study of which will help in solving the problem of 
drying process intensification. The ACD developed at the Institute of Theoretical and Applied Mechanics (ITAM) 
SB RAS combines the concept of a Hartmann sound generator [4] and convective flow blowing around a material 
which allows one to obtain a number of advantages. One of the advantages of this method is low temperatures of 
process moisture removing. Low-temperature drying allows saving the useful properties of the material. This fact is 
extremely important for the chemical [5-6] and food [7-9] industries. The acoustic drying method leads to a 
significant increase in the intensity of moisture removal compared to the classical thermo-convection method [10]. 
The versatility of the design and low energy costs make is attractive in economic terms. 

A number of studies have been devoted to studying the generation of high-intensity sound in ACD [11-14]. 
These works led to an understanding of the processes of high-intensity sound generation and the areas of its 
existence. The optimal operating conditions of the ACD were determined; the features of the development of 
acoustic waves were established. The amplitude-frequency characteristics (AFC) of the oscillations were obtained 
depending on the nozzle diameter, its depth and pressure in the settling chamber. 

FORMULATION OF THE PROBLEM 

The ACD two-channel tract consists of two channels intersecting at right angles. The first channel includes a 
conical nozzle and a cylindrical resonator located opposite it. The second square channel is closed on one side, and 
on the other has an open working part. Air with standard parameters acts as a working gas. The construction of the 
computational grid and operating parameters were described in the previous work [14]. In this study, two areas are 
of particular interest: the central part of the ACD between the nozzle and the resonator and the resonators region. 
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The problem is solved in a three-dimensional non-stationary formulation in the ANSYS Fluent software package 
using the Navier-Stokes equations averaged by Reynolds and supplemented by the k-  

RESULTS 

The presented fields of velocities (Fig. 1) and pressures (Fig. 2) at different moments of the unsteady process 
cycle clearly demonstrate the mechanism of ACD operation, which consists in the outflow of a supersonic 
underexpanded jet from a conical nozzle and its subsequent flow into the resonance cavity. In this case, the barrel-
shaped structure of the jet is clearly distinguishable. 

At the initial time t = 0 ms the gas in the resonator is at rest at atmospheric pressure. At the beginning of the 
cycle, as well as in the subsequent phase of filling the resonator the flows expiring from the resonator to the central 
region are clearly visible. These “expiring flows” are formed from the gas remaining after the previous cycle of 
filling-emptying the resonator. At time t = 0.1 ms the resonator filling with a jet flowing out of the nozzle begins. 
The compression wave is directed deep into the cavity at a speed of 360 m/s. As a result, the pressure in the 
resonator rises to 2.8 atm. At the next moment t = 0.4 ms in the region near the resonator enter where an 
underexpanded jet is formed a region of increased pressure is noticeable. At this point, the “expiring flow” collides 
with the accompanying stream. As a result of this interaction the jet becomes thinner and wedge-shaped. The barrel-
shaped structure is poorly distinguishable and an “expiring gas” flows along the cavity walls. By the time t = 0.7 ms 
the jet completely occupies the entire cavity and the accompanying flows weaken. When the wave reaches the end 
of resonator (t = 1.0 ms) an uneven pressure field of 2.0-2.3 atm. In this case, the maximum pressure is at the 
resonator entrance. Having reached the end of resonator the wave slows down and reflected from it with larger 
amplitude, setting a value of 4.0 atm. near the end. At the moment t = 1.6 ms it can be seen that the high-pressure 
region (3.3 atm.) leaves with the wave leaving behind pressure region of 3.1 atm. At 1.7 ms in the resonator middle 
the pressure distribution clearly shows the incident flow interaction (second harmonic) and the wave reflected from 
the end of resonator. In the of wave interaction region there is a sharp increase in pressure by 1.0 atm. from the 
resonator entrance and by 0.1 atm. from the side of its end. Further advancement of the waves along the resonator 
increases the high-pressure region (t = 1.8-2.1 ms). The second wave is also reflected from the end (t = 2.2 ms) 
setting a region of high pressure up to 3.6 atm. (t = 2.3 ms). At an instant of time t = 2.4 ms an additional wave (a 
low-amplitude third harmonic) appears reflected from the end. 

With increasing pressure in the resonator an unstable state arises (t = 2.5 ms) and a further increase in pressure 
leads to resonator unloading (t = 3.2 ms). In the unloading phase the resonator becomes the source of the response 
supersonic jet (330 m/s) colliding with the original jet. In this case, the gas quickly flows out of the resonator (200-
300 m/s), “expiring flows” arise blowing the initial stream. In the time range t = 4.0-4.5 ms in the flow pattern along 
the resonator, an uneven field with alternating regions with high pressure (3.7-4.0 atm.) can be observed. This 
indicates the presence of a large number of interacting waves of the corresponding harmonics. In this case, the 
velocity of the “expiring flows” from the resonator increases. As a result of the jets interaction the barrel-shaped 
structure of the initial jet deforms, the region of gas deceleration increases, an acoustic-convective flow forms, 
which enters the secondary channel of the ACD with a square cross section where pressure oscillations are recorded 
(t = 4.5-7.5 ms). A rarefaction wave rolls through the resonator and is reflected from the end at t = 6.5 ms. Behind 
the reflected rarefaction wave, a state is established that is close to unperturbed with a pressure P = 1.0-1.4 atm. As 
the gas is emptied the response stream is shifted to the cavity output, which ultimately leads to a repeated filling 
phase. The state of the system is returned to the original (t = 0). 
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FIGURE 1. Typical patterns of velocity distributions over the resonator and the central part of the ACD at different moments 

from the beginning of the filling cycle - emptying of the resonator 
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FIGURE 2. Typical pressure distributions over the resonator at different points in time from the beginning of the filling cycle - 
emptying the resonator 
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VERIFICATION

Periodic jets interaction leads to the appearance of high-intensity oscillations in the working area of the ACD. 
Figure 3 presents a comparison of the amplitude-frequency characteristics obtained during the experiment and 
calculation. The second harmonic prevails in the signal with a frequency of 250 Hz and amplitude of up to 142 dB. 
Numerous harmonics are also observed, inferior in intensity. The calculation shows a satisfactory agreement 
between the intensity (150 dB) and the frequency of the dominant signal harmonic (245 Hz).  
 

(a) (b) 

FIGURE 3. Frequency response obtained (a) experimentally (b) using numerical methods 

CONCLUSION 

Direct numerical simulation of the real ACD geometry allowed getting a complete picture of the flow, which 
explains the experimental studies results. 

The generation mechanism of high-intensity acoustic waves, which are the result of the complex of flows 
interaction in the two-channel system, was described in detail. A series of interacting compression and rarefaction 
waves is a source of harmonic oscillations with a certain amplitude-frequency characteristic 

The verification of the operating flow numerical modeling results showed satisfactory agreement with the 
experimentally obtained data. 
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Abstract. A body of revolution moving in an unsteady uniform stream with a constant longitudinal speed is considered. 
To find aerodynamic forces and moments the slender body theory is used. On this base, body motion equations in cross 
plane are derived and are reduced to oscillation equations with coefficients depending on body physical parameters. 
Equations include free terms depending on outer flow acceleration. Analytical solutions are obtained and verified by 
comparison with experimental data. The body motion stability is studied as a function of body and outer flow parameters. 

INTRODUCTION AND PROBLEM FORMULATION 

The unsteady interaction between bodies moving in free stream is a difficult aerodynamic problem, which has 
important practical applications, such as body separation from a cavity or external supports and multiple body 
separation [1-4]. Reasons of nonstationary disturbances can have a different nature: cavity resonant modes, the 
airplane maneuvers or a side wind. The problem was studied using experiments and numerical modeling; the brief 
review of works can found in [1-5]. 

Common engineering approaches to predict the aerodynamic interactions are based on steady experiments using 
Captive Trajectory Systems (CTS) and large scale CFD. In all modeling, such as CFD that considers separation in 
local flow zone near the cavity without integrating the influence of nonuniform and unsteady effects of the external 
flow field. In this connection, a variety of advanced numerical procedures were developed to predict aerodynamic 
loads [3, 6, 7]. On the other hand, the classical approach frequently is used to quick estimations of store 
characteristics [8]. 

In works [1-3, 9] the asymptotic method was developed to quick calculations of the separating body motion 
including the influence of different boundaries, outer flow nonuniformity and interaction with shocks. In all those 
approximations the body motion in a uniform freestream was the general approximation. In this paper, this approach 
is developed to analyze unsteady effects of uniform flows on the slender body of revolution motion stability. To 
obtain some analytical results we consider a simplified formulation, which allows understand main physical effects 
controlling the body motion and the influence of flow disturbances on this process. 

The thin body of revolution of the radius ( ) ( )*
0a x l a xδ* = and the length 0l  moves with constant speed u∞ in 

longitudinal direction OX  under the gravity and aerodynamic forces. OXYZ  is immovable Cartesian coordinate 
system shown in Fig. 1a. 
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(a) (b) 

FIGURE 1. The coordinate systems (a) and scheme for the body cross-section x = const (b) 
 
To describe the flow over the body the attached to the body center of mass ( ( ) ( ) ( ), ,o o oX t Y t Z t ) Cartesian 

moving coordinate system oxyz  (Fig. 1a) is used with polar coordinates r  and θ  in the body cross section 
x = const: cos , sinz r y rθ θ= =  (Fig. 1b). All parameters are assumed to be dimensionless: 

 

( ) ( )
0 0 0 0 0 0 0 0

, , , , , , , , ,u tX Y Z x y z rX Y Z x y z t r t t
l l l l l l l l

α βα β
δ δ δ δ δ δ δ

** * * * * * * * *
∞= = = = = = = = = =  

* ** * *
0 0

0 0

, , 1, , .Y
y

dY dZ u uV W U d dV W U
dt u dt u u dt l dt l

δ ω δ ωα βω ω
δ δ

∞ ∞

∞ ∞ ∞

= = = = = = = = = =  (1.1) 

 
Here α*  and β *  are pitching and yaw angles, t*  is time; V * , *W  and *U  are center of mass cross and 

longitudinal velocities; ( )tω  and ( )Y tω  are angular rotation velocities in the vertical direction around cross axis z  
and in the side direction around the vertical axis Y. The later means that z - axis is in the horizontal plane 
( )0 0,X X Z Z− − and inclines with respect to the axis 0Z Z−  at the yaw angle ( )tβ ; it is illustrated in Fig. 1a. 

Flow disturbances due to the body motion are assumed to be potential and are described by the slender body 
theory [8]. The flow potential is represented by the asymptotic expansion and the disturbances potential in each 
body cross-section (Fig. 1b) satisfies to the problem: 

 

( ) ( ) ( ){ }* * * * * 2
0 0, , , 1 , , , ,x y z t l u A x t x y z tδ∞Φ = + +Φ   , 

( ) ( ) ( )
2 2

2 2 0; : ; : , , ,e er a a x r W x t V x t
r z yz y

∂ Φ ∂ Φ ∂Φ ∂Φ ∂Φ
+ = = = →∞ → →

∂ ∂ ∂∂ ∂
. (1.2) 

 

Here ( )0 ,A x t  is known function [8]. The freestream speed vector (see Fig. 1b) has yaw and vertical 

components, ( , )eW x t  and ( , )eV x t , which consist of two terms: real freestream velocities ( ) ( )W t tβ∞ +  and 

( ) ( )V t tα∞ +  related with freestream cross motion (W∞  and V∞ ) and also with pitching and yaw angles (β  and )α ; 

velocities of the cross-section motion including the center of mas motion and body rotations ( ) ( )YW t t xω+  and 

( ) ( )V t t xω+ : 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( , ) , ( , )e Y eW x t W t t W t t x V x t V t t V t t xβ ω α ω∞ ∞= + − − = + − − . (1.3) 
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The dimensionless pressure ( , , , )p x y z t , lift ( )L t and side ( )T t forces as well as pitching ( )M t and yaw ( )TM t  
moments are defined as 

 
2 2*

0 02 2

1 1( , , , )
2t x t x

p pp x y z t A A
r ru θr δ

∞

∞ ∞

  − ∂Φ ∂Φ    = = − + +Φ +Φ + +     ∂ ∂       
, 

0 0

2

0

( ) ( , ) , ( , ) sin , ( ) ( , )
e ex x

x x x
x x

L t L x t dx L x t a p d M t L x t xdx
p

θ θ= = − =∫ ∫ ∫ , 

0 0

2

0

( ) ( , ) , ( , ) cos , ( ) ( , )
e ex x

x x T x
x x

T t T x t dx T x t a p d M t T x t xdx
p

θ θ= = − =∫ ∫ ∫ .   (1.5) 

 
Here p∞  and r∞  are undisturbed medium pressure and density, 0x  and ex  are coordinates of the body nose and 

base. 
The body motion has four degrees of freedom. Body dynamic equations and initial conditions have the following 

dimensionless form: 
 

( ) ( )
2 2

0 02 2( ) , ; 0 , 0o
l g m o

d Y dV d dV c L t c c M V V Y y
dt dtdt dt

α ω ω= = = − = = = = =

 , 

( ) ( )
2 2

0 02 2( ), ; 0 , 0yO
l y m T O

dd Z dW dW c T t c M W W Z z
dt dtdt dt

ωβ ω= = = = = = = =

 , 

3 2 5 2
0 0 0
2 , ,g l m

gl l l
c c c

m Iu
r δ r δ

δ
∞ ∞

∞

= = = .    (1.6) 

 
Here g is gravity acceleration, m  and I are body mass and moment of inertia. Coefficients lc and mc  are small 

if a heavy body moves in the air since for the uniform mass distribution with the density r  they are defined as: 
 

0 0

3 2 2 3 2 4 2 2 4 2 0
0 0 0 0 0 1

0 1

( ) , ( ) , 1, 1
e ex x

l m
x x

l
m l a x dx l g I l a x xdx l g c c

g g
rr

p δ p δ p δ p δ
r r

∞∞= = = = = << = <<∫ ∫ . 

 
For the body moving in the water these coefficients can be of the order of unity.  

EQUATIONS FOR THE BODY OF REVOLUTION 

 In the case of the body of revolution the solution of the problem (1.2) has the analytical form [8]: 
 

( )
2

ln sin cose e
aaa r V W r
r

θ θ
 

′Φ = + + + 
 

, 

 
( )

( ){ } ( ){ }

2
0 0

2 2 2 2

1( , , , ) ln 4 cos sin
2

2 sin sin 2 cos cos

t x x x e ex

e e e e e ex x

p x a t A A aa a a V W

aV aV a W aW aW a V

θ θ θ

θ θ θ θ

= − − − − + −

− + + − + + 

 (2.1) 

 
Here the point defines the differentiation with respect to the time. The substitution of this expression and 

definitions of velocities (1.3) to integrals (1.5) gives following formulas for forces and moments: 
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( ) ( ) ( )
( ) ( )( )

( ) ( ) ( )

2 2
0 1 0

2 2 2
1 2 0

2 2
0 1 0

2 2 ,

2 2 ,

2 2 ,

e e e

L e e e e

Y Y e e e Y

L g V V g a V V g a x

M g V V g a x g V V a x

T g W W g a W W g a x

p ω ω α ω

p ω α ω

p ω ω β ω

∞ ∞

∞ ∞

∞ ∞

 = − + + − + − + + + + 
 = − + − + − − + + + 

 = − + + − + − + + + + 

 



 



 



 

 ( ) ( )( )
0

2 2 2 2 2
1 2 0 22 2 , ( )

ex

T Y e e e e Y
x

M g W W g a x g W W a x g a x x dxp ω β ω∞ ∞
 = − + − + − − + + + =  ∫ 

 . (2.2) 

 
Using these formulas equations of the motion (1.6) transform to the form: 

 

 
( )11 12 10 21 22 20

11 12 30 21 22 40

( ) , ,

( ) , ( )Y

V C V C C C V C C

W C W C C C W C C

α ω ω α ω

β ω ω β ω

= − + + = − + +

= − + + = − + +









. (2.3) 

 
Coefficients of these equations are represented by formulas: 

 

( ) ( ) ( )( )

( )( ) ( ) ( )( ) ( )

( ) ( )

2 2 2 2 2
11 2 1 0 12 0 2 1

22 2 2
10 0 2 1 2 1 0

2
21 1 11 0 22

2

1 2 2 , 3 1 2 2

1 2
2 1 2 4 1 2 2

2 ,
1 2 1 2

l l
e m m e e e e m m e e

g ml
m m e m m e e

m m
e e

m

c c
C a g c g c a x g C g a x g c g c a x

c g cc
C g g c g c V a g c g c a x g V

c c
C g C g a x C

g c g

p p
p p p p

pp
p p p p

p p
p

∞ ∞

   = − + − − = + + −   ∆ ∆
+ = + − + + − − − ∆ ∆

= − + − =
+ +



( ) ( )

( ) ( )( ) ( )( )

( )( ) ( ) ( )( )

2 2
1 12

2

2 2 2
20 1 0 1 10 0 2 1

2

2 2 2
30 0 2 1 2 1 0

2

2 2 , 1 2 1 2 4
1 2

2 1 2 4 1 2 2

e e
m

m
e e l m l m

m

l
m m e m m e e

a x g C
c

c
C g V a x g V g C g c g c g c c

g c
c

C g g c g c W a g c g c a x g W

p
p

p p p
p

p
p p p p

∞ ∞

∞ ∞

−

= + − − ∆ = + + −
+

 = + − + + − − ∆





 

( ) ( )( )2
40 1 0 1 30

2

2 2
1 2

m
e e

m

c
C g W a x g W g C

g c
p

p ∞ ∞= + − −
+

 . 

 
It is seen excluding the gravity force equations for the yaw motion are similar to equations for the vertical 

motion considered before for the steady uniform flow [2, 9]. With respect to previous case Eqs. (2.4) include 
additional terms related with the unsteady side freestream. These equations are transformed to classic oscillation 
equations using variables Q V α= −  and S W β= − . The general form of these equations is: 
 

( )
( )

[ ] ( ) ( )

1 10 11 2 20 21

3 4

11 22 21 12 22 11 1 10 20 12 22 10

2 ( ), 2 ,

2 ( ), 2 ,
1 , 1 , 1 ,
2

Y Y Y

Q Q Q c c c t c c c t

S S S c t c t

C C C C C C c C C C C C

γ κ ω γω κω

γ κ ω γω κω

γ κ

− + = = + − + = = +

− + = − + =

= + = − + = + − −  

 

 

 

 



 

( )2 20 10 21 11 20 3 30 40 32 42 30 4 40 30 41 31 40, 1 ,c C C C C C c C C C C C c C C C C C= + − = + − − = + −  
   . (2.4) 

 
Expressions for equation coefficient are long in the general case but can be simplified, when 1lc <<  and 

1mc <<  [2, 9]. With the linear accuracy with respect to these parameters we obtain: 
 

( )
2

2 2
0,

2
m e l

e m e e
m

c a c
x c g a x

c
p

γ κ p
 

= − = − 
 

 

( ) ( ) ( )2 2 2 2
1 10 11 1 0 1 0( ) 2 2 2m g e e l l e m m e ec c c t c c a x g g c V c a g c V c a x g Vp p p p p∞ ∞ ∞= + = − + + − + −  , 

030061-4



( ) ( ) ( )2 2
2 20 21 0 1 02m g e e e ec c c t c c g a x g V a x g Vp ∞ ∞

 = + = − − + + − 
  .  (2.5) 

 
This approximation allows explicitly define the role of body and flow parameters on the motion stability. It will 

noted the same equations describe the body motion in the cavity with the one difference that no longitudinal 
freestream is in this case. 

THE SOLUTION AND ITS VERIFICATION 

The solution of Eqs. (2.5) its type depends on coefficients, which define also the motion stability. When 
2 0κ γ− >  characteristic numbers of Eqs (2.5) are complex conjugate and the solution has the form: 

 
2 2

1,22 0, ,iλ γλ κ λ γ κ γ− + = = ± Ω Ω = −  

( ) ( )
2

0 10 20
0 1 1 1 2 1( ) cos sin

2
tc c t

Y t y A B t e A t A t f tγα κ
κ
−

= − + + − + Ω + Ω + , 

( ) ( )20
0 1 1 2 2( ) cos sintc t

t B e B t B t f tγα α
κ

= + − + Ω + Ω + .   (3.1) 

 
Solutions of similar form have third and fourth equations (2.5) for the yaw motion excluding terms related with 

the gravity force. Here ( )1f t  and ( )2f t  are particular solutions corresponding to functions 11( )c t  and ( )21c t . Other 
parts of solution (3.1) are same as for steady flow; constants iA and iB ( 1, 2i = ) defining proper parts of solution are 
expressed by initial conditions and problem parameters [2, 9]. At 0γ =  oscillations have the constant amplitude. 

Another exponential solution arises when 2κ γ− < 0; it is described by formulas (3.1) but trigonometric 

functions will be changed by hyperbolic ones with 2γ κΩ = − . The third type solution arises when 2 0κ γ− = ; 
it corresponds to the second type with one exponent. 

To verify obtained results the comparison of the solution (3.1) with experimental data for bodies separated from 
the cavity are presented below in Figs. 2a and 2b for the center of mass Y and the angle of attack α evolutions with 
the time. The simple potential solution for body motion inside the cavity [2, 9] is used to define initial conditions for 
solutions (3.1) in the freestream. The comparison demonstrates the well qualitative accordance of the solution (3.1) 
with experimental data excluding the region of shear layer (t ≈ 0,1 sec) on Fig. 2b. 

 

 
(a) (b) 

FIGURE 2. Model B4N2: u∞ = 62.3 m/s, 0y  = 0.131 m, 0α = 1.089 deg, 0V = 1. 313 m/s, 0ω = 9.135 deg/s 
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THE MOTION STABILITY CONDITIONS 

The solution (3.1) is stable if the oscillation amplitude don’t growth with the time, so γ ≤ 0. For experimental 
bodies 0.5ex ≈ , 0.1l mc c ≈ , so that mcγ  ≈ 10-3 for B4N2 and B1N1 and γ ≈ 10-2 for B5N5 [2, 9]. It is seen on 
Fig. 3 angle of attack oscillations growth with time. It is clear seen in Fig. 3a, this amplification is small for B4N2 
and B1N1 but is notable for B5N5. From Eqs. (2.5) follows that γ ≤ 0 if 2

e l mx c c< . 
 

 
(a) (b) 

FIGURE 3. Dependence of motion stability on physical parameters: 0y = 0.0361 m, 0α = 0, 0V = 0.2032, 

0ω = 8 deg/s u∞ = 62.3 m/s (a), u∞ =200 m/s (b) 
 

The effect of the longitudinal velocity influence on the oscillation amplitude for the body B4N2 illustrates 
Fig. 3b. It is seen the oscillation amplitude and period essentially change with this parameters and the motion at 
u∞ = 200 m/s is more stable. For experimental conditions 2

mcγ κ<<   and the oscillation frequency κΩ ≈ ~ 1u−
∞  

since 2
mc u−

∞ . The Ω with 1u−
∞ is defined by relation. Results in Fig. 3 show that the angle of attack decrease with 

the time and this is unstable effect of the gravity force. 
For the case 2κ γ− ≤ 0 the proper part of solution (3.1) growths exponentially with time at γ > 0; at γ = 0 the 

exponential amplification also possible when κ <0. These conditions correspond to the unstable motion. The motion 
is stable when the proper solution decreases to zero from initial conditions at γ < 0. 

The next reason of the body motion instability can be related with unsteady freestream flow; it is defined by last 
terms of Eqs. (3.1) ( )if t  ( i =1 – 4) and resonance conditions. If γ = 0 and functions ( )ic τ  are oscillations of the 
frequency λ , forced terms of solutions (3.1) has the form [10]: 

 

( )

( )

1 2
2 2 2 2

1 2

: cos sin

: sin cos
2 2

i

i

d df t t t

d df t t t t t

λ λ λ
λ λ

λ λ λ

Ω ≠ = +
Ω − Ω −

Ω = = −
 

 
It is seen, the forced amplitude is increased if λ →Ω  and growth linear with the time if λ = Ω . We believe this 

effect is the reason of body motion disturbances inside the cavity. 

CONCLUSIONS 

On the base of the slender body theory aerodynamic forces and moments acting on the body of revolution in a 
uniform unsteady flow are defined analytically and equations of motion in transversal plane are derived. 

These equations are transformed to oscillation equations with the force term depending on the gravity 
acceleration and unsteady cross-flow characteristics. 
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The exact solution of motion equations is obtained and verified by the comparison with experimental data. This 
solution is the first-order approximation to analyze unsteady flow effects on a body motion at its external separation 
or from a cavity under the influence of a not uniform unsteady transverse flow. 

The analysis of the motion stability dependence on body and flow physical parameters and also the forced 
resonance effect is conducted. 
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Abstract. The paper is devoted to an experimental study of laminar-turbulent transition in supersonic boundary layers on 
swept wings. The experiments were fulfilled in the low nose supersonic wind tunnel T-325 of Khristianovich Institute of 
Theoretical and Applied Mechanics on the models of a swept wing with a swept angle of 72° at Mach 2 which 
corresponds to a subsonic leading edge. The transition location was determined using a constant temperature hot-wire 
anemometer. A comparison of the influence of small angles of attack on the transition position with a model with a 
supersonic leading edge is shown. The transition to a wing model with a subsonic leading edge occurs earlier than on a 
wing model with a supersonic leading edge. The angle of attack has a significant effect on the position of the transition 
point from the laminar to turbulent flow. The data presented in the article are among the first results for a swept wing 
with a subsonic leading edge. 

INTRODUCTION 

One of the least studied fundamental problems of fluid and gas mechanics is the study of the process of 
turbulence in spatial boundary layers at supersonic flow rates. These studies are of practical importance, since such 
flows are realized during the flow around an arrow-shaped wing of an airplane. Research is becoming especially 
relevant and necessary to solve the problem of laminarization of the flow around various structural elements of 
aircraft and predicting the position of the laminar-turbulent transition on the wing of an aircraft. 

To date, there are only a few works devoted to the study of the influence of small angles of attack on the position 
of the laminar-turbulent transition in the supersonic boundary layer of a swept wing. A brief review of the current 
state of research is given in [1-3]. In [1], data on a laminar-turbulent transition on a swept wing are presented. The 
obtained mass flow rate pulsation growth curves and spectra show both the transition position and the processes 
occurring in the linear region of the curves. A comparison was also made of data obtained theoretically, as a result 
of calculations according to the linear theory of stability, and experimentally [2]. Good agreement is obtained 
between theoretical and experimental data for a zero angle of attack at small unit Reynolds numbers. In these 
experiments, a wing model with a supersonic leading edge was used. For angles of attack  = ± 1 °, a clear 
discrepancy between the theory and experimental data was observed. In [3], measurements were carried out along 
the wing span and it was shown that the laminar-turbulent transition occurs parallel to the leading edge of the wing 
model with subsonic and supersonic leading edges. 

Similar experiments on a model of a swept wing with a subsonic leading edge have not been conducted 
previously. 
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SETTING UP EXPERIMENTS 

The experiments were performed in a low-noise supersonic wind tunnel T-325 ITPM SB RAS with a Mach 
number M = 2. The level of disturbances in the in the test section of the wind tunnel does not exceed 0.2% [4]. 
A wing model with a lenticular profile was used. The swept angle of the leading edge  = 72°, the swept angle of the 
trailing edge  = 58°, which corresponds to the model of the wing with a subsonic leading edge. A photograph of the 
model is shown in Fig. 1. The thickness of the model varies along the wingspan. A photograph of a wing model with 
a subsonic leading edge in a wind tunnel is shown in Fig. 1. Data were obtained at three different angles of attack: 

 = -1°,  = 0°,  = 0.3°. Perturbations in the flow were recorded by a constant-temperature hot-wire anemometer 
(CTA). The experimental data were obtained in two ways. First, a change in the position of the coordinate with a 
hot-wire anemometer along the model (the x coordinate changes) with a constant mode of operation of the wind 
tunnel (Re1 = const). The second method is to change the operating mode of the wind tunnel when the hot-wire 
anemometer sensor is installed in a certain section (x = const, Re1 changes). These methods are interchangeable if a 
complex geometry model is used method two is more convenient for obtaining data. 

The flow characteristics were measured using an automated data acquisition system [5]. Using an 
Agilent 34401A digital voltmeter, the constant component of the voltage was measured from the output of the hot-
wire anemometer E. The ripple signal in the diagonal of the hot-wire anemometer bridge was digitized by a 12-bit 
analog-to-digital converter (ADC) and then recorded into a computer. Processing of the experimental data was 
carried out using the fast Fourier transform, power spectra were determined from complete waveforms [6]. 
 

 
FIGURE 1. Photography of a model of a wing with a subsonic leading edge in the test section of T-325 

RESULTS 

As noted above, there are two standard experimental methods for measuring the laminar-turbulent transition. 
Figure 2 shows the growth curves of mass flow pulsations for three different angles of attack. The measurements 
were carried out at a fixed position of the sensor (x = 119 mm, z = 60 mm) with a change in the unit Reynolds 
number 

The transition Reynolds numbers obtained for different angles of attack on a wing model with a subsonic leading 
edge fall into the same range as the transition Reynolds numbers for a model with a sweep angle of 45°. The range 
of Reynolds numbers of the transition Retr = (0.7 ÷ 1.8) × 106. 

For each of the disturbance growth curves, a pair of values is determined: the maximum mass flow pulsation and 
the Reynolds number Rex, which corresponded to the Reynolds number at the transition point Retr. For comparison, 
data are presented for a model with  = 45° [2], which is reflected in Fig. 3. For each of the angles of attack, the 
Reynolds number of the transition was determined both for a model with a subsonic leading edge and for a model 
with a supersonic leading edge. 

In the course of studies conducted at the ITAM SB RAS on the influence of such flow parameters as Mach 
number [7], unit Reynolds number [8], and small angles of attack [9] on the laminar-turbulent transition in a 
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supersonic boundary layer of a swept wing with a supersonic leading edge, it was found that in all in these cases, the 
Retr varies from 0.7 × 106 to 2.4 × 106. Comparing the obtained ranges of the Reynolds numbers of the transition, we 
can conclude that the transition on the wing with a subsonic leading edge occurs earlier than on the model of the 
wing with a supersonic leading edge. 
 

 
FIGURE 2. The dependence of the RMS mass flow pulsations for three different angles of attack 

 
In [2], the influence of small angles of attack on the position of the laminar-turbulent transition for a wing model 

with a supersonic leading edge was studied in detail. The spatial growth rates of pulsations of mass flow were 
calculated for data obtained experimentally and by calculation using the linear theory of stability. Good agreement 
was obtained between the results at low Reynolds numbers Rex < 0.6 × 106 for a zero angle of attack. While for 
angles of attack  = ± 1°, the results of theory and experiment differed by a factor of two. Therefore, in new studies, 
almost the same values of the unit Reynolds number were chosen. Figure 4 shows the dependence of the RMS 
pulsations of the mass flow rate on the Reynolds number for two angles of attack, for small values of the unit 
Reynolds number. To draw conclusions about the processes occurring on this segment of the ripple growth curves, it 
is necessary to carry out a spectral analysis of these curves (Figs. 5a and 5b). 

 

 
FIGURE 3. The influence of small angles of attack on the transition position 

 
A spectral analysis of two curves shows an increase in ripple in different regions of the spectrum (Fig. 5). 

Figure 5a shows the growth of mass flow pulsations from laminar to turbulent flows in the frequency range from 
2.5 to 35 kHz. This growth of pulsations is described by the linear theory of stability and corresponds to an early 
degree of transition. In Fig. 5b the low-frequency region of the spectrum increases (f <20 kHz). This indicates the 
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filling of the spectrum and corresponds to a later stage shows the filling of the spectrum. It shows an increase in the 
low-frequency region of the spectrum which corresponds to a later stage of the laminar-turbulent transition. If we 
compare the spectra obtained for two angles of attack, it becomes clear that for the angle of attack  = -1°, the 
transition occurs at lower Reynolds numbers. Nonlinear processes were investigated in [6]. The results obtained 
show that nonlinear processes occurred at Rex> 0.6 × 106. 
 

 
FIGURE 4. The dependence of the RMS pulsations of the mass flow rate on the Reynolds number 

 
The data presented in Figs. 4, 5a and 5b will be further compared with the results of calculations using the linear 

stability theory. A calculation will be made of the spatial growth rates of disturbances obtained experimentally. 
The data of theory and experiment, when compared, will give agreement or inconsistency between the results of 
theoretical calculation and experimental. If the results do not agree, an additional check will be required on the 
linearity or nonlinearity of the processes occurring during the experiment, which is carried out in the MATLAB 
program. 

 

  
(a) (b) 

FIGURE 5. The amplitude-frequency spectra of pulsations of mass flow: a - the development of disturbances in the linear 
region of the spectrum, b - the beginning of the laminar-turbulent transition 

0.3 0.4 0.5 0.6
Rex  106

0.9

1.3

1.7

2.1

2.5

2.9

3.3

<m'>, %  M = 2, z = 60 mm

=  0 Re1= 4.6  106 m-1

Re1=    5  106 m-1

100 101 10267 2 3 4 5 67 2 3 4 5 67 2 3 4 5
f, kHz

10-4

10-3

10-2

10-1

2
3
5

2
3
5

2
3
5

m'f, %

  0.28 
  0.32  
  0.37
  0.41  
  0.44 
  0.48 
  0.53 
  0.56 

M = 2, Re1 = 4,6  106m z = 60 mm

Rex   106 m

100 101 1022 3 4 5 6 7 2 3 4 5 6 7 2 3 4 5
f, kHz

10-4

10-3

10-2

10-1

2
3
5

2
3
5

2
3
5

m'f, %

 0.40 
 0.43 
 0.48 
 0.50 
 0.55 
 0.60 

M = 2, Re1 = 5  106 m z = 60 mm

Rex   106 m

030062-4



CONCLUSIONS 

The influence of small angles of attack on the laminar-turbulent transition in a supersonic boundary layer of a 
swept wing with a subsonic leading edge at M = 2 is studied. It has been shown that: 

 The angle of attack of the wing has a significant effect on the transition position for both the model with a 
subsonic leading edge and a supersonic leading edge. The smaller the angle of attack, the closer the 
laminar-turbulent transition. 

 The laminar-turbulent transition in a supersonic boundary layer of a swept wing with a subsonic leading 
edge occurs earlier than on a model with a supersonic leading edge. 
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Abstract. A numerical simulation of a weakly ionized air flow around the OREX re-entry capsule is performed, aiming at the
comparison of the electron density predicted by DSMC and NS computations to the flight data. The NS computations are perfor-
med for two approximations: one-temperature and multi-temperature. The one-temperature and multi-temperature electron density
profiles are close to each other; however, the other macroparameters are different. The NS electron density profiles agree well with
the profile computed by Gupta et al. (1997) using the Viscous Shock Layer model. The computed number density of electrons is
consistent with the flight data. The DSMC prediction is closer to the OREX data than the NS results.

INTRODUCTION

The optimum design of re-entry space vehicles requires accurate prediction of many characteristics, such as the surface
heat flux, aerodynamic lift and drag, period of total radio blackout, etc. Studying these characteristics experimentally
can be prohibitively expensive and technically unfeasible. Therefore, numerical simulations seem to be a more at-
tractive way to perform comprehensive studies of re-entry aerodynamics and aerothermodynamics. At the moment,
there are many different theoretical models, numerical methods, and software tools that can be used; however, the
accuracy of the computations is not obviously clear. Therefore, evaluation of the ability of modern numerical tools to
reproduce flight data is necessary for aerospace applications.

There are known flight data collected during the entry missions of different capsules, such as RAM-C II [1],
OREX [2], FIRE II, etc. These test cases are commonly used to evaluate numerical tools’ ability to predict the re-
entry flow [3–8]. This paper continues our previous studies aiming at the validation of the modern numerical tools
based on the Direct Simulation Monte Carlo (DSMC) method and numerical solution of the Navier–Stokes (NS)
equations for simulating high-enthalpy non-equilibrium flows [9–12].

PROBLEM FORMULATION AND NUMERICAL PROCEDURE

The geometry of the OREX re-entry capsule is given in Fig. 1a. In this paper we consider an axisymmetric flow at zero
angle of attack. During the OREX experiment, the electron number density was collected by an electrostatic probe
located 70 mm away in the normal direction from the capsule surface at the point Xst, Yst. The numerical simulation
is performed for the free-stream condition corresponding to the flight altitude of 84 km. The free-stream velocity is
u∞ = 7415 m/sec, the density is ρ∞ = 1.094 · 10−5 kg/m3, the temperature is T∞ = 189 K, and the molar fractions are
xN2
= 0.783 and xO2

= 0.217. Under these conditions, the Knudsen number can be estimated as Kn∞ ≈ 0.0016 [5].

The computations have been performed by DSMC and NS flow solvers. Both the DSMC and NS compu-
tations consider a mixture of N2, O2, NO, N, O, NO+, N+2 , O+2 , and e. The plasma quasi-neutrality approxima-
tion is employed, i.e., the electron number density ne is equal to the sum of number densities of ions of all sorts
(ne =

∑
i ni, i = NO+,N+2 ,O

+
2 ). In the computations the temperature of electrons Te is assumed to be equal to the

vibrational temperature Tv,N2
of nitrogen (Te = Tv,N2

) due to the fast e-V energy exchange between the electrons and
vibrational mode of molecular nitrogen [13, 14]. In both the DSMC and NS computations the surface of the OREX
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FIGURE 1. Geometry of the OREX re-entry capsule (a). Comparison between DSMC and NS numerical results: translational (b)
and N2 vibrational (c) temperature.

capsule is assumed to be isothermal with Tw = 785 K and no catalytic activity for neutral atoms. Complete ion re-
combination (neutralization) is assumed at the surface. Both the DSMC and NS computations use the same set of
chemical reactions [15] and identical coefficients in the Arrhenius law. A total of 25 chemical reactions are taken into
account: the dissociation reactions of N2, O2, and NO, forward and backward exchange reactions of NO, associative
ionization, and dissociative recombination. Both the DSMC and NS computations take into account the translation-
vibration energy exchange. Only the DSMC simulation takes into account the translation-rotation energy exchange,
while the NS simulation assumes equilibrium between translation and rotation energy modes.

The DSMC computations have been performed with the SMILE++ software system [16, 17] based on the Ma-
jorant Collision Frequency scheme [18]. In order to provide sufficient accuracy of the numerical results number of
simulated particles is kept significantly higher than unity in the whole computational domain [19]. The translation-
vibration and translation-rotation energy transfer rates are computed by the Larsen–Borgnakke model [20] for discrete
internal degrees of freedom of molecules using temperature-dependent relaxation numbers. The rotational relaxation
number is based on the Parker expression [21]. The vibrational relaxation number is based on the Millikan–White
formula [22] with Park’s high-temperature correction [15]. The total collision energy (TCE) model [23] is used for
the reaction modeling.

The NS computations have been performed with the ANSYS Fluent flow-solver in conjunction with the User
Defined Functions (UDF) developed in [12, 24] to describe thermochemical non-equilibrium effects and ionization.
The flow-solver settings are the same as in [12]. The translation-vibration energy transfer rate of N2 and O2 is compu-
ted by the Millikan–White formula [22] coupled with Park’s high-temperature correction [15]. Vibrational relaxation
of NO is ignored. The dissociation rates of N2 and O2 are computed by two-temperature Park model [15]. The other
rates of chemical reactions are computed by the Arrhenius law.

Additionally, we performed NS computations based on the one-temperature approximation (denoted as NS-1T).
All chemical reaction rates are computed with the Arrhenius law. The specific heats of N2 and O2 take into account the
temperature dependence based on the harmonic oscillator model in order to make the NS-1T computation consistent
to the multi-temperature simulation.

RESULTS AND DISCUSSION

The NS and DSMC results are compared in Fig. 1b and c in terms of the translational and vibrational temperatures
of molecular nitrogen. The upper half of the figures shows the DSMC fields and the bottom part shows the NS fields.
The maximum of the translational temperature about 26000 K is observed behind the bow shock wave on the axis of
symmetry. The comparison between DSMC and NS results shows a small difference in the stand-off distance of the
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FIGURE 2. DSMC and NS results compared to the OREX data and numerical results of Gupta et al. [5] (a), temperatures (b),
number density of ions (c), and number density of atoms (d).

bow shock. A noticeable difference is observed in the flowfields of the N2 vibrational temperature, which coincides
with the electron temperature according to the current model.

The computed number density of electrons along the segment AB shown in Fig. 1b is compared to the flight
data in Fig. 2a (n is the direction normal to the capsule surface, and the origin coincides with the point (Xst,Yst) in
Fig. 1a). In addition to our computations, Fig. 2a also shows the results of the numerical simulation by Gupta et al. [5]
(Viscous Shock Layer, VSL, computations, see Fig. 8 in [5]). The numerical curves are located slightly lower than the
flight data. The discrepancy between the experimental and numerical data can be caused by many reasons, such as the
uncertainty of the free-stream conditions, the absence of the measuring equipment in the numerical simulation (which
actually affects the flow), the uncertainty of the coefficients in the Arrhenius law, etc. It is worth noting that the VSL
results are in good agreement with the NS results. It is also interesting that the NS-1T computation produces a very
close curve to that predicted by the multi-temperature simulation. The closest curve to the flight data is provided by
the DSMC computation, which can be explained by a relatively high flight altitude where the rarefaction effects can
be important.

The translational and N2 vibrational temperature are compared in Fig. 2b. It is seen that the stand-off distance
is bigger in the DSMC simulations as compared to the NS ones. It is also seen that the smallest stand-off distance is
predicted by the NS-1T model. The temperature peak in the DSMC case is higher than the temperature peak in the
NS case, which can be explained by the non-equilibrium between rotational and transnational modes in the DSMC
simulations. The vibrational temperature of N2 is lower in the DSMC case than in the NS computations, i.e., the
dissociative recombination rate for electrons is different.

Figure 2c shows the ion number density profiles. It can be seen that the number density of NO+ is almost one
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order of magnitude higher than the number density of other ions. NO+ ions are produced in associative ionization
(N + O → NO+ + e); therefore, the associative ionization rate highly depends on the number densities of N and O,
which are shown in Fig. 2d. It can be seen that the atomic number densities rise earlier in the DSMC case; however,
they become almost the same for all computations closer to the capsule surface.

CONCLUSIONS

A numerical study of a weakly ionized air flow around the OREX re-entry capsule has been performed for the flight
altitude of 84 km. The computed (by DSMC or NS) electron number density peak agrees well with the OREX flight
data. The computed electron number density profile is also in good agreement with the profile computed by Gupta
et al. [5] using the Viscous Shock Layer model. The one-temperature approximation (NS-1T) predicts the electron
density distribution, which is very close to the results in more detailed multi-temperature approximation (NS). The
present comparison of the numerical and experimental data does not allow concluding about the accuracy of the
physical models being applied to the problem. A more comprehensive numerical study in a wide range of the free-
stream parameters will be performed in the future.
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Abstract. The features of instability development in two-fluid systems and in stably stratified flows with the breaking 
internal lee wave generated by orography are studied. For the first case, two-fluid interface is resolved using the volume-
fraction and Navier–Stokes equations where the continuum surface force model is applied to capture surface tension. For 
the second case, the density-deviation equation is used to define the buoyancy terms in the Navier–Stokes equations with 
the Boussinesq approximation. Tests of Rayleigh–Taylor instability in two-fluid systems show that the average of spike 
and bubble amplitudes has an initial exponential growth, corresponding to a linear instability stage with the constant 
growth rate. Evolution of this rate shows that both viscosity and surface tension effects damp the instability development 
in agreement with theory and measurement data. For real fluids (water-air, water-benzene) good prediction within the 
experiments data scatter is obtained for both linear instability and nonlinear stages. For large density drop (as for water-
air interface), the heavier fluid penetrates deeply into the lighter one and forms high columns. If density difference across 
the interface is not large, the nonlinear stage shows Kelvin–Helmholtz instability effects leading to typical convective 
mushroom-like structures. The similar convective structures are observed in DNS of a single-phase stably stratified flow 
above the obstacle generating the internal lee waves (which can overturn and produce unstable layers with strong density 
gradients) and provide a source of quasi-steady turbulent patches. The imprint of these structures viewed by Q-criterion is 
a row of curved vortex filaments which is close to those discovered recently for the surface wave breaking phenomena. 

INTRODUCTION 

The study uses the eddy-resolving method aimed to clarify the features of instability and turbulence development 
in two-fluid systems and stably stratified flows with the breaking internal lee waves generated by orography. 

In two-fluid systems, the Rayleigh–Taylor instability (RTI) arises when small perturbations are applied to the 
interface between layers of the denser fluid (located above the interface) and the lighter fluid (below). Various RTI 
phenomena are observed from astrophysical scales to microscales, for instance, during interstellar gas emission out 
of the galactic plane, flashes of supernovae, in various natural and artificial objects with nuclear fusion, during fires 
and controlled combustion reactions, in the Earth mantle, ocean, atmosphere affecting noticeably on the climate. 

The preceding numerical and physical experiments for RTI processes were mostly performed in a classical set-
up with two layers of immiscible fluids [1, 2], or in a stratified fluid with the step-like density distribution [3]. It is 
of interest to study RTI in conditions of real engineering and environmental applications. For example, non-linear 
RTI events triggering the transition to turbulence have been clearly detected during the numerical simulations of lee 
wave breaking [4-7]. Nevertheless, to clarify the instability development mechanisms, studies of evolution of single 
and multiple wavelength perturbations on the interface between two layers of different density are still actual. 

In stably stratified flows, strong orographic turbulence zones arise with certain free-stream and relief parameters. 
Exploration of these zones is of interest for solving the problems of meteorology and aviation security: hundreds of 
cases of intense clear-air turbulence, often associated with breaking mountain (lee) waves, are recorded annually [8]. 
The issues of turbulence development in the stratified atmosphere are still poorly understood and relevant for 
refining forecasts and compiling detailed maps of wind shears and gusts for the safe operation of aircrafts. 

High-Energy Processes in Condensed Matter (HEPCM 2020)
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The present paper studies the RTI evolution on the interface between two layers of immiscible fluids with varied 
viscosity, surface tension and density 
Atwood number A, respectively) by means of numerical methods developed in [1, 8]. The attention is given to the 
two-layer system of real fluids (water-benzene, water-air). To illustrate similarities, some remarks are made for the 
RTI events discovered recently [4-6] in a stably stratified single-phase flow above an obstacle generating lee waves. 

TWO-FLUID FLOWS: NUMERICAL MODEL AND ITS APPLICATION RESULTS 

The interface between two immiscible fluids is resolved using the Navier–Stokes equations, with the equation for 
the volume fraction f of the heavier fluid. A hierarchy of convection-term approximations in these equations was 
given in [9], including the MUSCL scheme, having the QUICK interpolants and the compressive minmod TVD 
limiter [10] for the momentum equations, combined with the same scheme for f, or the donor-acceptor upwind-
downwind scheme of the VOF method [11]. The central-difference scheme is applied for diffusion terms in the 
momentum equations. The surface tension effect is parameterized by volume forces due to the continuum surface 
force (CSF) model. More details of the Navier–Stokes solver and its numerical realization can be found in [1, 9], 
with the results of its application to the evolution of the interface between two immiscible fluids at different values 

1/ 2 = 2 as in [10] which gives A = ( 1 – 2)/( 1 + 2) = 0.333. The developed tool was also validated 
in simulation of a dam-break flow (DBF) where the results without [9] and with [12] the CSF model agreed with the 
measurement data for the evolution of water column height and surge front position. In the studies of RTI and DBF, 
both viscosity and surface tension effects have been shown to give the damping effect in accordance with the theory, 
and the developed algorithm has produced more accurate solutions in comparison with results of other authors. 

To initiate the RTI development, a small velocity-field perturbation of cosine form was assigned at the horizontal 
interface between two fluids in [1, 10]. In the present study [2], for RTI computation in the water-air system, to be 
consistent with the first-order theory [13], measurements [14] and numerical simulations by the vortex-sheet (VS) 
method [15], the initial velocity is chosen to be zero, and the starting interface location is defined by the cosine 
function ys(x) = ys0 cos(2 x/ ) corresponding to the perturbation with wavelength  = 2L at small amplitude ys0. Then 
the initial fields of the volume fraction function are f(x,y) = 1 for water (at  > ys), whereas f(x,y) = 0 for air (at   < ys),  
and f(x,y) = 0.5 for a thin transitional region between two fluids (at  = ys , i.e. f varies from zero to unity in the thin 
layer of thickness h << ). The initial pressure distributions correspond to the hydrostatic ones. The left and right 
boundaries at x = 0 and L are set to be the symmetry plane, whereas the top and bottom boundaries are considered as 
the solid wall. The computation domain is extended from min = –12L to  max = 4L to allow spikes of the heavier 
fluid (water sheets) to penetrate deeply into the lighter fluid (air) as observed in the experimental records [14]. The 
uniform grid uses the mesh size  = L/40 which was shown in grid independent study to be sufficient [1, 9]. 

The following parameters of water and air at the normal temperature 20ºC are used for densities, 1 = 998 kg/m3, 
2
 = 1.20 kg/m3, dynamic viscosities, 1 = –3 

2
 = –5 ), and surface tension coefficient  

 = 0.073 kg/s2. The conditions of three variants of the measurements [14] (films 2, 7, 28) were in the following 
ranges, 193 m/s2

  g  503 m/s2 for experimental set-up acceleration, 0.0102 m    0.0388 m, 0.0295  ys0/   0.0625. 
This gives 0.004    

4
  Re  

5  4 2 /[( 1 – 2)g 2] and Reynolds 
number Re = ( g)1/2 /  where  = ( 1 + 2)/( 1 + 2). The VS simulation [15  = ys0/  = 0.04 which lays roughly 

ys0, so represents well the experiment realizations [14] and, in particular, is 
 = 0.034 and ys0/  = ys0 used in [15] have 

therefore been chosen here in the basic runs for comparison of the results. The remaining parameter of the net 
gravitation acceleration is taken to be g = 193 m/s2 as in film 2 of [14], and the value  = 0.0193 m is deduced from 

 = 0.0211 m in film 2 of [14]). The resulting Reynolds number Re = 
4 is 

 = 0.04 is rather small, so both viscosity and surface tension effects could be 
expected to be insignificant, but the results presented below do show the effects clearly. 

In the present computation of the water-air interface evolution, both linear-instability and non-linear stages (with 
saturation of the RTI growth rate at late times) are well predicted (Fig. 1). If the density drop across the interface is 
not too large, the nonlinear stage illustrates the Kelvin–Helmholtz instability effects which lead to typical convective 
mushroom-like structures (as for 1/ 2 = 2 in [1]). On the other hand, for large density difference (e.g. 1/ 2 = 829 for 
the water-air system) these effects are absent, and the heavier fluid penetrates deeply into the lighter one, forming 
high and thin (water) sheets between round-ended thick (air) columns as seen at t* > 1 here and in [14, 15]. The 
developed algorithm yields the adequate prediction for growth of water sheets and air columns, and the relative 
interface amplitudes versus time within the experiment data scatter [14] (Fig. 1). 
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(a) (b) 

FIGURE 1. The evolution of water volume fraction contours (f  = 0.5) on the interface between water (above) and air (below) 
computed (from left to right) at t* = t(0.25gA/L)1/2 = 0.5, 1.0, 1.5, 1.9, 2.1, 2.3 (a); the relative value of the average of water-

air interface amplitudes versus time: 1 – linear theory [12], 2 and 3 –  upper and lower limits of the measurement data 
scatter [14], 4 – simulation [15],  5–10 – present study; 5, 6, 7 correspond to films 2, 7, 28 of [14  = 0; 

8, 9, 10 –  = 0.04 (b) 
 
The small-scale interface irregularities during the non-linear stage (Fig. 1a) are presumably inevitable in high-Re 

or inviscid flows [2, 15]. On the other hand, these irregularities do not create dramatic problems of realization for 
the times corresponding to the experiment records [14], in contrast to [15]. The simulation by the VS method [15], 
neglecting the viscosity effects, has produced under-estimation of the growth rate of the initial perturbation and was 
workable during rather limited duration (Fig. 1b), since the growing irregularities of the interface did not permit to 
realize numerically the further evolution of RTI. In simulation without surface tension the irregularities appear [15] 
as a small kink just near the air bubble tip, then develop secondary RTI wiggles within the bubble region of primary 
instability and quickly give a singularity of the interface curvature. The similar features of distortion near the air 
bubble tip are seen in the present study (Fig. 1), but occur much later, evidently due to smoothing viscosity influence 
at finite Reynolds numbers in contrast to the inviscid computation [15]. On the other hand, when surface tension was 
taken into account in the VS method, there was no sign of the secondary instability near the bubble peak, and the 
calculation was able to proceed until the spike-bubble amplitude of the interface exceeds two wavelengths of the 
initial perturbation, i.e. at  ya(t) > 2L.  By this time, a heavy fluid bulge appeared due to the effect of surface tension 
resisting the formation of very high curvature in the vicinity of the spike tip, but the small-scale interface 
irregularities had developed near this tip, with subsequent termination of the calculation of [15]. In the present study, 
the surface tension effect prevents the secondary instability formation near the bubble peak up to much larger times 
than in inviscid runs [14] due to above-mentioned viscosity effects. The similar bulge at the spike tip is observed at 
t*  1.4, whereas the small-scale interface irregularities start from t* > 2 (i.e., at ya(t) > 3L) and do not lead to 
immediate termination of the calculation as occurred in [15]. Note, the same bulge indeed happens in real conditions 
on the interface with the high density drop as indicated, e.g. by the measurement data [16] with 1/ 2 ~ 103. 

5] will evidently lead to the 
vertical scatter of the computation results due to different damping effects of viscosity and surface tension which 
decrease the growth rate. Moreover, extra scatter will appear for runs at different ratios ys0/  (larger relative values 
of the initial perturbation amplitudes give earlier deviation from the linear-instability behavior and thus smaller 
ratios ya(t)/ys0). However, all curves should almost coincide at initial times to be placed below a straight line of the 
linear-theory prediction [13]. The remaining scatter of the experimental results from this line at early times (Fig. 1b) 
is explained [14] by dependence of the vertical position of data points on the value assigned to ys0. This quantity 
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varying from 0.13 to 8.5 mm was the smallest one to be measured, and unavoidable errors made in this measurement 
gave rise to the visible variations of the initial slopes of the curves obtained for different conditions of [14]. 

To compare the RTI evolution for the water-air interface with the smaller density drop case, another series of 
runs is made (Fig. 2) for the development of cosine perturbation ys(x) = ys0 cos(2 x/ ) between two layers of water 
and benzene explored also in the experiments [14]. The same numerical tool as for the water-air case is used, with 
the reduced domain height, with max = – min = 4L, due to symmetric behavior of the RTI growth for the low density 
drop case (Fig. 2a). The following parameters of water and benzene at 20ºC are used: 1 = 998 kg/m3, 2

 = 879 kg/m3, 
1 = –3 

2
 = –4  = 0.035 kg/s2. Other parameters are taken to be the same as in film 

45 of [14]: g = 305 m/s2,  = 0.03 m, ys0/  = 0.015. The  and ys0 values were found, using the available information 
from [14]. The Reynolds number (Re = 

5) is again quite high and the stability  = 0.0422) is rather 
small, so the surface tension effect is insignificant (Fig. 2b), as well as the viscosity influence checked by variation 
of g for one or two orders of its value (the results did not change visibly and are not shown here). 

 

  
(a) (b) 

FIGURE 2. The evolution of the interface (contour f = 0.5) between water and benzene found at t* = 0, 1.1, 1.3, 1.5, 1.7, 1.9 (a); 
interface amplitude: 1 – linear theory [13], 2 – experiment [14], 3 – computation [15], 

4, 5, 6, 7, 8, 9, 10, 11 –  = 0, ys0/  =  0.005, 0.01, 0.015, 0.025, 0.04, 0.05 (dash lines); 
 = 0.0422, ys0/  = 0.015 (solid line);  = 0.333, ys0/  = 0.04 (b) 

 
The results for the water-benzene interface are shown in Fig. 2 by contours f  = 0.5 and the hyperbolic arccosine 

of the relative value of the spike and bubble amplitude average ya versus time as in Fig. 1 for the water-air interface. 
The RTI development at earlier times (t* < 1) corresponds to the linear theory prediction [13], i.e. occurs within the 
linear-instability stage as for the water-air case. On the other hand, at intermediate times (1 < t* < 2), the secondary 
perturbations of Kelvin–Helmholtz instability (KHI) type are developed because of enhancement of the velocity 
shear between two vertical streams of heavier and lighter fluids moving in the opposite directions. As a result, the 
intense vortex with spiral flow rotation (unseen for the water-air case) arises around the domain center (Fig. 2a). The 
interface amplitude (Fig. 2b) at small initial perturbation amplitudes corresponds to the experiment data at t* ~ 0.8. 
(Deviation of three experimental points at t* ~ 0.6 is probably caused by measurement errors [15], in particular by 
limitations of camera resolution at earlier times with quite small quantities ys0 ~ 4.5 mm, as noticed above for the 
scatter errors in Fig. 1b.) With larger values of ys0, the non-linear RTI growth starts at earlier times (Fig. 2b), and the 
perturbation development picture (Fig. 2a) does not change, it is only shifted in time. This is obviously connected 
with the fact that transition from the linear-instability stage to the nonlinear stage happens at the certain amplitude 
(ya ~ 0.5  according to [14]), i.e. the ratio ya/ys0 corresponding to this transition decreases with growth of ys0. 

Comparison with the water-benzene data [14] was also made in the VS simulations [15]. However, Pullin [15] 
has missed two last experimental points at t* ~ 0.8 (Fig. 2b) which were focused by Lewis [14] in comparison with 
the theory of Taylor [13]. Moreover, in the water-benzene calculations, Pullin [15] has taken the substantially larger 

 = 1/3) than that in film 45 of [14]. Therefore, the comparison results obtained in [15] may be 
inaccurate, and the corresponding conclusions may be incorrect. In particular, curve 3 in Fig. 2b lays significantly 
lower, than the last experimental points (at t* ~ 0.8), and ends off early (at t* ~ 1.1) which indicates to shortcomings 
of inviscid computation [15].  = 1/3 and ys0 = 0.04  as in simulations of [15] 
were taken in the separate computation [2]. The RTI amplitude shows the proximity of results of [2, 15], and 
insignificant deviation here (curve 11 lays slightly lower than curve 3 in Fig. 2b) is related to the infinite Re in [15], 
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i.e. due to the extra damping effect of viscosity in [2]. The increasing influence of surface tension leads also to the 
growth rate suppression (see lines 8 and 11 in Fig. 2b) and prevents generation of the spiral KHI rolls [2]. 

STRATIFIED FLOW WITH OBSTACLE: NUMERICAL MODEL AND RESULTS 

Stratified flows are modeled using the Boussinesq approximation for the buoyancy terms in the Navier–Stokes 
equations, with the density-deviation equation [4-7]. Such an extra equation can work by the same manner as the 
volume-fraction equation for two immiscible fluids considered above, in the case of high Reynolds (Re) or 
Prandtl/Schmidt (Pr) numbers when the molecular diffusion terms affect much weaker than the convective ones. To 
overcome the problems of poor resolution for high Re and Pr, the subgrid-scale (SGS) models of Smagorinsky type 
for the velocity and scalar equations are implemented, with the standard Smagorinsky constant Cs = 0.1 and the SGS 
Prandtl/Schmidt number Prsgs = 0.3 which is enough to remove the excessive numerical noise distorting the scalar 
field plots and spectra [17]. Further details of the numerical realization can be found in [4, 5]. 

The instability and turbulence development in the breaking lee waves generated by the 2D cosine-shaped hill of 
height h and length L = 3.56h (at obstacle half-height) in a stably stratified flow with the constant inflow velocity 
U is studied by DNS/LES [6, 7] at wide ranges, Uh/ 4, corresponding to water tank 

2 3, relating to natural and laboratory conditions. The case of Re = 4000, Pr = 1 has 
been tested in detail in [4, 5] (Figs. 3, 4 and 5) for flow depth D = 10h and Froude number Fh = U/(Nh) = 0.6 where 
N is Brunt–Väisälä frequency based on the constant inflow density gradient. The density field instability arising after 
wave overturning (when unstable layers with the sharp density changes are also formed in some localized areas as 
for two-fluid RTI) reveals a range of spanwise spectra modes. The smallest mode y ~ 0.5h represents oscillations of 
RTI type, growing and resulting in periodic convective structures (Fig. 3b) with associated KHI rolls (Fig. 4) which 
produce a row of the curved vortex tubes (Fig. 5) located on the vorticity sheet cylinder following the unstable 
density interface. 

 

 

 

 

 

(a) (b) 

FIGURE 3. Pathlines for side view at y = 0, t = 37.5 (a), density contours along the obstacle span y at x = 2.5h, t = 23, 24, 25 (b) 
 

Note, the secondary instability structures revealed as a row of ‘braids’ (Fig. 5) are very similar to those predicted 
in LES of the surface wave breaking [18] which indicates to the same behaviors for both internal and surface waves. 

The convective mushroom-like structures (Fig. 3b, 4) arising after the lee wave overturning are similar to those 
observed on the two-fluid interface with not too large density drop (Fig. 2a) and eventually lead to formation of the 
well-mixed quasi-steady region of the developed turbulence (Fig. 3a) where the vertical density gradients averaged 
along y become quite small. At late transition times, the smaller spanwise vortices transform into the larger ones 
with the dominant mode y ~ 2.5h [5, 6] relating to the large-scale toroidal structures as in the measurements [19]. 
 

030064-5



  
FIGURE 4. Enlarged density plots from Fig. 3b, together with the fluid velocity vectors computed in each computational cell 

(red and blue circles denote the velocity circulations arising between the upward and downward motions of lighter 
and heavier fluids which generate the shear instability of Kelvin–Helmholtz type) 

 

  
(a) (b) 

FIGURE 5. Contours of Q-criterion on the front edge of wave-breaking region for Q = 5 at t = 24.5 (a), and Q = 5 at t = 25.0 (b) 
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Abstract. The implementation of the machine learning methods of convolutional neural network combined with support 
vector machines to enhance RANS closure models is presented. The RANS models are not universal and accurate, 
however they are computationally affordable. Finding a way to improve the model predictability will be an advantage, 
and machine learning algorithms based on available high-fidelity data sets for canonical flow cases obtained from DNS 
and measurements can be helpful for this. The application of these algorithms for a fully-developed turbulent channel 
flow between parallel walls, with periodic hills and for other cases is considered. 

INTRODUCTION 

There are several well-known methods to predict turbulent flows, including DNS, LES, RANS, hybrid RANS-
LES (HRL) tools, each having their own advantages and crucial shortcomings. In spite of variety of proposed 
techniques, the need for development of a computationally efficient tool to simulate flows in various industrial and 
environmental problems is still open. It turns out that DNS/LES are not able to capture high-Reynolds-number cases 
with near-wall layers at present and in foreseen future, whereas steady and unsteady RANS models give insufficient 
and/or inaccurate information. HRL methods are still at the initial development stage and remain conceptually 
difficult; their improvement continues by means of extensive testing to strengthen confidence in results and to 
delineate applicability range [1]. 

Moreover, heat and mass transfer problems need special attention. For instance, inaccurate prediction of near-
wall layers may give incorrect wall heat fluxes, i.e. elaboration of approaches to solve numerically mass and energy 
(heat) conservation equations is of considerable interest too. The issue of accurate comparison of a numerical 
solution of hybrid or LES methods with measured data merits consideration too: one has to add both resolved 
explicitly and modelled contributions, although this is delicate with certain models. The issue of solution 
convergence with grid refinement in HRL, LES and DNS is crucial too, in contrast to RANS.  

In surveys on turbulent flow simulations (e.g. [2, 3]), it is noted that RANS models, due to the limitations and 
high cost of eddy-resolving approaches, will remain a popular tool in the near future for scientific and engineering 
computations of fluid flows. In particular, it is expected [2] that, along with an increase in use of HRL methods, 
using RANS closures will still be the norm in 2030. On the other hand, their low predictive ability and non-
universality depresses someone: a model calibrated on several tests after transition to another class of problems 
becomes unsatisfactory. In the last 20 years, there have been almost no studies to improve RANS models. For 
instance, suitable modifications of the advanced Reynolds stress model based on physical considerations can 
improve the description of flows with flat walls and backward-facing step [4]; however, deviations from the DNS 
data and measurements remain significant (Fig. 1). 
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FIGURE 1. Profiles of velocity field characteristics in the plane-channel flow at different Reynolds numbers obtained 

by the advanced RANS model (lines) [4], in comparison with the DNS data (symbols) [5] 
 

Since 2013, a new direction has appeared [6], based on the use of machine learning (ML) methods in addition to 
physical considerations to develop enhanced turbulence models and to calibrate them on big data arrays of high-
fidelity methods (DNS, measurements). ML strategies allow constructing mappings between the data of high-fidelity 
methods and approximate models, effectively minimizing deviations between them and finding the optimal form of 
model corrections. This direction, which can be regarded as a breakthrough, has been mentioned in the recent 
reviews [6-8] and has become possible due to recent achievements in high-performance computing, which allow 
obtaining high-fidelity databases for the characteristics of canonical flows, and in big data processing algorithms, 
based on the use of artificial intelligence. In recent works, the popular one- and two-parameter turbulence models 
were taken as the baseline ones, and a large set of canonical test flows (flows in channels with flat and wavy walls, 
flow around obstacles, wakes, jets) were considered to train models. It should be also mentioned that ML methods 
are used not only for RANS but also for LES models, e.g. in channel flow simulations [9]. There are very few works 
on the ML application to development of turbulence models for flows complicated by the presence of heat/mass 
transfer and two phases, note only [10]. 

In the present study, after the comprehensive review of machnine learning techniques aimed to enhance baseline 
RANS closure models, the implementation of the methods of convolutional neural network (CNN) combined with 
support vector machines (SVM) for a flow with periodic hills [11] and other cases to improve the widely used k-  
turbulence model is considered. 
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ARCHITECTURE 

In the framework of ML methods applied to enhance the turbulence models, four main variants of algoritms with 
different architecture developed past 2016 can be distinguished. The first one corresponds to a new architecture 
based on tensor basis neural networks (TBNN) [12] with embedded invariance properties to determine the 
coefficients of the functional dependence between the Reynolds stress tensor and the finite set of functions of the 
symmetric and antisymmetric parts of the mean velocity gradient tensor. Based on the TBNN method, the tensor 
basis decision tree (TBDT) and random forest (TBRF) methods have been developed [13]. In the second algorithm 
[14], for the same purpose, symbolic regression and gene expression algorithms were used to correct explicit 
algebraic models of turbulent stresses. In third approach [15], the field inversion and machine learning (FIML) 
strategy was proposed, where the model is improved when calibrated on the basis of high-fidelity data in two stages: 
the first one solves the inverse problem of determining the discrepancy function, and the second uses this function to 
obtain correction to a baseline turbulence model using the ML-algorithms. The FIML approach was further 
developed using neural networks [16] and allowing, for instance, to improve predictions of a flow around airfoil. For 
the fourth architecture variant, the CNN technique has been suggested [13]. 

Convoloutional Neural Network is a type of neural networks that has been used mostly in computer vision 
problems such as face recognition, driverless cars and so on. Depending on the task, such a technique is applied 
usually for classification, and sometimes for regression. The classification task means that the output is discrete and 
regression means the output is continuous. In the present study, following [17, 18], the modified CNN technique is 
implemented with Support Vector Machines appearing as one of layers. Here, SVM is used as a feature extractor. 

METHODOLOGY 

At the first stage, numerical simulations are performed by a baseline RANS model to obtain low-fidelity data 
which are used for subsequent training and improving the model by means of ML methods. For such a training, 
high-fidelity data as a target solution are taken from available datasets (e.g. [5, 11]). Each mesh cell of the 
computational grid is used as input for the combined CNN+SVM model, so is considered as one pixel. Such an 
approach is based on the previous studies [12, 13].  

Note that in the ML algorithm [13], where only CNN (without SVM) was used, some noise appeared in the 
Reynolds-stress anisotropy tensor components bij, whereas the implementation of both TBRF and TBNN methods 
strongly overestimate the b23 component for a square duct flow which is the most sensitive to the model 
predictability among other components of bij for such a test case. One can also see for this case [13] that b23 = 0 for 
the baseline RANS model, and further efforts are needed to improve the RANS+ML algorithms. 

In the deep neural network architecture applied in the present study, it is possible to examine whether such a 
noise can be reduced without using the Gaussian filter. As noted above, SVM is added in the architecture to improve 
the model accuracy comparing to CNN without it. For implementing it, Tensorflow and Keras library is used. 

TEST CASE AND RESULTS 

In the present study, as the first test case, the developed turbulent flow in the two-dimensional channel with 
periodic hills mounted on the bottom at Re = 10 595 [11] is considered. Spatial distributions of the mean velocity 
vectors and magnitudes, the turbulent kinetic energy 0.5 i ik u u , the shear and normal components of the 

Reynolds stress tensor i ju u  and the Reynolds stress anisotropy tensor 1
2 3
i j

ij ij

u u
b

k
 with normalization by 

the hill height and bulk velocity Ub (averaged over flow cross-section) are presented in Fig. 2 for such a flow. 
Initially, the numerical simulations are performed by the RANS k-  model using the simpleFoam solver of the 

OpenFOAM software, and convergence to the solution which is independent on numerical aspects is checked. Next, 
the LES dataset of Breurer [11] is taken to get the discrepancy between the LES and RANS data. Before feeding the 
neural network with the obtained RANS data, the interpolation for these data values is done to make the consistent 
comparison between the RANS and LES datasets at the same mesh points. 

The results obtained in the present studies for channel flow with periodic hills and for other cases will allow us to 
test different CNN architectures like those in [12, 13] and proposed here, checking their abilities to improve 
turbulence models in comparison with conventional RANS closures. 
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FIGURE 2. A flow with periodic hills: scheme of mesh in the present runs; contours of turbulence characteristics in LES [11] 

 
To illustrate the application of the CNN method for a flow with periodic hills placed on the channel bottom, the 

components of the Reynolds-stress anisotropy tensor (b11 and b12) have been first obtained and plotted in the present 
studies (Fig. 3). It should be noted that RANS simulations give considerable deviations of the values of bij from 
those of [11]. On the other hand, CNN yields the same behavior and levels of bij as in LES [11], although there is 
some noise in contour plots as mentioned above for the square duct flow computations by CNN and reported in [13]. 

 

   
FIGURE 3. A flow with periodic hills: contours of the Reynolds-stress anisotropy tensor components obtained using CNN 
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Abstract. This article is devoted to the experimental study of perturbations in a modulated swept-wing boundary layer at 
Mach 2. The modulation of the boundary layer was created using periodic roughness of the surface of the experimental 
model. The mean flow and pulsations were measured using a hot-wire anemometer. Spectral analysis of the disturbances 
showed that modulation of the boundary layer can lead to the stabilization of the development of disturbances in a wide 
frequency spectrum. 

INTRODUCTION 

The control of the laminar-turbulent transition in high-speed boundary layers is an important fundamental and 
applied problem. For the case of a supersonic boundary layer of swept wings, the possibility of laminarization with 
the help of the distributed roughness established on the surface of the model was shown in [1-2]. Studies have 
shown that depending on the roughness parameters and the parameters of the oncoming flow, both stabilization and 
destabilization of the boundary layer are possible. An experimental study [3] of the effect of modulation of the 
boundary layer on the evolution of artificial disturbances showed that modulation of the mean flow in the swept 
wing boundary layer can stabilize the development of travelling disturbances. In addition, the interaction of 
travelling and stationary disturbances was shown. However, these results were obtained only for specific selected 
frequencies of artificial disturbances. To supplement the existing knowledge about the evolution of disturbances in 
modulated three-dimensional supersonic boundary layers, experimental data on the development of natural 
pulsations of the boundary layer in a wide frequency range are needed. 

This work is devoted to the experimental study of the development of natural disturbances in the modulated 
boundary layer of the swept wing at Mach number 2. The spectra of natural disturbances of the boundary layer both 
in the case of a smooth surface and in the presence of periodic roughness are considered. 

EXPERIMENTS SET-UP 

The experiments were carried out in a low-noise supersonic wind tunnel T-325 ITAM SB RAS at Mach number 
M=2 and at unit Reynolds number Re1 = 6·106 m-1. Figure 1 shows the experimental set-up. A model of a swept 
wing with a sweep angle of the leading edge of 40° was used. The model was installed at a zero angle of attack. The 
wing profile had a relative thickness of 7.7%. Periodic roughness was created using rectangular stickers 
80-85 microns high. The length of the stickers was 1 mm. In the work, cases with a roughness period of 3 and 4 mm 
are considered. In the case of a period of 3 mm, the width of the stickers was 1.5 mm, and in the case of a period of 
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4 mm, 2 mm. The long side of the stickers was parallel to the leading edge. Stickers were placed on the surface of 
the model at a distance from the leading edge of 14 mm. The roughness setting period was chosen close to the 
wavelengths of the most growing stationary disturbances in the measurement domain, which were estimated using 
the linear stability theory. 

The mean flow and pulsations of the boundary layer were measured using a single-wire hot-wire anemometer. 
Details of measurements of hot-wire anemometers in a supersonic boundary layer are presented in [4, 5]. 
The measurements were carried out at a distance of about 53 mm from the leading edge of the wing. 
 

 
FIGURE 1. Experiments set-up 

RESULTS 

The distributions of the mean voltage of the hot-wire anemometer along the transverse coordinate z  for cases of 
a smooth wing surface and with roughness are shown in Fig. 2. The measurements were carried out in the supersonic 
part of the boundary layer in the region of the maximum disturbance level. The established periodic roughness on 
the model surface create in the boundary layer of the wing a periodic modulation of the mean flow of a sinusoidal 
type. The modulation period of the middle course is close to the period of established roughness. The amplitude of 
the modulation is approximately 40%. 

FIGURE 2. The distributions of the mean voltage of the hot-wire anemometer along the transverse coordinate z .
 
Figure 3 shows the spectra of mass flow pulsations in the boundary layer on the smooth wing model. The results 

of downstream measurements that were performed on this model in 2016 are presented. The results of measurements 
that were carried out in 2019 on the same model are also presented. The slight difference between the data from 
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2019 and 2016 can be explained by the fact that the measurements were carried out in slightly different positions of 
the hot-wire probe relative to the model surface. Note that, in general, the shapes of the pulsations spectra measured 
in 2019 and 2016 at x = 69 mm are the same. 

 
FIGURE 3. Disturbances spectra in the boundary layer of the smooth wing 

 
In the spectra of natural disturbances of the boundary layer on a smooth wing in the range of 10–40 kHz, a 

region of increasing perturbations is distinguished. This corresponds to the most growing disturbances of crossflow 
instability, according to the linear stability theory. The linear theory calculations for this wing and flow parameters 
are presented in [6]. Note that on this experimental model for the case of a smooth wing, detailed studies on the 
evolution of artificial localized disturbances were carried out [6-8]. It was found that in the measured region, linear 
theory gives results close to experimental ones. 

 
FIGURE 4. Disturbances spectra of the boundary layer of the wing and with periodic roughness 
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Figure 4 shows the spectra of disturbances of the boundary layer for cases of a smooth wing surface and with 
roughness. For the cases of a modulated boundary layer, the disturbances recorded at the maxima of the modulation 
of the mean flow are presented. 

In the case of boundary layer of the wing with periodic roughness, the mass flow pulsation spectra differ from 
the case of a smooth wing. In contrast to the case of a smooth model, in the region of 10–40 kHz, growing 
disturbances are not distinguished. Similar spectra are observed at various points in the transverse direction. 

CONCLUSIONS 

Experimental data on the development of natural perturbations in an inhomogeneous supersonic boundary layer 
of a sliding wing with a supersonic leading edge with a free-stream Mach number M = 2 were obtained. 

The effect of periodic roughness on the model surface on the development of wide-spectrum disturbances during 
the laminar-turbulent transition is determined. It is shown that the modulation of the mean flow in the boundary 
layer of a swept wing with a sweep angle of 40 degrees can lead to stabilization of the development of disturbances 
in a wide spectrum of frequencies. 

A possible mechanism for stabilizing the development of natural perturbations in the case of a wing with 
roughness is the nonlinear interaction of travelling and stationary pulsations of the type of “oblique breakdown”. 
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Abstract. The paper presents the results of an experimental study of the processes of obtaining a permanent connection 
of porous stainless steel using laser welding and some technological methods (intermediate inserts of monolithic metal, 
nanomodifying additives). It was established that in order to obtain a durable defect-free joint, it is necessary to use an 
intermediate insert made of compact metal of the same composition as the welded parts, placed between the ends of the 
butt-welded parts. The use of modifying additives based on refractory joints increases the dispersion and uniformity of 
the weld structure, which positively affects the mechanical characteristics of the welded joint. 

INTRODUCTION 

The porous metals are a new class of structural materials. Much attention paid in recent years to these materials 
is associated with their unique properties: lightness, high heat-, noise-, and shock-protection characteristics, 
combined with high specific strength. Such materials are especially in demand in the production of spacecraft, 
aircraft, and shipbuilding. One of the factors hindering the widespread use of porous metals is the problem of their 
combination in a single design. Traditional fusion welding technologies for joining porous elements are of little use. 
A promising method for joining parts from porous materials is laser welding. However, the features of physical 
processes that underlie this method are not well understood, which is the reason for the relatively rare use of a laser 
for welding porous metals [1-4]. 

The aim of this work was to study the influence of laser welding modes and technological methods 
(nanomodification), the use of intermediate inserts [5, 6] on the structure and mechanical characteristics of butt weld 
of porous stainless steel plates. 

EXPERIMENTAL TECHNIQUE 

To carry out the experimental work, we used porous stainless steel plates of Ni-Cr-Fe systems with a porosity of 
35% and a size of (50 x 20 x 2) mm. The preparation of the plates included the cleaning of the areas to be welded 
using sandpaper, washing with hot water, then drying and treating with acetone. Butt welding was carried out using 
a CO2 laser of continuous operation with a wavelength of 10.6 microns. As a nanomodifying additive, we used a 
nanostructured composite powder Ti+TiN [7], which was applied in the form of an adhesive composition on the 
surface of the plates in the area of the welded ends and the insert. The particle size of the TiN nanopowder was 30–
40 nm. Structural analysis of welded joints was carried out using a NEOPHOT-21 optical microscope. The character 
of the distribution of microhardness values over the width of the joints was determined on a LEICA device with a 
load of 10 to 50 g. The strength of welded joints was measured on a universal Zwick/Roell Z100 machine. Sections 
were prepared on automatic cutting and polishing machines (Presi). 

Welding of the samples was carried out at various values of the radiation power (0.8–1.6) kW and welding 
speeds of (0.8–1.7) m/min. To compensate for the lack of metal in the weld due to porosity and melt infiltration in 
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the adjacent areas of the plates, compact stainless steel inserts were used. For this, strips 20 mm long were cut from 
a steel sheet with the width of the plates being welded, the height slightly larger than their thickness (2.0–2.9) mm, 
and the width of (0.5–0.8) mm. 

RESEARCH RESULTS 

Inserts of different heights h = hp + h were prepared, where hp is the thickness of the plates,  is the excess of 
the height of the inserts above the surface of the plates. For the convenience of the welding process, the insert was 
glued to the ends of butt-welded plates with BF-6 glue, after which drying was carried out for 20 minutes. Figure 1 
shows photographs of thin sections of welded joints obtained using an intermediate insert with a height of h = 2 mm 
(equal to the thickness of the plates). The joints in Fig. 1 were obtained by melting from the front side (upper 
surface) only. The laser radiation power was 1.5 kW, and the welding speed was 1.5 m/min. The laser beam was 
directed to the middle of the insert at right angles to its surface, the focal spot was located on the lower surface of 
the insert (depth F = -2 mm). 

Figures 1 and 2 present macrographs characterizing the morphology of welds at various  values, unmodified 
(Fig. 1) and modified (Fig. 2) with a nanostructured TiN+Ti powder. 

 

  
(a) (b) 

FIGURE 1. Morphology of unmodified welds of porous steel using a compact insert at the welding modes: 
v = 1.5 m/min, W = 1.5 kW, f = -2 mm; (a)  = 0.85 mm; (b)  = 0.75 mm 

 

  
(a) (b) 

FIGURE 2. Morphology of modified welds of porous steel using a compact insert at the welding modes: 
v = 1.5 m/min, W = 1.5 kW, f = -2 mm; (a)  = 0.65 mm; (b)  = 0.55 mm 

 
Of great importance for the formation of high-quality joints are the geometric parameters of the inserts, choosing 

the values of which, one can get welds with a roller, or even with the base metal. It was established that for the 
formation of the weld even with the welded plates with a thickness of 2 mm and a porosity of ~ 35%, the excess part 
of the insert should be ~ 0.6 mm (Fig. 2). The use of nanomodification leads to a slight increase in the weld width 
and straightening of the side borders, obviously due to an increase in coefficient of the absorption of the laser beam 
energy as a result of applying a modifying composition to the surface of the welding zone. 
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(a) (b) 

  
(c) (d) 

FIGURE 3. Micrographs of the welded joint in the transition zone (a), (c) and in the central zone of the weld (b), 
(d) without modifier (a), (b) and with a nanomodifying additive (0.2% TiN+Ti) (c), (d) 

 
Photos in Fig. 3 illustrate the microstructure of welds and heat-affected areas formed without nanopowders and 

using a nanomodifying additive TiN+Ti. As can be seen from micro-graphs of thin sections of unmodified samples 
in Fig. 3 a, b and Fig. 1, the welded joint has a rough columnar structure extending from the periphery to the center 
of the weld. Nanomodifying additives reduce the size of columnar dendrites and form a globular structure in the 
central weld zone (see Fig. 2, Fig. 3 d), which positively affects the mechanical properties of the cast metal. The 
relatively narrow central zone of influence of the nanomodifier on the structure is probably related to the peculiarity 
of convective melt flows in the weld pool, which determine the concentration of nanoparticles in the central region 
of the pool. 

In the thin sections in Fig. 3 a, c, uneven boundaries between the porous metal and the remelted weld metal, and 
narrow regions of infiltration (in the modified sample, they are much wider) of the melt into the porous metal are 
visible. Figure 4 shows the results of a change in the hardness of the metal in the transverse direction in the weld 
region for unmodified and modified samples. 

 

 
FIGURE 4. The distribution of microhardness across the region of the joint of porous plates: 

(1) base metal, (2) infiltration zone, (3) weld 
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It can be seen that the microhardness of welds in modified samples is slightly higher than in unmodified ones 
and, in contrast to unmodified joints, is characterized by a more uniform distribution over the width of the weld. 
Taking into account the direct relationship between strength and hardness, it is possible to predict higher strength 
properties of the weld in modified samples. In the study of the tensile strength, all samples (modified and 
unmodified) showed fractures in the base metal (Fig. 5), which indicates higher values of the tensile strength of the 
metal in the weld area. 

 

 
FIGURE 5. Photos of samples after tensile tests 

 
Figure 6 shows the results of testing the bending strength of joints, and Fig. 7 shows photographs of the 

corresponding samples after bending. 
 

 
FIGURE 6. Bending strength diagram of welded joints and base metal after permissible bending; 

(1) welded joint without NP, (2) welded joint with NP, (3) base metal 
 

 
FIGURE 7. Photo of welded sample after permissible bending 
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Samples were preliminarily subjected to heat treatment in a vacuum furnace at a temperature of 700 °C. As can 
be seen from the graphs and photographs, welded joints allow the impact of significant bending moments. In this 
case, the bending strength of welded joints without NP is close to the strength of the base metal, and for joints with 
NP it is slightly higher (~ 7%). 

CONCLUSIONS 

Based on the metallographic analysis of the welded joints of porous plates, it has been found that in order to 
obtain a quality defect-free weld, it is necessary to use an intermediate insert of compact metal placed between the 
ends of the welded plates with an excess part /  ~  0.25–0.3. The position of the focal spot should be set at a 
depth equal to the thickness of the plates, i.e. on the bottom surface of the plates, and the laser beam should directed 
to the middle of the insert. To obtain a weld with a roller or even with the welded plates, the height of the insert 
must exceed the thickness of the plates. 

The use of modifying additives based on titanium nitride increases the dispersion and uniformity of the structure 
and properties of the weld, which positively affects the mechanical characteristics of the metal. The performed 
tensile strength tests showed the destruction of welded samples by the base metal only, and bending tests showed an 
increase in the strength of the nanomodified weld in comparison with the base metal and the welding without NP. 
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Abstract. In this work, the method for changing the average parameters of a boundary layer using a two-dimensional 
obstacle is studied. A change in the average parameters leads to a change in the growth conditions of disturbances and, 
thereby, to their suppression. 

INTRODUCTION 

The control of the laminar-turbulent transition is one of the key tasks in the design of hypersonic aircraft. One of 
the most promising areas of control are passive methods of suppressing pulsations in the boundary layer, for 
example, the porous wall [1], the wavy wall [2], as well as the creation of special roughness’s [3]. The latter method 
was proposed recently and there are very few experimental works devoted to checking its effectiveness. In this 
paper, we study the effect of two-dimensional roughness on the development of perturbations in the boundary layer 
of a cone with a free flow Mach number of 5. 

EXPERIMENTAL EQUIPMENT 

The studies were carried out in a wind tunnel T-327b ITAM SB RAS. This is a blow-down wind tunnel with the 
profiled nozzle at M = 5, an output nozzle diameter of 110 mm, the run duration of up to 50 sec, the range of total 
pressures from 0.5 to 16 bar and the total temperature of 295-300 K. The experiments were carried out at Mach 
number M = 5, the total temperature T0 = 295 K, the total pressures P0 = 1; 1.5; 2; 2.5; 3, atm. (Re1 = 2.9; 4.3; 5.8; 
7.2; 8.8*106 1/m). A steel 5-degree half-angle pointed cone with holes for pressure sensors PCB (Fig. 1, x = 265 mm 
(PCB1) and 272 mm (PCB2) from the nose-tip) was used as a model (Fig.1). The cone length was 285 mm. 

To measure pressure pulsations, high-frequency pressure sensors PCB 132A31 were installed on the surface of 
the model. Data from PCB sensors were collected with a frequency of 1 MHz by a four-channel ADC module 
L-card E20-10. Spectra for each of the PCB sensors were averaged over a time range of 100 ms. 

To apply or change two-dimensional roughness on the surface of the model without pulling out the model from 
the test section, it was decided to use a plastic material. As such material, sculptural plasticine was chosen. On the 
one hand, it is quite plastic, on the other hand, it is less fluid than ordinary plasticine and has sufficient hardness at 
room temperature. Because the total temperature in the wind tunnel T-327b is room temperature, this plasticine does 
not change shape during a run. 

For the manufacturing of a roughness, the material was softened using a heat gun, applied to the surface of the 
model and formed using specially made forms. Then, to remove the tears, it was heated again to a state of light 
melting of the surface. The roughness shape was selected so that the height was less than the thickness of the 
boundary layer (in the range of 0.3-0.5 thickness of the boundary layer), and the width was approximately 1-2 
thicknesses of the boundary layer [3]. Thus, the roughness parameters in different sections should be different. To 
determine the roughness parameters in different sections, two-dimensional calculations of the flow around the cone 
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were carried out, and the thickness of the boundary layer along the generatrix of the cone was determined for 
different regimes of the flow. 

The following roughness configurations were investigated: 
1. Single two-dimensional roughness 0.3 mm high (~ 0.2δ), 1.5 mm thick (~ δ) at a distance of 155 mm from the 

model nose - small roughness 
2. Single two-dimensional roughness 0.8 mm high (~ 0.5δ), 7.6 mm thick (~ 4δ) at a distance of 257 mm from 

the model nose - wide roughness 
3. Three two-dimensional roughnesses: 1 - 0.4 mm high (~ 0.4δ), 1.6 mm thick (~ δ) at a distance of 207 mm 

from the nose of the model; 2 - 0.6 mm high (~ 0.4δ), 2.3 mm thick (~ 1.4δ) at a distance of 221 mm from the nose 
of the model; 3 - height 0.8 mm (~ 0.5δ), thickness 3 mm (~ 1.8δ) at a distance of 243 mm from the nose of the 
model — triple roughness (Fig. 1) 

4. The same configuration as No. 3, only without roughness 3 - double roughness 
 

 
FIGURE 1. Two-dimensional roughness configuration No. 3 (triple roughness) 

RESULTS AND DISCUSSION 

Figure 2 (PCB1) and Fig. 3 (PCB2) show a comparison of the spectra of pressure pulsations on the model wall 
without roughness (solid line) and with different types of two-dimensional roughness for P0 = 2 atm., Re1 = 
5.8*106 1/m. 
 

 
FIGURE 2. Spectra of pressure pulsations on the PCB1, P0 = 2 atm., Re1 = 5.8*106 1/m: solid line - without roughness; 
dotted line with dots - configuration 1; solid line with circles - configuration 2; solid line with crosses - configuration 3; 

solid line with asterisks - configuration 4 
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FIGURE 3. Spectra of pressure pulsations on the PCB2, P0 = 2 atm., Re1 = 5.8*106 1/m: solid line - without roughness; 
dotted line with dots - configuration 1; solid line with circles - configuration 2; solid line with crosses - configuration 3; 

solid line with asterisks - configuration 4 
 
The plots show that all types of roughness led to a decrease in the amplitude of the pulsations in the frequency 

range of 20-70 kHz. In the higher-frequency region, both an increase in the perturbation amplitudes (Fig. 2 
configurations 3 and 4 (crosses and asterisks), Fig. 3 configurations 2 and 3 (circles and crosses)) and a slight 
decrease in amplitudes (from 160 kHz Fig. 2 and 3 configurations 1,2,4) is observed. It is interesting to note the 
different effects of configuration 2 (circles) on PCB1 and 2: the first sensor shows a clear decrease in Fourier 
amplitudes in the entire frequency range, and on the second sensor the decrease in Fourier amplitudes is presented 
only in the range of 20-70 kHz. This behavior is most likely due to the fact that the roughness in configuration 2 is 
very close to the sensor 1 and PCB1 is inside the separation zone from the roughness, and PCB2 is at the boundary 
or outside the zone. 

With an increase in the Reynolds number, the effect of two-dimensional roughness becomes more pronounced 
(Figs. 3 and 4). 

 

 
FIGURE 4. Spectra of pressure pulsations on the PCB1, P0 = 2.5 atm., Re1 = 7.2*106 1/m: solid line - without roughness; 
dotted line with dots - configuration 1; solid line with circles - configuration 2; solid line with crosses - configuration 3; 

solid line with asterisks - configuration 4 
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 FIGURE 5. Spectra of pressure pulsations on the PCB2, P0 = 2.5 atm., Re1 = 7.2*106 1/m: solid line - without roughness; 

dotted line with dots - configuration 1; solid line with circles - configuration 2; solid line with crosses - configuration 3; 
solid line with asterisks - configuration 4 

 
It can be seen that in the entire frequency range at the first and second sensors pulsation amplitudes decrease, 

with the exception of configuration 3 on PCB1 (Fig. 4, amplitudes from 100 to 170 kHz have not changed) and 
configuration 2 on PCB2 (Fig. 5, amplitudes from 90 to 170 kHz increased). The behavior of configuration 2 has 
already been discussed above, so the increase in amplitudes in this case on the sensor 2 may not be considered. 

CONCLUSION 

Thus, it was found that due to the two-dimensional roughness, it is possible to reduce the amplitudes of 
perturbations in the boundary layer. At the same time, it is clear that the parameters of two-dimensional obstacles 
(geometric dimensions, position relative to the nose of the model) affect the pulsation spectra differently and more 
thorough studies of this issue are needed. 
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Abstract.The possibility of using unevenuniform sowing of condensate of the carbon dioxide for experiments to 
determine the flow rate using the PIV method was studied. The work was performed on wind tunnel T-327b. In the 
experiments model of sharp cone was used. The results of experiments with uneven sowing of CO2were compared with 
the velocity fields obtained using glycerol vapors. 

INTRODUCTION 

The flight of vehicle with hypersonic speed in the atmosphere is accompanied by a strong heating of its surface. 
This factor is a big economic problem, because to account for it, it requires the creation of thermal protection 
systems on the vehicle, which will have a large mass, and, as a result, lead to a decrease in the useful mass of the 
vehicle. One of the main parameters that significantly affect the heating intensity is the flow mode. In the laminar 
flow, the aircraft experiences minimal thermal loads, but when switching from a laminar flow to a turbulent flow, 
the thermal load on the surface increases several times. Despite significant advances in understanding the processes 
of nonlinear development of perturbations that cause the transition, nonlinear processes are still poorly understood. 

Methods for studying structures at subsonic and supersonic speeds, that are formed due to the interaction of 
developed perturbations with each other. This method includes the studying evolution of pre-generated periodic 
perturbations localized in space with known initial characteristics. Input of perturbations is carried out using blow-
suction, vibration of surface elements or strings, electric discharges. The study of the evolution of controlled 
perturbations makes it possible to clarify the mechanisms of formation of vortex and lambda structures with further 
formation of a turbulent spot for subsonic flow [1], or for example, to study the wave and phase characteristics of 
processes occurring before the formation of a turbulent spot at supersonic speeds [2]. The use of such methods for 
hypersonic flows is complicated – in particular due to the fact that the dominant disturbances leading to the laminar-
turbulent transition have a frequency exceeding 100 kHz, which is several orders of magnitude higher than in the 
case of subsonic and supersonic flows. This limits the possibility of input of perturbations into the boundary layer, 
and also reduces the number of applicable research methods for studying the development of perturbations, 
especially in short-term installations. The search and development of experimental methods for generating and 
investigating artificial perturbations is an urgent task at the present time and is the goal of this work. 

In the previous work [3], it was shown that the optical methods (thermal imaging and shadow methods) allows to 
record the development of turbulent spots and predict the position of the beginning and end of the laminar-turbulent 
transition with good accuracy, but they are not applicable for studying the development of disturbances. 

In another paper [4], when analyzing the relaxation time of particles of different gases, the possibility of using 
Particle Image Velocimetry (PIV) was shown to study high-frequency processes occurring in the hypersonic 

the spatial characteristic of the perturbations, flow rates, as well as the absence of a perturbing effect on the object of 
research. The disadvantages of this method arise from the choice of seeding particles. The use of solid substances 
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such as polystyrene, aluminum oxide, titanium dioxide and magnesium oxide often require the development of 
systems for entering the incoming gas stream and leads to contamination of the installation elements, model and 
working part. Using sprayed liquids such as glycol, water and silicone oil, these particles have a large mass, which 
prevents the study of high-frequency disturbances in the boundary layer at supersonic speeds. An alternative 
material is a condensed gas, such as carbon dioxide, which is safe for the working part of the wind tunnel and the 
model, and most importantly has similar mass characteristics with the airflow. However, the supplied CO2 gas is 
uniformly seeding the flow, which allows us to study the thickness of the boundary layer and visualize turbulent 
spots, but does not allow us to study the flow velocity fields above the model. The current work aimed to solving 
this problem by creating a flow with a non-uniform distribution of CO2. 

EXPERIMENTAL EQUIPMENT 

The work was performed at aerodynamic wind tunnel T-327b (Fig. 1), which allows to obtain constant flow 

experiments were carried out at stagnation pressure of P0 = 1– 4.2 bar, and at stagnation temperature of T0= 293K. 
 

 
FIGURE1. Hypersonic wind tunnel T-327b 

 
The velocity fields were measured by means of the PIV method. To evenly sowing of flow the glycerine pairs 

with a calibrated particle size (0.8 microns) and carbon dioxide particles (CO2, 0.1 microns) were used. The particles 
were introduced through the pipeline, together with the airflow. The velocity fields were measured using the PIV 
system of Dantec Dynamics. The particles were illuminated by a LitronNanoL ( -

). The plane of the laser knife passed through the axis of symmetry of the nozzle. The position of 
the particles was 
recovery of the velocity field from the images of tracers was performed using cross-correlation adaptive algorithms 
with a continuous window offset, a single grid division and deformation of the computational domain. The 

 
In the experiments the conical sharp model was used (Fig. 2). A model with a half-

zero angle of attack. The model was partially introduced into the nozzle to allow illuminate the area of flow above 
the back of the cone by the laser knife (Fig. 3).  
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FIGURE 2. Photograph of the model in the working part of the T-327b 

 

 
FIGURE 3. The scheme of the experiment. 1 – area of research, 2 – laser knife, 3 – model, 4 – nozzle section

 
For uneven sowing of the airflow, a perforated ring made of a copper tube was installed in pre-chamber of the 

wind tunnel in the immediate vicinity of the inlet of nozzle. The copper tube with a diameter of 6 mm had 10 
equidistant holes with a diameter of 2 mm, which were directed to the axis of the pre-chamber (Fig. 4). The pressure 
of carbon dioxide (8 bar) supplied to the tube exceeded the stagnation pressure of the incoming airflow, this allowed 
for uneven sowing of the airflow by CO2 particles during the entire run of the T-327B. 

 

 
FIGURE 4.Scheme for introducing CO2 into the air stream. 
1 - laser, 2 - ring of perforated copper tube, 3 - cone model 
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with different voltage sources allowed controlled spark discharge on the surface of the model. Spark discharge was 
generated using a power source (Umax Imax=1.3 A) in which the current supplied to the dischargerwas 
modulated by a control signal of a rectangular generator, which made it possible to control the discharge frequency. 

THE INTRODUTION ARTIFICIAL PERTURBATIONS 
IN HYPERSONIC BOUNDARY LAYER 

The introduction of controlled disturbances into the boundary layer of the model in hypersonic flows is 
complicated by a low pressure level in the flow, which reduces the probability of a spark breakdown between the 

 V) was 
applied to the discharger. There was an accumulation of charge at the cathode followed by discharge to the anode, 
which allowed generating a signal with a low current (20-40 mA) at a voltage of 620 V. The glow discharge mode 
was implemented, but it was not enough to create visible disturbances in the boundary layer. When developing a 
power source in which the current supplied to the spark gap was modulated by the control signal of a rectangular 
generator, it became possible to implement a spark discharge mode and generate controlled artificial disturbances. 
However, the use of this power source has led to the exclusion of the use of expensive equipment-surface pressure 
sensors and a thermal anemometer sensor, in order to avoid the release of sparks on the metal parts of the sensors. 

To register artificial perturbations, we used an optical method for visualizing the boundary layer described in [4], 
in which a uniformly distributed sowing by carbon dioxide particles was used to dust the incoming flow. 

r for laminar flow around the model. In this 
  K), the process of condensation of CO2 in the nozzle of the wind 

tunnel occurred. When illuminated with a laser knife, three zones were visible: condensed CO2 particles in the 
stream, an unlit boundary layer, and the illuminated surface of the model. In experiments with spark discharge, in 
the measurement zone, downstream from the source of disturbances, pronounced structures were obtained (F
These structures are heat spots of a certain shape and had a length of several thicknesses of the boundary layer. 
These structures were not detected earlier in experiments with the introduction of artificial perturbations by a glow 
discharge or without the introduction of artificial perturbations. 

 

 

 

 
(a) (b) 

FIGURE 5. Carbon dioxide visualization of the laminar boundary layer. 
a – without introdution of perturbation (Re1 = 6.2·106 1/m), 

b – three frames for different time points with introdution of artificial perturbations (Re1 = 10·106 1/m) 
 

Experiments using the PIV method were performed at P0 = 2 bar and T0 = 293 K. The airflow was sowing by 
glycerol vapors (Fig. 6a), uneven sowing by CO2 gas (Fig. 6b), and simultaneous sowing of CO2 and glycerol 
vapors( Fig. 6c). The use of uneven CO2 sowing leaves it possible to visualize the hypersonic boundary layer (as 
described above). In addition, when sowing occurs, longitudinal structures are formed, on large scales of which it is 
possible to conduct cross-correlation to determine the speed. The flow rate was calculated using the calculated 

 mm coordinate. For all other cases of 

flow flow 
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dust, the window was 32×8 pixels. Experiments to determine the speed when using sowingby glycerol vapors were 
used as reference, in which the flow rate coincided well with the calculated data of the flow around the cone model. 
The comparison results are shown in Fig. 7. It can be seen that increasing the calculation window improves the 
calculation of the speed for uneven seeding with CO2 particles, but the difference with glycerol vapors is about 
100 m/s. However, the combined use of glycerol and CO2 vapor seeding eventually allowed us to leave the flow 
visualization and accurately calculate the airflow rate. 

 

(a) 

 

(b) 

(c) 

 
 

FIGURE 6. Sowing for the PIV method. a – glycerol vapor, b – uneven sowing by CO2 gas, 
c – simultaneous glycerol vapor and uneven sowing by CO2 

 

 
FIGURE 7. The flow rate profiles in the x  

flow
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CONCLUSIONS 

The artificial disturbances by electric discharge were introduced and optical visualization of their propagation in 
the hypersonic boundary layer was performed. 

Experiments to determine the flow rate flowing around a model of a pointed cone with a half-solution angle of 
 degrees using the PIV method when sowing with glycerol vapors, uneven CO2 dusting, and simultaneous sowing 

of CO2 and glycerol vapors were performed. 
The results were compared with the velocity values obtained when the flow was uniformly sowing with glycerol 

particles and showed a good match. 
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Abstract. The paper presents the results of an experimental study of an optical discharge plasma obtained by absorbing 
radiation from a pulsed-periodic radiation of a CO2 laser with a pulse repetition rate of 40 kHz and an average power of 
1.6 kW. In order to increase the length of the breakdown plasma the laser beam (diameter 25 mm) was focused in the in 
an argon subsonic flow by a lens with a focal length f = 254 mm. To visualize the process, we used a FASTCAM SA-Z 

registering an optical scheme varied by using a Foucault knife, diaphragms, and light filters in order to develop optimal 
methods for obtaining data. The experimental results showed that the plasma dynamics has two successive stages: from 
the high-speed optical discharge propagation with absorption of radiation behind the laser supported detonation (LSD) 
wave front to the next less speed stage. 

INTRODUCTION 

In many studies of laser energy supply with an optical breakdown of gas, the laser spark mode is often used and 
is sufficiently studied [1]. For a short duration of the radiation pulse and a small diameter of the caustic of the 
focused beam (the condition of “instantaneous” and “point”), the dynamics of the breakdown plasma corresponds to 
the model of point explosion [2, 3]. It is also known [4, 5] that in the elongated caustic of the beam, radiation can be 
absorbed in a narrow plasma layer behind the front of the light supported detonation (LSD) wave. In contrast to the 
laser spark regime, behind the front of the LSD wave the dynamics of the laser plasma changes significantly, 
forming a high-speed plasma jet flow along the direction of the laser beam [6]. Consequently, the laser breakdown 
plasma acquires a pulse directed along the radiation propagation, the magnitude of which was first determined in [7]. 
There are new opportunities for the use of laser radiation, both in studies of the effects of laser energy supply in gas 
flows and, possibly, new technologies, where there will be a need to use high-enthalpy and high-speed plasma micro 
jets created by laser radiation. However, due to the small spatial-temporal scales, this high-speed mode of 
propagation of laser breakdown has not been studied enough no resulting in its practical applications. 

The purpose of this work is to determine the structure and parameters of the plasma flow in an optical discharge, 
initiated by CO2 laser [8] radiation, operating in a pulsed-periodic (repetition rate 40 kHz) mode, with an average 
radiation power of 1.5– 2 kW. The main objective is an experimental study of the plasma dynamics of an optical 
pulse-periodic discharge in a subsonic argon flow by high-speed visualization methods, with data analysis based on 
physical models of the propagation of optical discharges. 

Research methods and tools: high-speed light emission registration and schlieren-method visualization [10], 
using a knife, diaphragms and light filters in order to work out the optimal methods of obtaining data that allow 
identifying the main structures of laser breakdown in gas. Lens Zn-Se with a focal length f of 254 mm provided an 
elongated caustic (up to 3 mm) of a beam with a diameter D of 27-30 mm . The process was recorded with 
a FASTCAM SA-  of 200 000 fps. 
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EXPERIMENTAL CONDITIONS 

The gas breakdown (Fig. 1) occurs at the radiation focusing point at a distance of 5-6 mm from the edge of the 
slotted channel with a cross section of 10 mm (in the direction of observation) and 3.5-3.7 mm in height. Previously, 
the focus point was determined visually by burning the targets. The pressure at the channel inlet within 1.5–1.8 atm 
ensured a subsonic argon flow at a speed of up to 200 m / s. For high-speed discharges, the velocity value does not 
matter much, but at the same time, the flow provides a plasma displacement (with an assumed length of no more 
than 3-4 mm) by 5 mm at a pulse repetition rate of 40 kHz. The experimental results showed the validity of this 
choice of parameters. 

Z  

FIGURE 1. Laser beam focusing in an argon flow 
 
The pulse-periodic discharge was realized at the frequency of 40 kHz laser pulse repetition rate, which was set 

by a mechanical modulator (rotating disk, 400 slits and 0.5 mm gaps). Unlike the electronic shutter of a camera, a 
mechanical modulator (rotation radius of 120 mm, frequency of 100 r/s) does not provide an accurate time interval 

 000 fps). The main reason for varying this time interval is 
the accuracy of the gap between the slits. Therefore, with an accuracy of ± 0.1 mm, the deviation is tdev 

systematizing the obtained images of the plasma emission of a pulsed-periodic discharge. 

LASER DISCHARGE REGISTRATION WITH STRONG DECREASE 
OF PLASMA GLOW

For the maximum allowable attenuation of the glow of the object in the frame, a diaphragm of 1 mm in diameter 
was used, located instead of the knife in the schlieren visualization scheme. The glow was recorded only on two 
consecutive frames, with an extrem

- very weak, moreover, at a distance near the 
beam focusing point (i.e., about 5 mm from the channel edge). The systematization of the sequence of a large 
number (up to 1000) of images, accounting the possible mismatch of shooting and breakdown frequencies, made it 
possible to establish a chronological pattern of plasma glow in the experiments. Even in the absence of 
synchronization of discharge and the opening of the electronic shutter of the camera. Note the fact that the 
overwhelming number of images are visually identical, which indicates acceptable stability of the energy parameters 
of laser radiation. 

The following Fig. 2 show revealed chronology of plasma glow. Three central frames in the middle column 
correspond to the condition that both processes: optical breakdown and the camera shutter opening coincide in time. 
In the upper line - pictures before the breakdown, in the bottom - after the breakdown. In the left column, the shutter 

- later, approximately so. As already shown, 
the lead / delay time is determined by the radiation modulator device. In the pictures on the left, the discharge moves 
towards the beam; on the right, the discharge is in the final stage and the glow is already weakened. 

Thus, we can conclude that, during laser breakdown in its initial stage, a linear structure with a length of up to 
5 
high-  
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However, this raises the question of the appearance of a bright glow near the channel edge, when the discharge is 
in the final phase and the intensity of the laser radiation pulse decreases. To solve this problem, data are required 
both on the dynamics of the radiation absorbed by the plasma and on the plasma parameters under the high-speed 
breakdown regime. 

 

 

   
t-  breakdown, t =   

   

   

   
 

   
FIGURE 2. The glow chronology  of the plasma breakdown 

HIGH-SPEED DYNAMICS OF LASER DISCHARGE 

In estimating the dynamics of the parameters of the high-speed breakdown regime, we use the model of the 
regime of absorption of laser radiation behind the front of the LSD wave. This mode is realized at a laser power 
density from (1–2) 108 W/cm2, which corresponds to the conditions of the experiments. 

The flow pattern behind the front of the LSD in the gas was analyzed in [6] by numerical simulation. A 
characteristic feature of the regime is a high front velocity V (of the order of 10 km/s) and the formation of a jet 
stream of a high enthalpy plasma behind the front, a plasma velocity in the range of (0.4–0.5) V at a distance of 10–
100 beam diameters. It is shown that the distribution of parameters behind the front with good accuracy (no more 
than 10%) can be determined based on an analytical approach, which was used in this work to obtain the necessary 
quantitative data to compare with experimental results. 

030070-3



In Fig. 3 presents: on the left (a) is the oscillogram of the laser radiation pulse, in the center (b) is slightly
simplified dynamics of the power, so that the total impulse energy of 40 mJ corresponds to an average power of 1.6 
kW of pulse-periodic (40 kHz) radiation. Since the pulse of the radiation transmitted through the plasma was not 
measuring, the results of previous studies (on the right, (c)) show that the main absorption (up to 50–60%) occurs 

characteristic points are distinguished: 1 - - - 
approximate boundary of the beginning of the "plateau", that weakly affects the result of distance estimation, 3- the 

teristic kinematic parameters of the LSD front obtained with allowance for 
the power distribution — the velocity and distance traveled in the corresponding time intervals for the characteristic 
points of the laser impulse, are presented also in the Table 1 and Table 2 for full and partial (50%) absorption. 

 

 
 

 
(a) (b) (c) 

FIGURE 3. Oscillogram of a laser radiation pulse (a); simplified dynamics of the power pulse (b); 
oscillograms of incident, transmitted laser pulse as well as a glow of a breakdown plasma (c) 

TABLE 1. The characteristic kinematic parameters in the beam caustic (d = 0.15 mm) of the LSD front. 
Characteristic 
Impulse Points 

t, 
 

W, 
kW 

LSD speed V, 
 

Power loss - 50%, 
 

 
t (0.3-  

1 0.3 34.5 10 8 4–5 
2 0.8 6.8 5.8 4.6 4–5 
2+ 1.0 6.8 5.8 4.6 4–5 
3 3.8 6.8 5.8 4.6 4–5 

TABLE 2. The characteristic kinematic parameters at L = 4 mm (accounting for the increase in d) of the LSD front. 
Characteristic 
Impulse Points 

The diameter of the beam in 
the distance L 

The decrease in the 
 

Increase in the distance L,  
t = (1.0 -  

2 (1.15–1.23)×d 4.2–4.0 +(3-4)
2+ (1.15–1.23)×d 4.2–4.0 +(3-4) 

 
At the peak, the velocity of the LSD is 10 km / s, but for conditions with partial absorption, the maximum 

velocity is 8 km / s and then decreases to 4.6 km/s.  In this case, the distance traveled in the time interval (0–
consist about 4-5 mm, which exceeds the length of the beam caustic (2.5–3 mm). At this distance of 4–5 mm, the 

which decreases to 4.0–4.2 km / s. With further possible move, i.e. 

was not observed in the experiment. In contrast to the expected, in the final stage of the breakdown, it was recorded 
a localized (1–1.5 mm) region of luminescence enhancement. In addition, the appearance of this enhancement may 
result in a second peak of the plasma radiation oscillogram observed in previous experiments (Fig. 3, c). 

The plasma glow depends on the dynamics of its parameters behind the front of the LSD. In Fig. 4 shows the 
axial distribution of pressure and enthalpy behind the front, calculated within the framework of the analytical model 
[6] for the LSD regime. Behind the peak the parameters decrease so, that at a distance of several beam diameters 
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(z = x/d = 1-5) the enthalpy decrease is about 50%, the pressure decreases to pressure close to an environmental 
value. The obtained distributions make it possible to calculate the change of the plasma radiation power [W/cm3], 
integrated over the spectrum. The method used was proposed and tested in experiments of [ ] with argon plasma of 
continued optical discharge. The plasma radiation flux integrated over the spectrum (Fig. 4, b) shows a strong 
decrease, in particular, by almost three orders of magnitude at z = 3. Consequently, a very large fraction of the 
radiation is concentrated in a narrow layer (up to three beam diameters) of the plasma behind the LSD front. 

 
 

(a) (b) 

FIGURE 4. (a) - axial distributions of pressure (1), enthalpy (2) behind the LSD front, 
(b) - the plasma radiation power (rel. units); z = (distance x from the front/beam diameter d) 

 
Confirmation of the validity of the data based on the approach used is an estimate of the plasma energy balance 

behind the LSD front. The enthalpy flux Fh = 2.5×108 W/cm2 calculated from this data is close to the magnitude of 
the laser energy flux FL = 2.3×108

 W/cm2 which ensures plasma heating by the LSD wave. Along with this, the 
energy losses of plasma radiation with a relative length z = 20 are Frad = 2×107 W/cm2, which is less than 10% of the 
laser energy flux. 

Thus, when registering a process with a strong attenuation of plasma glow, the "catched" illumination of the 
frame is provided by the brightest narrow layer (1-3 beam diameters) of the plasma during the propagation of the 
LSD front. Moreover, the level of illumination depends on both the radiation intensity and the front velocity. In the 
experiment, the speed decreases by half, from 8 to 4 km/s, while the radiation intensity of the plasma layer decreases 
much more, about 100 times. Therefore, the camera will detect a decrease in the illumination to its disappearance 
when the LSD moves towards the beam as the front velocity decreases. 

This circumstance allows us to suggest that the observed subsequent bright glow is due to a sharp decrease in the 
plasma velocity due to the termination of the LSD regime and the subsequent absorption of already less intense laser 
radiation in the regime of (a) a laser spark or (b) a fast ionization wave. The assumption of disruption of the LSD 

plasma behind the front in the assumed range of velocities of the LSD. As is known, the criterion for the existence of 

much less than unity, at least less than 1/10. The results of evaluating this parameter as speed decreases within 10–
3 km/s are in Fig. 5. 

 
FIGURE 5. The ratio /d (d = 150 m) for CO2-laser radiation in dependence on the LSD velocity 
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When the front velocity of the LSD 
violates the fulfillment of one of the basic necessary conditions for the existence of the LSD regime. Note that for 
the argon breakdown threshold (1.8×108 W/cm2), the velocity V LSD regime, arising 
at an ultra-threshold power density, exists even when it decreases, but for a continuous flow of radiation energy, as 
was shown in a number of publications. 

GASDYNAMICS OF PLASMA BREAKDOWN 

When changing the recording conditions, in particular, increasing the aperture diameter, the luminescence level 
increases significantly, a noticeable change in the luminescence of the plasma region is recorded in the flow (frames 
1-3 in Fig. 6), which weakens significantly to the 4th frame (therefore, not shown) and is recorded only in the region 
of gas breakdown. Besides, a breakdown forms both in one and in several close “points”. Perhaps, presence of small 
particles in the flow provokes a multipoint breakdown. Nevertheless, the next glow configuration in frames of the 
second column becomes almost the same. Thus, in this series the results of experiments with increased illumination 

a and the environment. 
The plasma expands in the radial direction, stronger in the region of the initial breakdown (second frames), with the 
subsequent formation of vortex-like structures (third frames). 

 

   
(a) (b) (c) 

FIGURE 6. The dynamics of the glow of the plasma breakdown: (a) – first frames, (b) – second frames, (c) – third frames 
 
In the following Fig. 7 presents the results of visualization obtained by the schlieren method. The duration of the 

glow of the probe laser beam 0.1– ined by turning it on with a delay of 0.8–
camera shutter (exposure time - 
an SW speed of 0.5 km / s, the front displacement (“blurring” of the image) will be no more than 0.1 mm. 
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FIGURE 7. Visualization results obtained by the schlieren method 
 
At the beginning (left column) the images of the initial stage of breakdown are presented. At more advanced (not 

more one s
the center), blast waves appear that are close in shape to an ellipse, the major axis is directed along the beam, and the 
length is determined by the length of the plasma. In most of the images, the shock wave covers the entire 
luminescence region, and its front is ahead of the front plasma boundary. In some of the images, the plasma is 
adjacent to the upper edge of the channel, caused by a small beam shift in this series of experiments. Estimates using 
the theory of point explosion taking into account backpressure [3] for the energy parameter 4 mJ / mm (cylindrical 
geometry, 20 mJ / 5 mm) show that after 4– ck wave is 3.5–4 mm, 

characteristic radius of the shock wave is estimated at 5.5–6 mm and, therefore, the shock wave is outside the frame. 
However, in this case, the characteristic radius of the glow region changes slightly and does not exceed 0.5–1 mm, 
which correlates with the estimate of the low density radius (0.65 mm) obtained in the framework of the used model 
of point explosion. 

CONCLUSION 

The results of an experimental study of an optical pulsed-periodic discharge in an argon subsonic flow by high-
speed imaging (with a selected glow level) show that the plasma dynamics has two successive stages: from the high-

 discharge propagation with absorption of radiation behind the LSD front to the 
next less high-speed gas-dynamic stage. At the initial stage, a plasma structure extends along the axis of the beam, in 
which, in accordance with the physical model, the LSD-wave forms plasma micro-jet behind the front. In the 
subsequent gas-dynamic stage, the wave pattern in general manifestations, such as the characteristic scales of the 
shock wave, the region of high temperature and low density, correlates with representations within the framework of 
the point explosion model. 

However, a detailed data on relationship between processes of the initial to the subsequent stages one can obtain 
with an integrated approach. It is necessary to use methods of numerical simulation, based on the physical model of 
the high-speed discharge propagation mode (LSD), in which, in addition to the energy parameters, it is also 
necessary to account for the plasma momentum value acquired in micro-jet flow [7]. In the experiments, it is 
necessary additional data, at least about the glow of the discharge with a higher shooting frequency, with 
simultaneous measurement of the intensity of the incident and transmitted laser radiation. 
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Abstract. Numerical simulation of thermophysical processes is carried out when the surface layer of a two-component 
metal (Fe-C) substrate is modified by refractory nanoscale particles when heated by a moving inductor in a non-
stationary three-dimensional setting. Heating and melting of metal occurs when an induction high-frequency 
electromagnetic field (1200 kHz) is applied to its surface through a rectangular area. The distribution of electromagnetic 
energy on the surface of the substrate is uniform, and inside it is described by empirical formulas. We postulate in the 
model that the metal nanoscale particles are uniformly distributed in the melt. The boundary of the melting region is 
determined in the Stefan approximation, and the boundaries of the solidification region are defined according to 
Kolmogorov's theory of metal crystallization. The growth of the solid phase occurs on the surface of nanoparticles when 
the melt is undercooled. The model of non-equilibrium crystallization of the basic component of the alloy includes 
accounting for the dependence of the liquidus temperature on the concentration of dissolved carbon in the melt up to the 
eutectic point according to the non-equilibrium lever rule. In the simulation process, the temperature field distributions 
close to quasi-stationary, the size of the melting and crystallization zones, the kinetics of solid phase growth,    and the 
change in the concentration of the alloying component in the solidifying metal were determined, consistent with the value 
of undercooling of the melt in the two-phase zone. The influence of the initial temperature of the substrate material on the 
shape of the molten pool and crystallization zones is considered. It is shown that an increase in the initial temperature of 
the substrate, which leads to a decrease in temperature gradients in the processing zone and, as a result, to a slowdown in 
the crystallization process, can serve as one of the ways to regulate the structure of the surface layer. 

INTRODUCTION 

Iron-based alloys are the main materials in the industry. However, there are many problems in reducing defects 
and improving the strength of steel products. To improve the performance properties of parts and structures, 
induction treatment of the metal surface is widely used [1, 2]. One of the ways to improve the physical and 
mechanical characteristics of the metal surface layer under high-frequency induction heating is the introduction of 
specially prepared nanoscale particles of refractory compounds into the melt, on which heterogeneous nuclei  
formation is possible. This allows increasing the number of crystallization centers, grinding the structural 
components of the solidified metal [3-5] and favorably affecting the quality of the treated surfaces. Specially 
prepared particles of TIC, TiN, SiC, and other materials can serve as modifiers. 

To date, a significant number of experimental and theoretical studies have been conducted to improve the 
structure of the surface layer of products made of metals and alloys when exposed to their surface by highly 
concentrated energy sources, for example, [6-12]. In [12], the technology of using nanoscale refractory chemical 
compounds in the processing of the surface layer of metal has been described and the results of experiments confirm 
the reduction of the average grain size, which contributes to the improvement of strength properties. However, the 
possibilities of such a technology have not been sufficiently studied and evaluated.   

In [8, 11], a mathematical model is proposed and the solidification of an one-component alloy during processing 
of the metal surface layer using high-frequency induction heating has been considered. However, this model is not 
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applicable for multicomponent alloys when it is necessary to take into account changes in the crystallization 
conditions in the metal when its composition changes. Therefore, the construction and testing of a model of 
solidification of a multicomponent alloy that describes processes in a wide range of initial parameters remains an 
urgent task. The use of numerical modeling and the development of new models are often the only ways to get an 
idea of the processes under consideration. 

In this paper, using numerical modeling, we study the physical processes in the substrate of a two-component Fe-
C alloy under the influence of a high-frequency electromagnetic field from a moving inductor, in order to determine 
the technological parameters of modifying the surface layer of the material with refractory dispersed inoculators that 
can become centers of crystallization. Using the proposed mathematical model, non-stationary thermophysical 
processes are considered, including heating, phase transition and heat transfer in the molten metal, cooling and 
crystallization of the basic phase of the metal in the presence of nanoscale particles of the modifying material in the 
melt. Based on the results of numerical experiments, in continuation of previous studies [8, 11], the distribution of 
the temperature field, the size of the zones of molten metal and solidification of a binary alloy with a phase diagram 
of   the eutectic type are estimated. The kinetics of solid phase growth and temperature conditions in the solidifying 
metal are considered and the adequacy of the crystallization model are evaluated in the presence of nanoscale 
particles in a binary iron-based alloy. 

MATHEMATICAL MODEL 

The effect of a high-frequency electromagnetic field on a metal substrate from a moving inductor is considered. 
The process diagram is illustrated in Fig. 1. The working part of the electromagnetic field inductor, which has the 
form of a parallelepiped, is located above the surface of the plate made of a binary iron alloy (Fe-C) and the gap 
between them does not exceed 0.5 mm. It is assumed that the induction effect is carried out through a rectangular 
area of size on the surface of the plate (xI<yI). This is technologically feasible to use the magnetic field concentrators 
surrounding the inductor head, which, according to [13], allow for a significant increase in the maximum energy 
absorption density on the surface of the metal substrate with its uniform distribution in a narrow area corresponding 
to the size of the working area of the inductor, with a sharp drop at its edges. These data substantiate the model's 
condition on the uniform distribution of energy sources over a rectangular spot, while the distribution of energy 
absorption over the thickness of the metal can be described by empirical formulas used in engineering thermal 
calculations of induction heaters [14]. 

The inductor moves over the surface of the plate at a constant speed V parallel to the x- axis. Non – stationary 
processes in the metal under the influence of high-frequency electromagnetic field: heating, melting, cooling and 
solidification of the metal are considered. Pre-prepared modifying nanoscale particles of a refractory compound 
partially penetrate the molten metal from the surface of the substrate, are evenly distributed throughout the entire 
volume [10] and subsequently are the centers of crystallization [4, 5, and 12]. Melting occurs at a temperature of Tl0. 
During solidification, the phase transition occurs in the temperature range of the liquidus Tl0 and the eutectic TE. To 
protect the metal from oxidation, the surface of the processed plate is blown with an inert gas. 

 

 
FIGURE 1. Induction processing scheme (cross section in the plane of symmetry). 1-inductor, 2-metal substrate, 

3 - particles of modifying material on the surface, 4-melt, 5-two-phase zone, 6-modified metal 
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To simplify the task, the model makes a number of assumptions. Thus, the thermophysical characteristics of 
liquid, solid and two-phase media are assumed the same and independent of temperature. Since the mass fraction of 
particles mp penetrating the melt is small (mp<<0.1 %), their diameter dp is much smaller than the size of the liquid 
pool, the influence of particles on the physical parameters of the melt can be ignored. Metal melting is considered in 
the Stefan approximation. The flat shape of the free surface of the liquid is also postulated, which is due to the value 
of convective velocities in the case of relatively small superheats of the melt [15]. 

The process in question is symmetrical with respect to the central transverse plane x0z. The boundaries xg, yg, 
and zg of the calculated area are selected so that their position does not affect the solution of the problem. Heat 
transfer, melting and crystallization of metal in a plate, taking into account volumetric heat sources in the Cartesian 
coordinate system, are described by the thermal conductivity equation in a non-stationary setting 
 

 
2 2 2

02 2 2 ( , , , )s
p

fT T T Tc w t x y z
t tx y z

 (1) 

 0 gx x , 0 gy y , 0 gz z ,  0 endt t   
 
where T is a temperature, is the density, cp is the is the coefficient of thermal conductivity, 

 is the specific heat of melting, fs is the fs tend=(xg-2xI)/V. For the 
volume density of internal heat sources w0 according to [14], the ratio is used 

 

 0
0 ( , , , ) ( , , , )

I

p
w t x y z w t x y z

x
 (2) 

 
Here w(t, x, y, z) is a dimensionless function that depends on time and coordinates, xI is the characteristic size, and p0 
is the specific power.   

At some  point in time t, the central point of the" spot " of the induction action (taking into account the 
symmetry) moves from the initial position 0

0x to the point of the surface with the coordinate x0 (t). When the metal 
is heated below the Curie point, the distribution of the volume density of energy release over the thickness of the 
plate is described by the formula 

 
 1/( , , , ) zw t x y z e  (3) 

0 0( ) ( )I Ix t x x x t x ,  0 Iy y ,  0
0 0( )x t x Vt , 0 endt t ,  

 
where 1 1 0 1/ ( )e f is the depth of current penetration into the material, i.e. the thickness of the skin layer, 

e1 1 is the relative magnetic permeability when the metal is heated below the 
temperature of magnetic transformations TK (Curie point), f is the operating frequency of the field generator. When 
heating the metal above the temperature of magnetic transformations relative magnetic permeability decreases to 

2 e2, the depth of current penetration into the material is described by the 
formula 2 2 0 2/ ( )e f , and for the energy distribution in depth of the substrate next expressions are used 

 

 
2

2 1

/

/ ( )/

,                  0 ( , ),
( , , , )

,         ( , ),K K

z
K

z z z
K

e z z x y
w t x y z

e e z z x y
 (4) 

0 0( ) ( )I Ix t x x x t x ,  0 Iy y , 
 
where zK(x, y) is the distance from the substrate surface to the point with the temperature of magnetic 
transformations (T=TK). 

The boundary conditions for the system under consideration are as follows. On the surface of the plate z=0 in the 
area of induction action, 0 0( ) ( )I Ix t x x x t x , 0 Iy y , there is no heat exchange with the environment: 
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( / ) 0T z ,  
 
and outside this area includes heat loss due to convection and radiation: 
 

( / ) ( )( )k r gT z T T . 
 
Here Tg is the temperature of the protective gas, 2 2

0 ( )( )k g gT T T T ,  is the reduced degree of blackness, 

0 is the Stefan-Boltzmann constant, r is the convective heat transfer coefficient. 
At the other borders, the conditions for the absence of heat exchange are set: 

 
( / ) 0T x , 0x , gx x ;   ( / ) 0T z , gz z ;   ( / ) 0T y , gy y . 

 
In the plane of symmetry of the system, 0,   0 ,  0g gy x x z z : 

 
/ 0T y . 

 
When the material is melting, the velocity vn of each point of the "melt-solid" interface at T=Tl0 is determined by 

the condition 
 

0 0

( / / )
l l

T T T T
v T Tn n n , 

 
where n is the unit vector of the normal. 

It is assumed that the growth of the crystal phase occurs by a normal mechanism and is determined by the linear 
dependence of the growth rate on supercooling R/ t=Kv T [3, 8], where R is the radius of the crystal, Kv is the 
empiric constant, T=Tl-T, and Tl is the current liquidus temperature. The growth of the solid phase occurs 
simultaneously on all nanoscale particles in the region of the underrcooled melt, starting from the time t=tl0, when 
the temperature reached the initial liquidus temperature 0lT . Then, according to [16], the fraction of the solid phase fs 
is determined by the relations 

 

 31 exp(4 )s pf N R , 
0

( , , , )
l

t

p v
t

R t x y z r K Td  (5) 

 
where Np is the number of nanoparticles per unit volume, and rp=dp/2. 

Undercooling T at a given melt point is determined by the following ratio: 
 

 1
0 / (1 ) k

A sT T C f T  (6) 
 
Here the liquidus temperature Tl is approximated by a linear dependence on the concentration of the dissolved 

component (C), TA is the melting point of the pure metal-solvent (Fe),  is the modulus of the slope of the liquidus 
line on the Fe-C phase diagram. The concentration of the alloying component is determined from the equation of the 
non-equilibrium lever C=C0/ (1-fs) 1-k [17], where C0 is the initial concentration, k is the distribution coefficient of 
the dissolved component. The growth of the solid phase (iron) of the Fe-C alloy occurs in the temperature range 
Tl0 T TE, where Tl0=TA- C0, TE is the eutectic temperature. 

RESULTS OF NUMERICAL EXPERIMENTS 

During the numerical studies, the melting-crystallization of the surface layer of the sample made of Fe-0.49wt.% 
C alloy was simulated. Calculations were performed for the following geometric parameters: xI=1 mm, yI=4 mm, 
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xg=15 mm, yg=6 mm, zg=3 mm, the initial position of the inductor center 0
0x =14 mm. Parameters of the moving field 

source: f=1200 kHz, V=0.015 m/s. Properties of the nanoscale particles: dp=8.10-8 m, Np=1012 m-3.  Properties of 
alloy [18, 19]: cp=680 J kg-1 K-1., =27 Wm-1K-1, =7100 kg/m3, TA=1803 K, Tl0 = 1758 K, TE 0=91.7 
K/wt.%, C0=0.49%wt., k=0.5. The rest of the 0=5.7.10-8 W/(m2 K4), k=100 W/(m2 K), =2.77.105 
J/kg, =0.5, Tg=300 K, TK=1041 K, 1=14, e1=5.2 10-7 Ohm.m, 2=1, e2=1.0.10-6 Ohm.m. 

The choice of such parameters as the specific power of induction heating p0 and the empirical constant growth 
rate of the grain Kv depends on the initial temperature of the sample. The Table 1 shows these parameters for two 
values of T0, which provide the same maximum melt overheating of the order of 10%, and on the other hand, allow 
us to model the crystallization kinetics over the entire range of changes in the carbon content in the melt up to 
eutectic one (the results had been obtained by method of probe). 
 

TABLE 1. The parameters for the calculation. 
Case Initial temperature 0, 

K 
Power density p0·10-8, 

W/m2 
The rate constant of growth Kv·106, 

ms-1K-1 
1 300 4.20 11.5 
2 900 1.75 3.0 

 
The Kv values given in the Table 1 serve as the upper boundary, above which the Sheil’s equation, which relates 

the impurity concentration and the solid phase fraction, may not be satisfied. 
When implementing the described mathematical model, it is advisable to switch to dimensionless variables, the 

use of which allows you to write the heat transfer equation in the form  
 

 
1 ( , , , )sf KiSt w t x y z

t Pe t Pe
 (7) 

 
Using the characteristic size xI, velocity V, and temperature Tl0, dimensionless variables are defined as follows: 

/ Ix x x , / Iy y x , / Iz z x , /I I Iy y x , 0/t t t , 0 /It x V , 0/ lT T ; 0/ ( )p lSt c T is Stefan number; 
/IPe x V a  is Pekle number ; 0 0( ) / ( )I lKi p x T  is Kirpichev number. A finite-difference algorithm was used for 

numerical implementation of the model. The spatial calculation area was discretized into cells in the form of 
parallelepipeds. The temperature distribution is described by values in the grid nodes. The difference equations were 
constructed by approximating the balance relations obtained by integrating the equation taking into account the 
corresponding boundary conditions. As a result, at each time step we get a system of the form A  = F, where A is a 
block-tridiagonal matrix with diagonal predominance, , F are the vectors. The resulting system of equations is 
implemented by the iterative method [20]. 

Calculations performed for the two above-mentioned treatment modes show that by the time t=0.4 s, the 
temperature distribution near the melt bath is stabilized, i.e. the temperature regime in the substrate becomes close to 
quasi-stationary. Temperature distributions in the calculated region, along with the boundaries of the melting and 
crystallization zones, at time t=0.733 s, when the center of the induction zone moves from the initial position 0

0x
=14 to the point x0=3, are shown in Fig. 2 in dimensionless coordinates. 

For ease of perception, the results are presented in a narrower area compared to the calculated one, in order to 
distinguish the melt zone and its surroundings. Note that since the characteristic size xI=1 mm, all spatial coordinates 
in the figures have values in millimeters. From the presented results, it follows that metal melting occurs directly in 
the left- x y

 to its right border x=4, y=0. 
In the case of induction heating of an initially cold sample (case 1), the maximum width of the molten metal 

zone (including the two-phase zone) along the x-axis is 1.45 mm in the central section y=0 (Fig. 2a, c). Width of the 
solidification zone, or two-phase zone, is 0.85 mm, respectively. The length of the molten section along the y-axis is 
3 mm, which is less than the half-width of the induction heating zone yI=4.  Depth of the molten pool does not 
exceed 0.2 mm. 
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(a) 

 
(c) 

 
(b) 

 
(d) 

FIGURE 2. Isotherms of the temperature field  on the surface (a, b) and in the cross section (c, d) at the sample 
temperature T0=300 K (a, c) and T0=900 (b, d) at time t=0.73 s. 1 – isotherm of the phase transition temperature (Tl0) at 

the melting of the metal and the beginning of crystallization; 2-boundary of the region of the end of crystallization 
 
Under induction action on a sample with an initial temperature of 900 K (case 2), the crystallization processes 

proceed more slowly, and the width of the phase transition zone increases sharply (Fig. 2b, d). Thus, the maximum 
width of the molten metal zone along the x-axis in the central section y=0 reaches 4.7 mm, and the length of the 
section where solidification occurs is 3.29 mm. The length of the molten metal zone along the y-axis is 3.5 mm, and 
the depth of penetration is about 0.4 mm. Here we should note an increase in the depth of the melt hole and, 
accordingly, the thickness of the layer of the processed metal at a  

From the results of calculations, it follows that at the considered operating frequency of the field generator 
f=1.2 MHz, eddy currents penetrate to a depth significantly less than the thickness of the plate under consideration, 
and the main energy release occurs in the metal layer heated above the temperature of magnetic transformations. As 
a result, the temperature monotonously decreases from the maximum value on the surface of the substrate to the 
depth of the material, and heating does not occur throughout the entire thickness. The thickness of the "hot" skin 

2 is comparable to the calculated melting depths of the substrate in the central region of the processing strip. 
After the induction heating area shifting on the certain distance, the metal cools down mainly due to heat transfer 

to the non-heated material and partly due to heat exchange of the surface with the environment. Heat transfer from 
the melt zone to the non-heated metal contributes to the movement of the solidification boundary in the direction of 
the substrate surface. This qualitatively coincides with the processes of heat transfer when processing the metal 
surface with laser radiation [10]. After removing the superheat in the melt, its volume-sequential crystallization 
occurs, the width of the resulting two-phase zone (the distance between curves 1 and 2) changes slightly when 
moving from the central section to the edge of the melt zone. Therefore, linear shape of the working zone of the 
inductor contributes to a significant increase in the width of the zone of the modified metal and the uniformity of its 
composition in depth [11]. 

The crystallization kinetics is illustrated in Fig. 3, which shows the temperature, undercooling, and solid phase 
distributions on the substrate surface at the point x=9, y=0, and z=0. At the time t=0.4 c, the temperature curves take 
the maximum value =1.1. Then the melt begins to cool. Overheating is quickly removed. Vertical dashed lines limit 
the time interval of solidification of the melt. With the appearance of undercooling, the growth of the solid phase on 
the particles begins. The metastable state time, when the growth rate of the crystal phase is close to zero, is 0.014 s 
at the initial substrate temperature of 300 K and 0.056 s at 900 K, and the total phase transition time is 0.052 s and 
0.30 s, respectively (Fig. 3a, b). The rapid growth of the solid phase begins from the moment when the undercooling 
reaches the value 0.07. Due to intensive heat removal to the non-heated substrate material, undercooling 
continues to increase and reaches significant values of =0.118 at T0 = 300 K and =0.093 at T0 = 900 K. After 
reaching the fraction of the solid phase in the melt fs=0.4-0.5, when its growth rate is maximum, undercooling 
decreases, but remains non-zero until the end of solidification. Solidification of the base  - phase of the Fe-C alloy 
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at any point in the two-phase zone continues until the melt reaches the eutectic temperature. The lifetime of the 
metal in the molten state at T0=300 K is 0.09 s, and at T0=900 K – 0.4 s. 

Changes in the solidification process of the dimensionless liquidus temperature and the concentration of carbon 
in the melt are shown in Fig. 4 (the coordinates of the surface point are the same as in Fig.3). Similar to Fig. 3, the 
calculation data are given for two values of the initial temperature of the sample. The concentration of impurity in 
the melt and the temperature of the liquidus of the latter are related by the following relationship: 

 
 0 01 ( ) /l lC C T   

 

 
(a) 

 
(b) 

FIGURE 3. Time dependencies of temperature  (1), undercooling  (2) and the fraction of the solid phase fs (3) at a 
point on the surface of the sample with coordinates x=9, 

y=z=0 at the initial temperature of the sample 300 K (a) and 900 K (b) 
 
At the initial stage of crystallization, there is no intensive growth of the solid phase, so the initial values of the 

carbon concentration C0=0.49% and the liquidus temperature Tl0 l0=1) are preserved in the liquid phase. 
An increase in the fraction -phase) leads to an increase in the concentration of carbon in the 
liquid phase in accordance with the quasi-equilibrium growth model adopted in this work (Fig. 4a, b). By the end of 

- phase (when the liquidus temperature decreases to the eutectic point l= E=0.81; fs=0.97), the 
carbon concentration in the melt becomes equal to the eutectic: CE=4. - 

-like increase in fs to one. 
As shown in Fig. 2 and 3, an increase in the initial temperature of the sample by 600 degrees leads to a 

noticeable increase in the geometric dimensions of the melt hole and the two-phase zone and, consequently, to a 
slowdown in the crystallization process. Numerical simulations show that in this case, the carbon concentration in 
the two-phase zone during solidification increases at a reduced rate by an order of magnitude compared to the 
variant with a "cold" sample (curves 1 in Fig. 4a and b). 

 

  
(a) (b) 

FIGURE 4. Time dependences of the carbon concentration in the melt C (1) and the liquidus temperature l (2) at the place of 
surface with coordinates (9,0,0) at the sample temperature of 300 K (a) and 900 K (b) 
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Previous studies [11] allow us to estimate the values of the specific power p0 of a high-frequency field source 
moving at different speeds over the sample’s surface to obtain the same fixed superheating of the molten metal and 
the distribution of the temperature field similar to that presented in this paper (Fig. 2). Controlled superheating 
makes it possible to influence the structure of the flows formed in the melt and the uniformity of the distribution of 
the modifying material entering it [10, 21]. However, according to [5, 22, 23], particles of powders of refractory 
compounds when they get into the molten metal quickly dissolve, and significant overheating of the melt accelerates 
this process. Thus, the dissolution of TiN and TiC particles with a diameter of 50 nm in the iron melt occurs in 4 s 
[23]. Therefore, controlled overheating, which is possible with high-frequency induction heating, prevents the 
complete dissolution of nanoscale particles. 

CONCLUSIONS 

The results of numerical simulation confirm the possibility of using high-frequency induction heating when 
modifying the surface layer of carbon steel with nanoscale particles of refractory compounds. It is determined that 
the width of the crystallization zone can reach 5 mm, and solidification occurs in less than 0.5 seconds. Complete 
dissolution of the particles during controlled overheating of the melt can be avoided, which allows improving the 
structure of the alloy to a depth of 0.4 mm. The analysis of the obtained data demonstrates the possibility of using 
parameters such as the speed of the inductor movement, the density of internal energy sources and the initial 
temperature of the treated surface as control mechanisms for modifying processes. 
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Abstract. Nanosize powders in the atmosphere of different gases at atmospheric pressure are the synthesized by electron-
beam evaporation of various natural and industrial materials. The industrial accelerator with 100 kW power and 
relativistic electron beam of 1.4 MeV is employed These powders are characterized by high purity and may exhibit 
unusual properties. Method is universal for the large-scale production of micro- and nano- powders of oxides, metals, 
semiconductors, carbides, nitrides, nanotubes and other substances for the variety of applications. 

INTRODUCTION 

The importance of the fine powders related to the practical need for new materials. However, the efficiency of 
most methods for the large-scale production of metals, nitrides and carbides is still very low. This long years study is 
devoted to the industrial way for their manufacturing by means of evaporation of various natural and synthetic 
(technogenous) materials by electron accelerator in the atmosphere of various gases at atmospheric pressure, 
followed by cooling of the high-temperature vapor and collection of the deposited particles. Previously, an electron 
accelerator had been used already [1] for the synthesis of fine oxide powders, but the process was carried out at low 
power (~ 1 kW), pressure and efficiency. On the whole, the method used in current research can be classified into 
condensation technologies for fine powder production of refractory substances. To the best of our knowledge, the 
first use of a CO2 laser for powder production was reported by [2] where the process was also performed at low 
power, pressure and efficiency. The use of plasma generators in the condensation technology of ultradispersed 
powders dates back to approximately the same period of time [3]. In comparison to laser and plasma technologies, 
the proposed method has the advantage that the energy is released inside the target substance rather than at its 
surface. 

CALCULATIONS AND EXPERIMENTAL DATA 

We support the idea that “Gas phase synthesis is one of the most promising way to produce the advanced 
nanomaterials with well-separated particles” [4]. In our process there are essential features. Unlike the laboratory 
process of Ramsey and Avery, in our installation the production is carried out with high gas flow rates at 
atmospheric pressure. Therefore, the description of heat and mass transfer is not an easy task. Condensation occurs 
in essentially nonequilibrium conditions, characteristic times of 10-8 seconds. Therefore, well-known nucleation 
theories are inapplicable. The process of evaporation is carried out in the presence of high energy electrons and 
gamma radiation of a high level. This may be the reason for the special properties of the final products - 
nanoparticles-nanopowders. The temperatures achieved are usually substantially higher than the evaporation 
temperatures. In particular, it is often necessary to consider reactions in the gas phase at high temperatures. But this 
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is the advantage of technology – it provides rich opportunities for gas-phase synthesis of various products within the 
framework of "high temperature chemistry". 

The different models were analyzed which helped in estimation of experimental parameters of the gas phase 
synthesis technology for production of fine powders of different substances. In particular, the Clausius-Clapeyron 
thermodynamic equation was used to estimate the vapor pressure of metals, which later serve as the source of the 
gas phase for the reaction, even though this equation is valid only for equilibrium conditions in the absence of forced 
convection. Figure 1 shows the results of the calculation of vapor pressures for some metals. They allow you to 
make a preliminary assessment of the required power of the electron beam to obtain more or less noticeable amounts 
of vapor. 
 

FIGURE 1. The calculated vapor pressure of metals under equilibrium conditions in the absence of purging by the carrier gas 

The geometric parameters of the electron beam (in gases air, nitrogen, oxygen, hydrogen, argon, carbon dioxide, 
at various temperatures) and the distribution of the current density over the beam cross section at a pressure close to 
atmospheric were calculated on the basis that the current density is described to a first approximation by an 
axisymmetric Gaussian distribution. As a result, the dimensions of the heating region on the surface of the 
evaporated substance at various distances from the beam exit into the atmosphere were obtained. Figure 2 shows 
examples for argon and carbon dioxide. 
 

 

(a) (b) 

FIGURE 2. Examples of calculating the diameter of the melted area in argon (a) 
and carbon dioxide (b) at various distances from the entrance of the beam into the sublimator 

030072-2



Thermophilic data for calculating the vapors of various metals, as well as for the corresponding gases, were 
taken from reference books and from the Internet. As a result, estimates of the amount of vapor of a substance 
generated from a surface unit exposed to a powerful relativistic electron beam are obtained. Integration over the 
entire surface allows an estimate of the amount of vapor produced from the entire heated surface, which is then 
carried away by the passing gas. Ultimately, this gives an idea of process performance. 

The experiments were performed on an industrial 100 kW accelerator of the ELV type, whose special features 
are the high electron energy (1.4 MeV) and the possibility of extracting the electron beam directly into atmosphere [. 
Electrons move at relativistic velocities and their mean free path length in air reaches 6 m. The beam power density 
can be as high as 5 mW/cm2, which makes possible both the evaporation of refractory substances under atmospheric 
conditions and the high-temperature gas-phase synthesis. Other advantages are a high efficiency of the direct 
conversion of electric energy into thermal energy in the heated material, a high rate of heat. 

The powders were investigated by BET, X-R ay, TEM, SEM, IR-, UV- spectroscopy, and other methods. 
Figure 3 shows the examples of some nanopowders produced. The morphology of particles can be very different, as 
presented at Fig. 4. When the alloy was evaporated the composite Janus-like nanoparticles or core-shell 
nanoparticles were obtained, last ones are shown at Fig. 5. The reversed view presented clearly the layers of 
structural defects inside the copper core. Similar structure is observed in silver-silica core-shell (Ag@SiO2
nanoparticles. 

 

   
(a) (b) (c) 

FIGURE 3. Transmission electron microscopy of nanopowders.  
a) Titania (TiO2), b) Gadolinia (Gd2O3), c) Titanium nitride (TiN) 

  

(a) (b) 

FIGURE 4. Transmission electron microscopy of nanopowders.  
a) Silicon (Si) nanowires, b) Zinc (Zn) ‘stars’ prepared with evaporation of Cu-Zn alloy 

 

030072-3



  
(a) (b) 

FIGURE 5. Transmission electron microscopy of core-shell nanoparticles Cu@SiO2 produced with joint 
evaporation of copper and silicon. a) normal view, b) reversed view 

 
The technology can be used to produce powders in the micron range what is illustrated at Fig. 6. 
 

  
(a) (b) 

FIGURE 6. Optical microscopy of micro- powders. Spherical particles: a) Alumina (Al2O3), b) Yttria (Y2O3) 
 
To date, the following substances have been prepared: OXIDES - SiO2, SiO, MgO, Al2O3, TiO2, Y2O3, Gd2O3, 

Cu2O, iron oxides, oxides of tungsten (in particular, WO3) and molybdenum (various types), Bi2O3, ZnO, METALS 
- W, Ta, Mo, Co, Al, Fe, Ni, Ag, Cu, Bi, and some others, in different atmospheres; SEMICONDUCTORS - Si in 
nitrogen and argon, nanoparticles and nanowires, etc.; NITRIDES - AlN, TiN, including in the form of nanorods; 
CARBIDES - SiC, including in the form of a nanowire, WC; carbon fullerenes and carbon single-walled and multi-
walled nanotubes; core-shell of inorganic composite nanoparticles; and other substances in various gas atmospheres. 
For some nanopowders the productivity exceeds 7 kg per hour. 

The nanopowders have been tested and are being tested in various applications. Research results show that 
nanopowders have unique properties in common and advanced materials. 

CONCLUSION 

The method developed is universal for a wide range of nanomaterials, nanopowder is produced in one stage, the 
technology allows to control the key parameters of finished products and is environmentally friendly. It can be used 
for large-scale manufacturing. The products tested in prospective application with promising results. As for the 
prediction of process parameters there are main problems. The state diagrams for the evaporated components mostly 
are not available. Especially for essentially non-equilibrium conditions. The lack of data in the literature for the 
thermodynamics estimations of possible reactions. Nevertheless, the facility is unique, and it allows to verify 
experimentally the possible estimations. The technology can be used to produce powders in the micron range. 
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Abstract. The electron accelerator ELV6 is used as a heat source for the synthesis of nanoscale powders. The system for 
releasing the beam into the atmosphere allows vaporizing substances at atmospheric pressure, which makes it possible 
not only to increase the performance of removing nanoparticles from the reactor, but also allows using the carrier gas as 
one of the reagents in the process of particle synthesis. This paper describes the reactions that occur with the vaporized 
substance under conditions of high temperatures, radiation and electric fields. 

 INTRODUCTION 

Synthesis from the gas phase is one of the most promising ways to produce modern nanomaterials on a large 
scale. The authors ' experience of using an industrial electron accelerator to produce fine powders by evaporation of 
solid raw materials at atmospheric pressure confirms that the method used allows obtaining a wide range of 
substances in the form of very small particles. At the same time, the analysis of experimental data on evaporation 
and condensation at very high temperatures (up to 6000 degrees Celsius) even in the case of simple substances, this 
is not an easy task [1,2], primarily because "simple evaporation and condensation" does not take place under these 
conditions. The use of noble gases does not simplify the situation at all, since the properties of the final product 
obtained, for example, in argon and helium, differ significantly, especially if the process is carried out in nitrogen or 
carbon dioxide. Therefore, for gas-phase synthesis, we can assume that it is necessary to go deeper into the 
fundamental scientific problem – the analysis of high-temperature reactions in "vapors". 

 CALCULATIONS AND EXPERIMENTAL 

Extreme physical parameters in the reactor are caused not only by the fact that high temperatures are reached 
directly in the evaporation zone, but also by the fact that the braking radiation of electrons creates a strong radiation 
background. Even in the room where the sublimator is located, very quickly accumulates a dangerous level of ozone 
exceeding the maximum permissible concentration (MPC) in the air of the working area of 0.1 mg/m3, several times. 
In this regard, when substances evaporate in an oxygen-containing atmosphere, it is safe to say that radiation has a 
significant effect. 

In addition to the influence of the radiation factor on the chemical process, the electron accelerator generates a 
current in the vaporized substance of several milliamps, and in the case of evaporation of dielectrics, it additionally 
creates an electric field caused by the accumulating charge on the vaporized substance. In particular, this leads to the 
fact that negatively charged ions should be repelled from the evaporation zone, and positive ones should return to it. 

The authors have studied the most fully the issue of obtaining nanoscale powders by means of electron 
accelerator evaporation for silicon dioxide (SiO2). 

In some series of experiments to produce nanopowders of pure silicon dioxide, pure argon was chosen as the 
carrier gas. The results of x-ray phase analysis revealed a significant amount of silicon monoxide. To explain this 
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phenomenon, the authors suggested that evaporation occurs with the decomposition of the oxide. Further, partial 
vapor pressure estimates were made for the evaporation reactions present in the sublimator.[3] 

Evaporation of silicon dioxide was calculated for the following reactions: 
1. SiO2  SiO2; 
2. SiO2  SiO  O; 
3. SiO2  Si  O2. 
Estimates were made in the equilibrium approximation, based on the equality of free energies on the melt 

surface. From the calculation, it was clear that the main component of the evaporating substance was a gas of silicon 
monoxide, which is further oxidized to saturated SiO2 oxide. Calculations in addition to representations of the 
composition of the vaporized gas gave an estimated value for the evaporation temperature, which at the moment is 
not possible to measure directly, primarily due to the fact that electronic devices in the zone close to the sublimator 
can not withstand the radiation load caused by the accelerator. The boiling point was calculated to be 2700°K. For 
comparison and verification of the obtained temperature value, an additional assessment of the temperature was 
made in relation to the concentration of impurities in the resulting nanopowder and the vaporized substance, which 
amounted to 2500°K [4] 

When adding water to the reaction zone, the experiments showed an increase in the productivity of the unit, in 
addition, the average size of nanoparticles significantly decreased. To explain this phenomenon, the authors have 
proposed several concepts. 

For example, when adding water vapor to the reaction zone, it must partially undergo dissociation: 
H2O  H   OH- 
Hydrogen can interact with silicon dioxide, while positive hydrogen ions must be attracted to the negatively 

charged melt, as a result of falling electrons on it. During its interaction with the melt, hydrogen must bind to 
oxygen and moving away from the reaction zone, water vapor must create an oxygen-depleted environment, which 
will interfere with the reaction of pre-oxidation of silicon (see above reaction 1)-3)): 

SiO  O  SiO2 
As a result, the more volatile SiO will begin to evaporate more intensively. 
The second factor affecting the evaporation process is an increase in the heat capacity of the air that removes 

vapors from the reaction zone. First of all, this increases the rate at which the silicon oxide vapor cools, preventing 
further growth of particles. On the other hand, the additional flow associated with the water supply accelerates the 
removal of vapors from the reaction zone, which increases productivity. 

In addition, it should be noted that water is much easier to dissociate into ions than air or silicon dioxide, which 
means that there is an additional opportunity to divert the charge from the melt. The most likely process of 
dissociation of silicon oxide: 

SiO2  SiO   O- 
This contributes to the creation of positive SIO  ions, which are attracted to the negative melt, and the removal 

of charge from the melt reduces this force. 
The next step in conducting experiments on silicon dioxide was the evaporation of a powder mixture of silicon 

dioxide SiO2 and carbon. According to the authors ' hypothesis, carbon, which is a reducing agent in the reaction, 
should simplify the production of silicon monoxide molecules. In the future, since evaporation occurs in the air, the 
monoxide must be re-oxidized with oxygen in the air. The addition of carbon to the reaction should reduce the 
evaporation temperature, which means that at the same power, the productivity of the plant should be increased. The 
conducted experimental work confirmed the growth of productivity by about two times. Further development of 
these experiments was based on the fact that when carbon is oxidized by oxygen in the melt, a CO2 gas is formed, 
which quickly leaves the reaction zone. This contributes to the fact that when creating an oxygen-depleted flow of 
exhaust gases, it is possible to obtain a nanoscale silicon carbide powder from silicon oxide in one stage.  

Estimates of partial vapor pressures made for the case of silicon dioxide were similarly performed for aluminum 
oxide Al2O3 [3], which led to the assumption that, as in the case of silicon, the evaporation process proceeds with 
decomposition to AlO. Experiments on the synthesis of nanoscale aluminum oxide powder (Al2O3) showed a low 
intensity of the process due to the high initial evaporation temperature. To improve performance, as in the case of 
silicon, carbon powder was used. Despite the fact that the reduction of aluminum by carbon in normal conditions is 
difficult due to the high activity of the metal, the reaction still proceeds because the CO2 in the gas phase quickly 
leaves the reaction zone. As a result, when the mixture of aluminum oxide and graphite powder evaporated, 
aluminum monoxide AlO was first formed, then it was vaporized, and in the flow of extracting gases, it was further 
oxidized to saturated Al2O3 oxide. It should be noted that when there is a lack of oxygen and an excess of graphite, 
active aluminum atoms are able to form aluminum nitride AlN by capturing it from the carrier gas 
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Significant differences, in particular, can be observed for metal nanoparticles when different gases are vaporized 
in the atmosphere. For example, when aluminum or titanium evaporated in a nitrogen atmosphere, chemical 
interaction with the carrier gas occurred: 

Al   N2    AlN; 
Ti   N2    TiN. 
As a result, the main component in the nanoscale powder phase was nitrides of the corresponding metals, Fig. 1. 
 

 
(a) (b) 

FIGURE 1. (a) SEM of nanoscale titanium nitride powder TiN, (b) SEM of nanoscale aluminum nitride powder AlN 
 
The picture of the formation and interaction of vapors during the evaporation of tungsten in a graphite crucible in 

the atmosphere of carbon dioxide is also difficult. As a component of the synthesized nanopowder x ray phase 
analysis showed the presence of three types of tungsten carbides: 

W  CO2   WC; 
W  CO2   W2C; 
W  CO2   W3C. 
In addition, additional carbon saturation of the vaporized material led to the growth of single-wall graphite 

nanotubes from the surface of tungsten carbide particles, Fig. 2. 
 

  
(a) (b) 

FIGURE 2. Carbon nanotubes 
 
Influence on the result of the evaporation process is not only gases that directly affect the chemical composition, 

but also gases that do not create chemical bonds with the vaporized substance. For example, for silver, three series 
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of experiments were conducted to vaporize it in argon, nitrogen and helium gases, resulting in powders that differ 
both in particle size and in their morphology Fig. 3. A special feature of powders obtained by evaporation in 
nitrogen was the presence of active centers on the surface of the particles, and later it was found that they 
significantly increased the chemical activity of nanoscale silver. 

 

  
(a) (b) 

FIGURE 3. Nonoparticles of silver powder obtained in argon (a) and nitrogen (b) 
 
Having a positive experience in the synthesis of aluminum oxide nanopowders [5] and yttrium oxide, the authors 

attempted to obtain a nanopowder of yttrium-aluminum garnet (YAG). For this purpose, the stoichiometry of the 
initial substance was estimated from the calculations of partial pressures: one part of Al2O3 should account for 6 
parts of Y2O3. Evaporation was carried out in the air. Despite the fact that the resulting nanoscale powder contained 
a detectable fraction of YAG, which proves that it is possible to obtain it by this method, its main components were 
still oxides of Al2O3, Y2O3, and various combinations of these oxides, Fig. 4. 
 

 
FIGURE 4. X-ray Phase analysis of a nanoscale powder obtained by evaporation of a mixture of aluminum and yttrium oxides 

CONCLUSION 

Conducted experiments on the evaporation of various substances show a wide range of chemical interactions that 
can occur under high temperatures and radiation. Their result can be a significant development of ideas about the 
physical and chemical parameters of processes, as well as the achievement of even higher technology indicators, 
such as plant performance, the size of the resulting powders and the spectrum of nanoscale substances. The 
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problems are the absence of state diagrams for vaporized components, in particular, for significantly non-
equilibrium conditions, and the lack of data in the literature on thermodynamic estimates of possible reactions. 
However, experimental work shows the possibility of predicting and developing this method of obtaining 
nanopowders. 
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Abstract. The goal of the work is to obtain composites based on casting polyurethane and nanodispersed particles of 

the polymer at the stage of its synthes sp = 32 m2/g), the maximal 
increase in rupture strength is observed for 

– 
elongation – -modified sample. With additive concentration 

- -
sp 2

– – 
– 

elongation i – 
respectively. For samples with additive concentration 1-
observed (29.9-  

 INTRODUCTION 

Polyurethane (PU) is a modern and relevant raw material for industry, which may be placed among rubber, 
caoutchouc, metal. 

The high potential of PU for modern industry is due to the fact that this material has a number of advantages 
over other widespread materials: it is more lightweight than metals, it is not a conductor of electricity, and it is stable 
against abrasive materials. For example, in comparison with rubber, polyurethane has a longer operation lifetime, 
holds higher load, faster returns to the initial shape after external action, conserves elasticity even at extremely low 
temperature [1]. Polyurethane is especially valuable in the production of wear-resistant equipment with polyurethane 
elastomers for machinery construction [2]. 

At the same time, products made of polyurethane are prone to intense deterioration, so the problem of enhancing 
the strength and wear resistance of the products made of polyurethane elastomers is still urgent. 

The major direction in regulating PU properties is its modification through the introduction of various 

changes of the physical-mechanical characteristics of polymer materials as a result of the introduction of minor 
additives of nanodisperse ceramic particles. These particles act as the nuclei of the crystallization of polymer matrix 
and thus cause a change in the polymer grain size. A decrease in polymer grain size leads to enhancement of 
strength characteristics of the materials. This dependence of properties is described by Hall-  
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CALCULATIONS AND EXPERIMENTAL 

In the present work, nanodisperse silicon dioxide particles Tarkosil® [9] obtained through evaporation under the 
electron beam were used as the modifyer of casting polyurethane. 

To obtain the samples of casting polyurethane (CPU), we used an SKU PFL- -polymer and MOSA 
 

followed by degassing in a vacuum chamber. The resulting mixture was poured into a special open-type casting 
mold (Fig. 1, a) to make the samples shaped as a trowel (Fig. 1, b). Further polymerization of polyurethane proceeds 

 
 

  
(a) (b) 

FIGURE 1. (
(b) Scheme of the samples for tests (1 – length for tests, it is  

 
In the traditional procedure of polymer modification, the particles are introduced into the solution or melt of the 

material, but this approach is inapplicable in the case of polyurethane because the majority of polyurethane kinds 
belong to linked polymers which cannot be dissolved or fused without decomposition. 

Modification of casting polyurethane was carried out during the synthesis (in situ). Nanometer-sized powders 
were introduced under mixing into pre-polymer, which was degassed preliminarily. The resulting mixture was 
subjected to degassing, then the hardening agent was added under intense mixing, and again degassing was carried 
out. Then the mixture was poured in the cells of the casting mold. The mold was placed into the drying chamber for 

- -  
sp

2/g, 
respectively, were used for modification. 

Silicon dioxide powders were obtained by evaporation and condensation using the industrial electron accelerator 
UNU ELV-
evaporated. The substance was then condensed in the form of nanoparticles in the passing air flow. Then the product 
was trapped as nanopowder. 

used a multipurpose  
The specific surface of inorganic samples was determined relying on nitrogen desorption using a Sorbi-M 

2/g was used as a reference. 

RESULTS AND DISCUSSION 

The results of physical-
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ABLE 1. Characteristics of polymer composites. 

Sample Filler, 
Grade 

Filler, 
Content, 
mass % 

Rupture 
strength, 

MPa 

Elongation 
at the 

breaking 
point, % 

Strain at 
100% 

elongation, 
MPa 

Strain at 
200% 

elongation, 
MPa 

Strain at 
300% 

elongation, 
MPa 

1 - -   9.9   
2     11.4 14.2  
3     11.2   
4        

      13.4  
        
  1   9.4 11.4 14.1 
        

9        
        

11     11.3 14.4  
12   34.4  11.9   
13    412.2 12.2 14.9 19.1 
14  1   11.4  - 

       - 
       - 

 

- -
elongation is close to the value for initial sample.  

 

ples 
14- - -

 
Improvement of the characteristics of composites is observed exactly in the case of small concentrations of the 

modifying agent, because in this case inorganic particles act as artificial nucleating agent (structure-forming 
centers). At the optimal particle concentration, the number of these centers increases, which leads to a decrease in 
the size of polymer grains because the grains limit the growth of each other, and according to Hall-
the strength of the composites increases.  

An increase in the concentration of the filler leads to mutual approach of the filler particles and brings about the 
possibility to form aggregates, which means an increase in the size of structure-forming centers, with simultaneous 
decrease in their number, and coarsening of polymer grains. As a result, the properties of the composites worsen.  

Figure 2 shows a scheme of CPU synthesis. Nanodisperse modifying additives were introduced into the liquid 
pre-polymer because there is reactive isocyanate (~ NCO) group in its structure, which participates in the major 
synthesis re  

030074-3



 
FIGURE 2. Scheme of CPU synthesis 

 

-
the groups of benzene ring through the unshared electron pair of nitrogen atom (they are marked with Figs. 1 and 2 
in the scheme). Nanodisperse particles introduced into the structure of casting polyurethane cause a decrease in the 
intermolecular interaction in the polymer, which promotes a decrease in the size of macromolecular associates. A 
result is more complete progress of the synthesis with hardening agent and the formation of more uniform polymer 
structure.  

In addition, the advantages of inorganic powders obtained by evaporation in the electron beam should be 
stressed: the powders are obtained by condensation from the gas phase, so moisture is completely absent from them. 
This promotes good adhesion of hydrophilic inorganic particles their uniform distribution in the hydrophobic matrix 
of the polymer. Additional ultrasonic treatment is often necessary during the introduction of nanodisperse particles 
to achieve better distribution of these particles over the polymer volume, however, only mechanical mixing of the 
components during polyurethane synthesis was sufficient in the experiments described above. 

Similar studies were conducted for compositions filled with silicon carbide micropowders. In continuation of the 
work, a comparative study of the properties of PUs filled with silicon carbide and tungsten carbide nanopowders, 
which have already been obtained by electron beam evaporation, is planned. 

CONCLUSION 

It may be assumed that nanoparticles promote the formation of a substantial number of additional bonds with 
polymer molecules, that is, even if very small mass is introduced, a very large resulting surface of the interaction 
with the polymer is thus added, which provides the formation of a large number of these bonds. 
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Abstract. The paper studies the combined method of production of Ti- and B4C-based metal-ceramic composite coatings 
which consists of the consequent coating deposition by of cold gas-dynamic spraying method (Cold spray) followed by 
the laser processing. The conditions of formation of metal-ceramic single tracks on the cold spray coating are discussed 
with due regard to laser action parameters. It is demonstrated that there is a pit in the single-track center at the high-
power laser radiation. It is suggested that, against the diffusion, the convective mass transfer plays the key role in the 
track shape formation mechanism. 

INTRODUCTION 

Titanium-matrix metal-ceramic materials reveal outstanding promising future from the viewpoint for application 
in avia- and space, oil-chemistry, military industries as coatings and parts with high hardness and wear-resistance 
indices. They combine the lightness and corrosion resistance of titanium alloys and high abrasive resistance of 
ceramic particles [1, 2]. In-situ formed metal-ceramic mixtures Ti/B4C can be promising due to stronger interphase 
cohesion and moderate thermal stresses [3 – 6]. At the same time, production of these materials is associated with a 
number of tasks calling for the deep understanding of the processes resulting from melting, wetting and mixing of 
melted components, internal chemical reactions, and melt crystallization. In the forming track, the key role belongs 
to the convective mass transfer against the diffusion one in the mechanism of track formation and particle 
distribution over the volume [6, 7]. Surface-tension gradients are the main reason and driver of the convection [8]. 
During the laser heating, the material temperature is maximal in the beam center and decreases toward the 
boundaries. The fluid (melt) surface tension depends on temperature and normally decreases as the temperature rises 
as a consequence, the force appears on the surface directed from the light spot center to its boundaries, the fluid 
motion appears resulting finally in a cylindrical concave meniscus. At the same time, the thermal convection appears 
in the melt pool in the Ti/B4C systems due to the difference in absorption coefficients and thermal expansion of 
substances [6, 7]. Heating of the system Ti/B4C causes titanium melting and boron carbide decomposition to boron 
and carbon atoms which dissipate during the melting and then crystallize and form boron carbides and titanium 
carbides [9]. 

Combination of the technologies of the cold gas-dynamic spraying and laser processing aimed to the creation of 
metal-ceramic coatings [10, 11] has wide opportunities because of the high effectiveness of the process, broad range 
of complex shapes as well as higher initial layer density as compared to the technology of selective laser melting. 
The purpose of this work is analysis of the structure and mechanical single tracks for the metal-ceramic mixture Ti-
B4C, resulting from the laser processing of cold spray-coatings. Particularly, the effect of laser processing 
parameters on the cold spray-coatings characteristics was studied. 

High-Energy Processes in Condensed Matter (HEPCM 2020)
AIP Conf. Proc. 2288, 030075-1–030075-4; https://doi.org/10.1063/5.0028372

Published by AIP Publishing. 978-0-7354-4018-0/$30.00

030075-1



MATERIALS AND EXPERIMENT TECHNIQUE 

To produce the composite coatings “metal matrix + ceramic inclusions” by the method of cold gas-dynamic 
spraying (cold spray), we used abrasive powders B4C (Fig. 1a), particle size d50, 65.2 µm (PAO “Zaporozhabraziv”, 
Ukraine). The powder Ti, d50 = 17.1 µm was used as the metal component (Fig. 1b). The V-shaped mixer Venus 
FTLMV-02 was used to prepare the powder mixtures, mass concentration of ceramics was 70 %. The powders were 
mixed within 30 min. 

 

  
(a) (b) 

FIGURE 1. SEM-images of boron carbide powders (a) and titanium (b) 
 
The plate from titanium alloy Ti-6.5Al-1.2Mo-1.3V (50-50-5 mm) was used as a substrate. The coating was 

sprayed using air as a working gas at the experimental stand of cold spray in ITAM SB RAS. The particles were 
accelerated in an axisymmetric Laval nozzle at a deceleration pressure of 2.6 MPa in the nozzle pre chamber and a 
deceleration temperature of 770 K. The nozzle moved at a speed of 25 mm / s relative to the surface of the substrate, 
the spray distance was 30 mm. The thickness of the HGN layer was 0.6 mm. 

The laser-radiation processing of the produced cold spray coatings with boron carbide was performed in the 
ALTC “Sibir 1” made in ITAM SB RAS. The ALTC “Sibir 1” includes a continuous СО2-laser, its power is up to 
5 kW, the beam quality parameter K = 0.7, and the computer system to control the laser and technological table [12].  

The laser radiation was focused above the material with the aid of the ZnSe lens with the focal distance of 
304 mm. The spot diameter on the surface for Δf = + 20 mm was about 2 mm. Cladding was carried out in the 
protective helium medium, the gas was supplied though a nozzle, its flowrate was 5 l/min. 

EXPERIMENTAL RESULTS AND DISCUSSION 

Figure 2 presents the photos of the cold spray coatings before (Fig. 2а) and after (Fig. 2b) laser action. Ti - B4C 
(mass content 3:7) was used as the initial powder mixture. However, in the cold spray coating, boron carbide 
concentration was much lower – 25 mass %. 
 

  
(a) (b) 

FIGURE 2. Photos of the cold spray coating before (а) and after (b) laser action 
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Table 1 presents the modes of the laser action on the cold spray coating in order to form the single tracks shown 
in Fig. 2b. 

TABLE 1. Modes of laser action on cold spray coating 

# track Power P, W Speed V, m/min Focus Δf, mm 
1 600 1 +20 
2 600 0.5 +20 
3 1000 0.5 +20 
4 1600 0.5 +20 
5 1500 0.3 +20 
6 1500 0.4 +15 

array 1500 0.3 +20 
 
Figure 3 presents the SEM –images of the cross section of the single tracks at different modes of the laser action 

on the cold spray coating Ti - B4C 3:7 mass. It is evident that as the low-power laser radiation (tracks 1, 2, and 3), 
the cold spray coating is slightly melted and has a lot of pores. Note that in this case there is no melting of substrate 
– the melted pool only from coating. When the laser radiation power rises (tracks 4, 5, and 6), the cold spray layer 
mixes with the substrate layer. 

 

 
 

   
1 2 3 

   
4 5 6 

FIGURE 3. Photos of the cross section of the single tracks 
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It is seen from Fig. 3 that at the high power (tracks 4, 5, and 6), there is the pit in the single-track center. It can be 
explained by the fact that the key role in the mechanism of track shaping belongs to the convective mass transfer 
against the diffusion one. The major reason and driver of the convection are the surface tension gradients 
(see Fig. 4) [8]. 

 

 
                                                    (a)                               (b) 

FIGURE 4. Character of fluid mixing in the melt pool as a result of thermocapillary (а) 
and concentration-capillary (b) convections 

CONCLUSION 

The paper contains the investigations of the formation of metal-ceramic composite coatings based on Ti and B4C 
by the combined method – the consequent deposition of the coating by the method of cold gas-dynamic spraying 
(cold spray) followed with the laser processing. The issue of the effect of the laser action modes on the single-track 
shape has been studied. It has been revealed that at the high-power laser radiation, there is a pit in the single-track 
center.  наблюдается провал в центре единичного трека. It is suggested that, against the diffusion, the convective 
mass transfer plays the key role in the track shape formation mechanism. 

ACKNOWLEDGMENTS 

This work was supported by the Russian Science Foundation grant No. 16-19-10300. The study was conducted at 
the Joint Access Center «Mechanics» of ITAM SB RAS. 

REFERENCES 

1. A. A. Golyshev, A. M. Orishich, and A. A. Filippov, J. Appl. Mech. Tech. Phys. 60(4), 758–767 (2019). 
2. A. A. Filippov et al., J. Phys. Conf. Ser. 946, 012005 (2018). 
3. X. Mujian, L. Aihui, L. Yuebin et al., Vacuum 160, 146–153 (2019). 
4. X. Mujian, L. Aihui, H. Zhiwei Hou et al., J. of Alloys and Compounds 728, 436–444 (2017). 
5. V. M. Fomin, A. A. Golyshev, V. F. Kosarev et al., J. Appl. Mech. Tech. Phys. 58, 947–955 (2017). 
6. X. Mujian, L. Aihui, W. Hualing Wang et al., J of Alloys and Compounds 782, 506–515 (2019). 
7. E. Fereiduni, A. Ghasemi and M. Elbestawi, Materials & Design 184, 108185 (2019). 
8. A. A. Golyshev and A. M. Orishich, “Formation of metal-ceramic B4C and Ti-6Al-4V structures by the SLM 

method,” in International Conference on Advanced Materials with Hierarchical Structure for New 
Technologies and Reliable Structures 2019, AIP Conference Proceedings 2167, edited by V.E Panin et al. 
(American Institute of Physics, NY, 2019), 020114. 

9. L. Jia, X. Wang, B. Chen et al., J. of Alloys and Compounds 687, 1004–1011 (2016). 
10. N. H. Tariq, L. Gyansah, J. Q. Wang et al., Surface and Coatings Technology 339, 224–236 (2018). 
11. A. M. Orishich, A. G. Malikov, V. M. Fomin et al., Procedia CIRP 74, 268–271 (2018). 
12. V. M. Fomin, A. A. Golyshev, A. M. Orishich, and V. B. Shulyat'ev, J. Appl. Mech. Tech. Phys. 58(2), 371–

378 (2017). 

030075-4

https://doi.org/10.1134/S0021894419040217
https://doi.org/10.1088/1742-6596/946/1/012005
https://doi.org/10.1016/j.vacuum.2018.11.023
https://doi.org/10.1016/j.jallcom.2017.09.033
https://doi.org/10.1134/S0021894417050224
https://doi.org/10.1016/j.jallcom.2018.12.182
https://doi.org/10.1016/j.jallcom.2016.06.280
https://doi.org/10.1016/j.surfcoat.2018.02.007
https://doi.org/10.1016/j.procir.2018.08.108
https://doi.org/10.1134/S0021894417020237
https://doi.org/10.1016/j.matdes.2019.108185


Numerical Simulation of Argon Injection 
into Supersonic Crossflow at Various Jet-to-Freestream 

Momentum Flux Ratios 

N. N. Fedorova1, a), M. A. Goldfeld1, b) and S. A. Valger1, 2, c) 

1Khristianovich Institute of Theoretical and Applied Mechanics SB RAS, 
Institutskaya Str., 4/1, Novosibirsk, 630090 Russia 

2Novosibirsk State University of Architecture and Civil Engineering (Sibstrin), 
Leningradskaya str., 113, Novosibirsk, 630008 Russia 

 
a)Corresponding author: nfed@itam.nsc.ru 

b)gold@itam.nsc.ru 
c)swetla-ya@mail.ru 

Abstract. In the paper, the results of numerical modeling are presented of the 3D turbulent flows in a channel with 
backward-facing step, and argon jets injected into the supersonic crossflow. The numerical simulations are carried out 
under the conditions of experiments performed at the hot-shot wind tunnel IT-302M ITAM SB RAS for flow parameters 
as follows: Mach number at the entrance of the channel M = 3.86, the total temperature T0 = 1650 K, and the total 
pressure P0 = 5.5 MPa. Sound jets of argon are supplied from two circle orifices located opposite each other on the 
channel walls before the backward-facing step. A series of calculations have been performed with a change in the jet 
supply pressure from 1 to 5 MPa, which ensures the variation in the jet-to-crossflow momentum flux ratio in the range 
J = 0.7 ÷ 6.  Mathematical modeling was carried out using ANSYS Fluent based on the Reynolds-Averaged Navier-
Stokes equations supplemented by the k-  SST turbulence model. A comparison of the calculated and experimental data 
on the static pressure distributions on the walls indicates a satisfactory agreement. The calculated results made it possible 
to obtain a clearer understanding of the 3D flow structure in the channel and reveal the influence of the injection pressure 
on the level of mixing along the channel. The obtained data can be used to select the parameters for the injection of heavy 
hydrocarbon fuels in the combustion chamber of the scramjet engine at flight Mach numbers M > 8. 

INTRODUCTION 

Injection of jets into a supersonic crossflow is widely used in various applications [1-4]. Among them, the use of 
jets for supplying liquid or gaseous fuel to the combustion chamber of various engines takes a significant place since 
this allows to improve mixing, increase combustion efficiency, and control engine thrust [5]. Recently, as part of the 
development of the scramjet engine, more attention has been paid to studying the flow structure, and mixing 
efficiency at high flow speeds, including hydrocarbon fueled combustors [6, 7]. At flights with Mach numbers of 
6÷8 and more, the flow velocity at the inlet to the combustion chamber increases significantly, and the residence 
time of the mixture in the channel decreases. Therefore, the rate and efficiency of the mixture are extremely 
important for high-speed combustion processes, since the length and weight of the combustion chamber depend on 
these parameters.  
Numerous studies have shown that a transverse jet is more effective for improving mixing than a tangential one or a 
mixing layer [8]. This improvement is generally associated with a complex vortex structure that forms in the jet near 
wake. Such factors influence the process of a jet mixing with a transverse flow as the configuration of the injector, 
the angle of injection, the number of injectors, the chemical composition of the injected gas, etc. [9]. An important 
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parameter affecting the penetration depth of the jets into the transverse supersonic flow is the jet-to-crossflow 
momentum flux ratio 
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jet jet

f f
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U PM
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Most researches have been done for injection into open space for flows at moderately high Mach numbers  

M = 1.0 ÷ 2.5. Information on these studies is provided in extensive reviews containing data on the flow structure in 
the jet interaction region with the main flow [1, 9, 10]. At the same time, there is a more pressing problem of mixing 
intensification with Mach numbers at the combustion chamber inlet of more than M = 3, for which only a few 
studies are known [11]. It should be noted that the flow pattern is substantially complicated in the presence of the 
channel walls, steps and cavities, as well as in a case of multi-jet injection. One more area that has been identified as 
requiring further study is the influence of the molecular mass of the injected gas. 

In previous papers by the authors [12-14], 2D and 3D numerical investigations of supersonic flows in channels 
with jet injections were performed by means of in-hose code and ANSYS Fluent on the RANS-based approach. 
Computational results were compared to the experimental data of several authors. The results of calculations for 
two-dimensional turbulent supersonic flows in channels have shown good agreement with the experimental data [9]. 
Several aspects of 3D flows were examined in [13, 14], namely, the effect of the jet injection angle on the flow 
structure and parameters behind the backward-facing step, control of mixture parameters in the channel, reduction of 
pressure losses; etc. It was evidently shown that, besides a substantial increase of jet penetration, growth of the slope 
of the jet axis results in the change of the flow parameters in the channel, and the enhancement of mixing. 

In the current work, results of the comprehensive calculation and experimental study of the interaction of 
oncoming argon jets with supersonic crossflow are presented. The numerical simulations are carried out under the 
conditions of experiments [15]. A feature of this work is the high Mach number M = 3.86 at the entrance of the 
channel and the stagnation parameters corresponding to the actual flight conditions: the total temperature T0 = 1650 
K, and the total pressure P0 = 5.5 MPa. A series of calculations have been performed with a change in the jet supply 
pressure from 1 to 5 MPa, which ensures the variation in the jet-to-freestream momentum flux ratio in the range of 
J = 0.7 ÷ 6. The calculation results are verified by experimental data. The structure of 3D-dimensional flows in a 
channel with the sudden expansion is investigated, and quantitative characteristics of mixing of the primary and 
secondary gases are obtained. 

EXPERIMENTAL STUDIES 

The experiments are performed at the hot-shot wind tunnel IT-302M ITAM SB RAS [16] in the connected 
pipeline mode. The channel consists of a supersonic nozzle, an insulator behind which the combustion chamber is 
located with two backward-facing steps (BFS) of 25 mm height (Fig. 1). Behind the step, there is a section with a 
constant cross-section of 100 mm height and an expanding part with walls inclined at 6 . The channel width in the 
transverse direction is 100 mm. In the experiments, the distribution of static pressure on the walls of the model, the 
Pitot pressure at the inlet and outlet of the channel, and the flow rate of the primary and injected gases are measured. 
High-speed shadow visualization is used to determine the structure of the flow.  

 

 
FIGURE 1. Experimental model 
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A series of experiments is performed with nitrogen as a primary gas and agon as an injectant at a Mach number 
M=3.86 at the entrance of the injection section and the stagnation parameters P0 = 10 ÷ 60 bar, T0 = 1000 ÷ 1800 K. 
Two injectors of the circular cross-section of 2.8 mm diameter are located on the bottom and top walls of the 
channel with the centers at the channel symmetry plane. Argon is injected transversally at Mj=1, and the static 
temperature is 216K. Jet static pressure is varying in the range of Pj = 10 ÷ 50 bar, which corresponds to jet-to-
freestream momentum flux ratio J = 0.7 ÷ 6. Details of the experimental technique can be found in [15]. 

In Fig. 2, the experimental Schlieren pictures are shown in the vicinity of BFS for three various J values. The 
flow direction is from left to right; the channel wall is on the top. The wave structure of the supersonic flow behind 
the BFS includes the expansion fan (EF) and the recirculation region zone (RZ). The jet forms the “barrel” and bow 
shock that comes to the symmetry line, then reflects from it and expands downstream along the channel. The arrows 
at the bottom of the pictures show the position of the bow shock generated by the jet. 

 

     
 

(a) (b) (c) 

FIGURE 2. Schlieren pictures of jets for J=0.7 (a), 1.7 (b) and 6 (c). The flow direction is from left to right 
 
Pictures show that with J increasing, the bow shock becomes more intense, and its inclination angle is increased. 

Static pressure measurements on the walls reveal several local maxima. The first pressure maximum corresponds to 
the position of the tail shock closing the separation zone. The second maximum is formed by the incident shock 
wave, which came from the opposite wall. Experimental studies have shown that with J increasing, the relative 
pressure rises in the channel, and the whole wave structure of shocks and expansion fans shifts upstream. Data of the 
experimental study are used further for the verification of the simulation model. 

COMPUTATION RESULTS 

Mathematical modeling of flow with jet injection into a channel with an abrupt expansion is carried out using 
ANSYS Fluent based on the Reynolds-Averaged Navier-Stokes equations supplemented by the k-  SST turbulence 
model. The problem has been computed within the 3D computational domain presented in Fig. 3. The calculation 
domain consists of the injector part, the combustion chamber of constant height, and the expanding duct. To reduce 
the number of the cells, the vertical and lateral symmetries of the channel are taken into account. The back wall and 
top symmetry plane are not shown. 

 

 
FIGURE 3. Computation domain 
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The problem is computed in a steady-state approach using the density-based Fluent solver. AUSM flux vector 
splitting scheme of second order is used for the convective term approximations. On the solid walls, the no-slip 
velocity conditions and temperature of Tw=300 K are assigned. The symmetry conditions are prescribed on the side 
and top boundaries of the computational domain. At the inlet section, the flow parameters are set, accounting for the 
boundary layer of 11 mm thickness on the top and bottom walls. In the computational domain, the multiblock 
structured hexa-grid containing 6.5 million cells with a refinement to the channel walls is constructed. The adapted 
grid used in most of the computations consists of 10 million cells and provides the resolution of the laminar sublayer 
(y+ = 2 ÷ 5). The grid convergence studies were performed for the case of the flow without jets [14]. 

Computational studies allow obtaining a flow picture in the entire channel. In Figs. 4 and 5, the fields of static 
pressure and argon mass concentration in the symmetry plane are presented for three J values. As in the experiment, 
when J is increasing, the bow shock before the jet becomes more intense, the wave configuration shifts upstream, 
and the static pressure in the channel increases. Simultaneously, jet penetration is growing, and the thickness of the 
mixing layer is increasing. For small J values, non-zero argon concentrations occur near the walls while the central 
part of the channel does not contain argon. At the maximum studied value of J = 6, the mixing layers practically 
meet in the center of the channel. The unevenness of the thickness of the mixing layer along the channel is due to the 
influence of the wave structure. Rarefaction waves cause the argon layer to become thicker, and under the action of 
shocks, the thickness of the argon layer decreases. 

 

 
(a) 

 
(b) 

 
(c) 

FIGURE 4. Computed pressure fields in the vertical symmetry plane for J = 0.7 (a), 3 (b) and 6 (c) 
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(a) 

 
(b) 

 
(c) 

FIGURE 5. Computed argon mass concentration in the vertical symmetry plane for J=0.7 (a), 3 (b) and 6 (c) 
 
The comparison of experimental and computed static pressure distributions along the walls in the symmetry 

plane for various J is shown in Fig. 6, a-c. High pressure values in the jet injection region (x <0) are not shown in 
the plots. The calculations correctly reflect the tendency for the pressure to increase with a change in J; however, the 
pressure level in the tail shock zone is somewhat unpredicted. Fig. 6,c shows that with an increase in J, the pressure 
level in the separation zone behind the step rises, and the wave structure moves upstream, which is consistent with 
the data presented in Fig. 4. The nonmonotonic pressure behavior in the separation zone behind the BFS should be 
noted, which is a consequence of the multiple reflections of the tail shock from the lower boundary of the mixing 
layer. For high J, a second pressure maximum appears in the zone of incidence of the shock wave that came from 
the opposite wall. This effect will be explained below during the analysis of the 3D flow structure in the channel. 

In order to evaluate the degree of mixing of the secondary and primary gases, a mass-average uniformity 
index m:  
 

 , 1
2

i i i i i m i i i
i i

m m
i i i m i i i

i i

U A U A

U A U A
 (2) 

 
is calculated in several sections along the channel length. Here I is the mass concentration of argon in a cell with a 
number i; i Ui is the mass flow rate through an i-th section, i stand for a cross-sectional area, and m is the average 
mass concentration of argon. In Fig. 6, d, the plots of uniformity index along the channel are shown computed at 
J=0.7 (curve 1), 1.7 (curve 2), 3 (curve 3), 4.5 (curve 4), and 6 (curve 5) which show that with J increasing, the 
degree of gas mixing is also rising. 
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(a) (b) 

  

(c) (d) 

FIGURE 6. Experimental (symbols) and computed (lines) static pressure distributions along the wall center line 
for J=0.7 (a), 1.7 (b), 3 – 6 (c) and computed argon uniformity index along the channel for various J 

 
Injection from the round orifices leads to the formation of a three-dimensional flow structure, which differs 

significantly from that observed in the case of 2D slot injection [12]. Three-dimensional effects are amplified due to 
the interaction of oblique shocks with the side walls of the channel. This is confirmed in Fig. 7, which shows the 
fields of static pressure and argon mass concentration on the lower wall and the symmetry plane. In addition to the 
longitudinal wave structures described above, a transverse shock can be seen on the lower channel wall. This shock 
is formed as a result of the reflection of a crib-shaped bow shock from the channel side wall and which is 
responsible for the second maximum on the static pressure distribution on the symmetry plane (Fig. 6). 

 

 
(a) (b) 

FIGURE 7. Static pressure (a) and argon mass fraction (b) at the symmetry plane and bottom wall computed at J=3 

Transversal shock 
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SUMMARY 

The results of joint experimental and computational studies of supersonic flow with the injection of two 
opposing argon jets are presented. Mach number the entrance of the combustion chamber is M = 3.86, which 
corresponds to flight Mach numbers M = 8 ÷ 10. The change in the flow structure and the distribution of the injected 
gas concentration is revealed as a function of the jet-to-crossflow momentum flux ratio J. A satisfactory quantitative 
agreement is obtained for the pressure distribution on the channel walls. Based on the analysis of the three-
dimensional flow structure, the features of the pressure distribution on the channel walls are explained. Quantitative 
data on the level of argon mixing along the channel length are presented. The data obtained can serve as the basis for 
choosing schemes for supplying heavy hydrocarbon fuels to the scramjet combustion chamber. 
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Abstract. The results of numerical simulation of the detonation wave interaction with a reacting supersonic flow in a 
three-dimensional setting are presented. The cavity was used as a flame stabilizer. A comparison of the flow fields for 
different positions of the detonation tube is shown for two-dimensional and three-dimensional calculations. It was 
revealed that the lower position of the detonation wave initiator is more preferable for the channel configuration under 
consideration. The necessity of changing the geometry of the combustion chamber and/or fuel supply system has been 
established. 

INTRODUCTION 

A hyper sound direct flow air-jet engine (scramjet) is a variant of a ramjet engine that differs by supersonic 
combustion of a fuel-air mixture. The atmospheric air is used as an oxidizer in the scramjet, therefore, in comparison 
with a rocket engines, the scramjet has a higher specific impulse. The scramjet engine consists of a narrowed 
channel in which the incoming air undergoes compression due to the high flight speed of the aircraft, the combustion 
chamber, where it must mix with the fuel and ignite and the nozzle through which the exhaust gas flows at a speed 
greater than the speed of air flow, which creates engine thrust. 

Flight Mach number of promising aircraft with scramjet will be M = 6 ÷ 24. Atmospheric air entering the 
combustion chamber must be supersonic to avoid excessive dissociation of nitrogen and oxygen, therefore, the time 
available for fuel injection, its mixing with air and combustion is very short, on the order of 1 millisecond. The main 
objective of a flame stabilizer during supersonic combustion is to increase the residence time of the fuel and oxidizer 
in the combustion chamber for mixing and ignition. Mixing, ignition and stabilization of the flame are three 
important factors that must be considered when designing an injection system and a combustion chamber. Ways to 
solve these problems are described in the literature [1 - 7]. 

In [1], the square cavity as a flame stabilizer and vertical supply of a fuel jet were considered. The characteristics 
of the flow field were studied according to numerical calculations and experimental results. The size of the cavity 
was varied, but the length to height ratio was fixed, and the jet with Mach number M = 1 was introduced vertically 
through the nozzle with a diameter of 1 mm in front of the cavity. The numerical analysis showed that cavity size 
increasing leads to increasing of vortices, which were an indicator of the air-fuel mixture mixing intensity in this 
study. Particularly, near the bottom of the combustion chamber, where mixing is most active, large vortices were 
visible. In addition, to compare and verify the results of numerical analysis, the flow visualization was performed in 
a supersonic wind tunnel, using shadowgraphs and pressure measurement by pressure-sensitive paint. The results of 
numerical analysis are in good agreement with the experimental results. 

The article [2] provides the review of the works related to stabilization of combustion using a cavity in the super 
sound combustion chamber. It is noted that in recent times cavities have become widespread as a promising device 
for stabilizing combustion, which was confirmed by the results of flight tests. However, comprehensive researches 
are needed to determine the optimal configuration that will provide the most effective flame stabilization with 
minimal pressure loss. In this paper, the features of the flow fields in cavities of various configurations and the 
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research work associated with it are considered. Issues related to the cavity effectiveness as flame stabilizers are 
discussed. 

In the work [3], experimental and numerical studies of flow fields in the channels with cavities were carried out. 
Open-type cavities with the length to depth ratio L/D  < 10 were considered. The results showed that ledge angle of 
the cavity plays an important role in the behavior of the shear layer that covers the cavity. In the case of rectangular 
cavity, compression waves separating from the upper corner of the cavity are formed. A strong pressure decrease 
occurs in the bottom region of the cavity, and the flow becomes unstable. On the front wall, the pressure decreases 
with a decreasing of the ledge angle. In cavities with gentle ledge angles, the drag coefficient increases and the 
residence time of the gas in the cavity decreases. 

In the paper [4], the results of kerosene concentration distribution measurement in the combustion chamber of 
the explosive wind tunnel in the connected channeled mode with the input Mach number of 2.89 are presented. 
Kerosene was injected through 12 jet nozzles at an angle to the flow from the wall in front of the cavity. 
Measurements were taken in three sections. The data about kerosene concentration distribution in the initial region 
of the combustion chamber and its dependence from the jet and main stream pulses ratio were obtained. It is shown 
that the local equivalence relations are insufficient for intense combustion in the model combustion chamber under 
these conditions. 

In [5], the results of numerical and experimental studies of high-speed flow in a flat channel with a ledge used as 
a flame stabilizer are presented. The experiments were carried out under conditions close to flight with Mach 
number 6. Mathematical modeling was performed on the basis of full unsteady averaged Navier-Stokes equations 
supplemented by the k-  SST turbulence model and a chemical kinetics block containing 38 direct and reverse 
reactions of the hydrogen-air mixture combustion. Three ledge configurations were investigated: straight without 
preliminary impact, with preliminary compression, with preliminary expansion. It is shown that the configuration of 
the ledge has a significant effect on the separated-flow regions sizes, pressure distribution and temperature in the 
channel behind the ledge. The data calculated show that pre-compression creates the conditions for effective ignition 
of prepared hydrogen-air mixture and stable combustion along the entire height of the channel. 

In the work [6], the combustion intensity increasing of the hydrogen-air mixture by using a cavity was 
numerically investigated. It is established that the using of the cavity in the combustion chamber, despite the more 
intensive mixing and combustion of fuel, leads to increasing of the pressure loss compared to a chamber without 
cavity. It was revealed that increasing of the cavity back wall angle leads to increasing of combustion intensity and 
increasing of pressure loss. 

In [7], the flows in a scramjet are studied using the finite volume method for solving of the Navier – Stokes 
equations on a triangular unstructured grid in a two-dimensional formulation. To approximate inviscid flows, the 
AUSM flow vector splitting scheme and the Godunov method are used. The AUSM scheme showed a significant 
advantage in the rate of convergence of the numerical solution. The results of the test calculation of the hydrogen-air 
mixture flow in the scramjet engine showed the stability of the numerical scheme and the adequacy of the 
constructed mathematical model. 

The aim of our work is creating of computational technology for studying of the detonation wave interaction 
with a reactive supersonic flow of non-prepared hydrogen - air mixture. 

FORMULATION OF THE PROBLEM 

Figure 1 shows the scheme of the simulated area. Unlike our previous studies [8], [9], [10], in the present work, 
the detonation wave was supplied from below through the tube (1). Other parameters did not change. At the inlet of 
the channel (2), a pre-mixed mixture of oxygen with nitrogen (main air components) was supplied with the 
following parameters: Mach number M = 4.0, static temperature Tst = 450 K, static pressure Pst = 50 kPa. Hydrogen 
was injected through a hole with a diameter of d = 8 mm (3), with a Mach number M = 1.0 and a static temperature 
of Tst = 300 K. The parameters of hydrogen jet and diameter of the hole were chosen so that a stoichiometric 
hydrogen-oxygen mixture was formed in channel (4). Figure 1b shows the geometric parameters of the simulated 
area. The width of the channel was 125 mm. 
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(a) (b) 

FIGURE 1. Simulation schemes: 1- detonation tube, 2 - input boundary of the channel, 
3 - hole for hydrogen injection, 4 - channel with a cavity 

MATHEMATICAL MODEL AND NUMERICAL ALGORITHM 

The mathematical model includes Favre-averaged Navier–Stokes equation for a multicomponent gas mixture 
with chemical reactions supplemented with the SST modification of the k–  turbulence model. The boundary 
conditions on the walls of the channel were the standard no-slip and isothermal conditions. The wall temperature 
was set equal to 300 K. 

In this study, chemical kinetics was modeled using a reduced kinetic scheme containing one reaction for 4 
species. This kinetic scheme has previously been verified in [11] against experimental data on the ignition delay and 
detonation velocity under different conditions. Also in work [10], it was revealed that the use of the reduced kinetic 
scheme of chemical reactions is acceptable for the problem under consideration. 

The ANSYS/Fluent software package was used as the solver. In the unsteady case, a second order implicit 
scheme was used for approximation in time and the AUSM vector flux splitting method with a second order 
accuracy upwind scheme was used for approximation in space. 

CALCULATION RESULTS 

In our previous work [11], the detonation tube was installed on top of the cavity. This variant of the detonation 
wave initiator location did not allow us to obtain significant changes in the structure of the stream. We decided to 
install the tube below the cavity (Fig. 1). For this, two-dimensional modeling of the problem was carried out. It was 
assumed that the lower location of the detonation tube will contribute to more intensive mixing of fuel and oxidizer. 
A more intense change in the flow structure can be most clearly observed considering the fields of stream Mach 
numbers (Figs. 2 and 3). 
 

 
FIGURE 2. Mach number flowfields in the channel with a cavity upon the detonation wave initiation. 

Two-dimensional simulation. The tube installed on top of the channel 
 

 
FIGURE 3. Mach number flowfields in the channel with a cavity upon the detonation wave initiation. 

Two-dimensional simulation. The tube installed on bottom of the channel 
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Comparison of Figs. 2 and 3 makes it possible to conclude that the lower location of the detonation tube is more 
beneficial for the combustion chamber configuration under consideration. The detonation wave, coming into the 
channel, enters the region of reduced velocities (cavity) and has a large penetration height. This position of the 
initiator leads to more intense effect on the hydrogen jet. However, two-dimensional calculation does not give a 
sufficiently complete picture of the phenomenon under consideration, since there is a slotted blowing of fuel. 

As in previous cases, for three-dimensional modeling, the stationary flow and mixing of hydrogen with air 
without exposure of detonation wave in the channel was calculated (Fig. 4). 

  
(a) (b) 

  
(c) (d) 

FIGURE 4. The simulation results of the stationary problem. H2O mass fraction fields (a). 
Static temperature fields (b). H2 mass fraction fields (c). Flow velocity fields (d) 

 
Hydrogen burns out almost completely, however, at the exit from calculated region, combustion zone occupies 

approximately 70% of the channel width. It happens due to the absence of the fuel near the top wall. To increase the 
combustion zone it is necessary to influence on the flow so that the mixing zone occupies the largest possible area of 
the channel. Let us consider the plane of the central longitudinal section, which includes the axis of the detonation 
tube. The effect of detonation on the flow in this section is the most intense. We can compare the changes in the 
mass concentration of hydrogen for the two positions of the detonation tube (Fig. 5). 

 

  
(a) (b) 

FIGURE 5. Central longitudinal section. Fields of mass fraction of H2 for the upper (a) and lower (b) positions of the detonation 
tube after the detonation wave impact 
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For the case when the tube located on bottom of the channel (Fig. 5b), hydrogen mass fraction decreases, which 
indicates about more complete combustion of the fuel. Figure 6 shows static temperature flowfields at different time 
for central longitudinal section with the tube located on bottom of the channel. The detonation wave enters the 
channel and interacts with the flow. 

 

 
FIGURE 6. Static temperature flowfields for the channel with a cavity after the detonation wave initiation. 

Central longitudinal section 
 
The changing of the tube location allows us to get a slightly different flow pattern. The temperature near the 

upper wall and the burning area were increased. The most obvious changes are near the side walls of the canal. 
Figure 7 shows the flow fields for a channel in various cross sections after the detonation wave impact. 
 

  
(a) (b) 

 
(c) 

FIGURE 7. The simulation results. Static temperature fields (a) H2O mass fraction fields (b). Flow velocity fields (c) 
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The region of high temperatures evens out downstream to the outlet boundary. The expansion of this region near 
the side boundaries behind the cavity is observed. This expansion is more significant than when using the upper 
position of the tube, which is visually demonstrated by the flow fields in the outlet section of the channel (Figs. 8, 9 
and 10). 

 

   
(a) (b) (c) 

FIGURE 8. The simulation results without detonation wave impact. Static temperature fields (a) H2O mass fraction fields (b). 
Flow velocity fields (c) 

 

   
(a) (b) (c) 

FIGURE 9. The simulation results without detonation wave impact. The tube installed on top of the channel. 
Static temperature fields (a) H2O mass fraction fields (b). Flow velocity fields (c) 

 

   
(a) (b) (c) 

FIGURE 10. The simulation results without detonation wave impact. The tube installed on bottom of the channel. 
Static temperature fields (a) H2O mass fraction fields (b). Flow velocity fields (c) 

 
As a result, at the exit from the channel it was not possible to obtain uniform combustion over the entire width of 

the output section. The lower position of the detonation tube allows us to achieve a more extensive increase in the 
combustion area at the side walls compared with the case of the upper location of the tube. At the upper wall of the 
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channel, combustion is also absent, which indicates the need to change the fuel supply system and possibly the 
configuration of the combustion chamber. 

CONCLUSIONS 

The mathematical technology for calculating the detonation wave interaction with a supersonic flow based on the 
ANSYS Fluent package has been created. The calculation of the detonation wave interaction with a previously 
unmixed mixture of air and hydrogen was carried out. The possibility of influencing the process of mixing a 
hydrogen-air mixture using a detonation tube was shown. 

The effect of detonation waves on the processes of mixing and ignition of a fuel-air mixture in a scramjet 
combustion chamber in a three-dimensional formulation was investigated. The mathematical model used and the 
mathematical technology created for its implementation made it possible to compare the flow parameters before and 
after the detonation wave impact for various positions of the detonation tube. 

The comparison showed that the action of the detonation wave can slightly increase the intensity of combustion. 
For the lower position of the detonation tube, a change in the structure of the flow is more noticeable. It should be 
noted that for considered version of the model cavity with hydrogen injection, the initial combustion was quite 
intense, and the penetration height of the hydrogen jet was not large enough.  

In the future, in addition to improve the fuel supply system, it is also worth considering other options for the 
geometry of the combustion chamber. 
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Abstract. The authors proposed new approaches to modeling the solid-liquid and liquid-solid phase transitions using the 
core-Cu-shell-Ag system as an example. It was revealed that the presence of an insignificant thermodynamically 
nonequilibrium state in the system is a key factor leading to the emergence and development of crystallization, which 
must be taken into account when modeling phase transitions. 

INTRODUCTION 

In the XXI century interest to the molecular-dynamic simulation of alloy formation on the atomic level is rising, 
for example [1]. 

Analysis of crystallization at the transition from the liquid into the solid phase calls for special attention during 
the simulation and investigation of the alloy formation process on the atomic level. There are quite a lot of works 
involving the molecular dynamics method to study kinetic, structural, thermodynamic parameters in binary or 
trinary melts. 

At the same time, most works do not consider the material interface, transformation of the crystal structure 
interface due to the crystal lattice mismatch. So, for example, in [2], the authors used a random arrangement of 
atoms of different substances, and, in fact, there is no interface between materials. 

The nano-size core-shell systems (bimetallic nanoparticles) have outstanding optical, electronic, catalytic 
antioxidant properties differing from the ones of metal components. Among many bimetallic nanoparticles, the 
bimetallic system Ag – Cu recently attracted serious attention because of the high electronic conductivity of its 
components and utilization as a lead-free solder in micro-electronics [3]. The Cu-core-Ag-shell systems have a great 
future, for example, as a component of ink for jet printers, as a base of nano-catalysis for water purification, etc. 

Hence, this paper presents the results of the molecular-dynamic simulation of the phase transition “solid – fluid” 
and inversely “fluid – solid” for the system core-Cu-shell-Ag. 

THE PHYSICAL SYSTEM AND NUMERICAL SCHEME 

The physical system, initial data preparation and numerical scheme have been described in detail in [4]. In the 
work we used the commonly known Verlet velocity modification of the second-order accuracy, the time step was 
10-16 s. In the case of the isolated system, the energy error did not exceed 10-5% up to 50 ps. 
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 SIMULATION OF HEATING AND MELTING OF CORE-CU-SHELL-AG 
SYSTEM 

The heating procedure [5] is based on the fact that the increment of all atoms momenta components of the 
system is realized with the help of random data generator after each pre-described number of time steps. The 
additional cycle taking into account atoms type is appended into the heating procedure. 

Figure 1 shows the dependences of the temperatures of copper and silver subsystems versus time steps for two 
methods of numerical heating. 

 

 
FIGURE 1. The copper subsystem temperature (black line), the silver subsystem temperature (grey line) during the heating 

regarding the different mass of Cu and Ag atoms (a) 
and during the heating regardless the different mass of Cu and Ag atoms (b) 

 
One can see from the Fig.1 the influence of taking into account the silver and copper atoms masses in the heating 

procedure: the temperatures of the copper and silver subsystems remain equal to each other throughout the entire 
heating process up to the silver melting temperature. Those an improved heating procedure makes it possible that the 
heterogeneous system is in a thermodynamically equilibrium state during heating. 

Thus, a numerical simulation of the solid – liquid phase transition in a Cu – Ag spherical heterostructure was 
performed. The atomic coordinates and momenta of this heated system were used as initial data for numerical 
simulation of the system cooling. 

INVESTIGATION OF THE KINETICS AND THERMODYNAMICS OF THE “LIQUID 
– SOLID” PHASE TRANSITION OF THE CORE-CU-SHELL-AG SYSTEM 

AND SUBSEQUENT RELAXATION OF THE SYSTEM 

In order to numerically realize the cooling of the system, which is extremely consistent with what happens in 
field experiments, a procedure for cooling the core-Cu-shell-Ag system through the surface was proposed. It is 
based on the cooling procedure using the artificial viscosity method [6]. 

The following condition has been added: forces caused by artificial viscosity act only on atoms in the surface 
layer of a given thickness (in this task this is 4 Å). 

A numerical experiment was performed on the effect of the value of artificial viscosity, the duration of the 
cooling procedure, and the further relaxation procedure on the crystallization of metal spherical heterostructure after 
it was heated to the melting temperature during subsequent cooling and on the self-organization of the system. 

Three different values of artificial viscosity  were used: 0.01, 0.1, 1 (program units). As the initial data, we use 
arrays of coordinates and momenta of a system heated to 1300 K. 

The time dependences of such characteristics as temperature change, change in the binding energy between 
silver and copper subsystems, change in the internal energy of the system for all three values of artificial viscosity 
during the relaxation of the system after cooling to cryogenic temperatures show that systems cooled through a 
surface with viscosities of 0.1 and 0.01 were in equilibrium after the cooling procedure. And the system, cooled with 
a viscosity equal to 1., was in a non-equilibrium state, thermodynamic processes are actively going on in it during 
relaxation. 
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ANALYSIS OF THE OCCURRENCE OF CRYSTALLIZATION AND SELF-
ORGANIZATION IN THE CORE-SHELL SYSTEMS DURING COOLING AND 

RELAXATION 

We used the common neighbor analysis [7] to investigate the crystal structure changes in the core-shell system 
melted and then cooled through a surface with different values of numerical viscosity, and after the system 
relaxation to thermodynamic equilibrium. 

Figure 2 shows a visualization of the analysis of common neighbors (CNA) for the ideal cooled system Cu-core-
Ag-shell (a) and for the system heated to 1300 K (b). The presence of atoms in the system at T = 1300 K, whose 
positions coincide with the nodes of the ideal fcc lattice, does not mean that the core has not melted. This only 
means that there is some probability of atoms falling into positions that coincide with the positions of atoms in an 
ideal fcc lattice. 

 

  

(a) (b) 

FIGURE 2. CNA: amorphous and/or surface atoms – dark-green; the atoms forming FCC-structure – light-green; the atoms 
forming HCP-structure – coral; the atoms forming BCC-structure – blue. (a) The ideal cooled nanosphere cut by the plane [111] 

passing through the center. (b) The system cut by the plane [100] passing through the center, T=1300 K 
 
Figure 3 allows one to compare the effect of the numerical viscosity used during the cooling procedure on the 

crystallization process. 
 

  
(a) (b) 

FIGURE 3. CNA: amorphous and/or surface atoms – dark-green; the atoms forming FCC-structure – light-green; the atoms 
forming HCP-structure – coral; the atoms forming BCC-structure – blue. The nanosphere cut by the plane [100] passing through 

the center. The system cooled from T=1300 K down to almost 0 K. (a) viscosity 0.01; (b) viscosity 1 
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The CNA results for the three values of artificial viscosity used during the cooling procedure to cryogenic 
temperatures of the core-shell system preheated to 1300 K are collected in Table 2. 

TABLE 1. The ratio of the number of atoms forming the specified crystalline structure in cooled core-shell nanoparticles with 
different artificial viscosity values. 

Artificial viscosity 0.01 Artificial viscosity 0.1 Artificial viscosity 1 

Amorphous and/or surface atoms: 83.8% 

FCC: 7.8% 

HCP: 5.7% 

BCC: 2.7% 

Amorphous and/or surface atoms: 80% 

FCC: 13.4% 

HCP: 5.3% 

BCC: 1.3% 

Amorphous and/or surface atoms: 66.0% 

FCC: 25.7% 

HCP: 7.0% 

BCC: 1.3% 
 

Obviously, the value of artificial viscosity 1 gives the best results on the onset and development of crystallization 
in the core-Cu-shell-Ag system after its melt, and then cooling through the surface, after which the system is 
relaxed. However, an analysis of the numerical results shows that the system spontaneously heats up during the 
relaxation time to 77 K, but the temperatures of the copper and silver subsystems are equalized and reach an 
asymptotic value. Thus, the system comes to a thermodynamically equilibrium state, while the process of self-
organization continues to develop. 

In addition, we simulated the cooling of the system from 1300 K to a temperature of the order of room 
temperature (about 300 K) using viscosities of 0.1 and 1. Then the system was also relaxed, which is graphically 
shown in Fig. 4. 

Figure 4-f shows that energy is being transferred from one subsystem to another, after which a thermodynamic 
equilibrium state is established in the system (Fig. 4 - e). When cooling a system with viscosity 1, similar processes 
occur. 

Table 2 summarizes the results of CNA for core-shell system after cooling to 300 K with different artificial 
viscosities and after further relaxation of these systems. 

TABLE 2. The ratio of the number of atoms forming the indicated crystalline structure in core-shell nanoparticles cooled to 
T 300K (after their melting) for two values of artificial viscosity and after relaxation for 250 ps. 

 

Stage 

 = 0.1  = 1. 

After cooling to T = 300 K Amorphous and/or surface atoms: 85.3% 

FCC: 10.9% 

HCP: 3.3% 

BCC: 0.4% 

Amorphous and/or surface atoms: 87.8% 

FCC: 10.% 

HCP: 1.7% 

BCC: 0.4% 

After relaxation 250 ps after the 
cooling procedure 

Amorphous and/or surface atoms: 46% 

FCC: 35 % 

HCP: 16.1 % 

BCC: 2.8 % 

Amorphous and/or surface atoms: 36.3% 

FCC: 44% 

HCP: 18.8% 

BCC: 0.9% 
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FIGURE 4. Energy characteristics versus time during the relaxation of the core-shell particle cooled down to T  300 K with the 

artificial viscosity  = 0.1. (a) – the whole system temperature; (b) – the bond energy between silver and copper subsystems; 
( ) – variation of the bond energy between silver and copper subsystems; (d) – total potential energy of the system; 

(e) – temperature of the copper (black line) and silver (grey line) subsystems (f) – variation of the inner energy of the system 

CONCLUSION AND DISCUSSION 

A numerical technique has been developed for the simulation of heating a heterogeneous system and cooling a 
melt, close to natural processes in field experiments. 

It was shown that the parameters of the core-shell system melt cooling procedure must be selected so that 
insignificant thermodynamic equilibrium takes place in the system. Summing up the results leads us to the following 
conclusion about the nature of the substance crystallization during the phase transition “liquid – solid”. During the 
melt cooling, the system comes into the state with the lower total energy. Evidently the components of the total 
energy decrease too: the potential energy of the system and the kinetic energy of the chaotic or thermal motion of 
atoms. As it is seen from the description of the numerical methods of system heating and cooling, the kinetic energy 
of the mass center system did not change. At the same time, the initial position of the atoms in the space corresponds 
to the amorphous or chaotic state. Thus, in order to have the final crystal state from the amorphous one, the atoms 
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need to start the motion in the space and this would lead them to this result. Note – it should happen with no energy 
action, only owning to the “search” of the random state of the system with the minimal potential energy in any 
crystal state. The numerical results show this way. True, the forced cooling with the viscosities of 0.01 and 0.1 to the 
quasi-zero temperatures bring the system into the thermodynamically equilibrium state with the minimal potential 
energy and almost zero kinetic energy. The atoms in fact stop moving in the space. At the same time, the similar 
cooling with the viscosity of 1.0 left such a non-equilibrium state, in which the kinetic energy was practically zero, 
the potential energy was excessive. It led to the transition of the potential energy of the system into the kinetic 
energy of the chaotic motion of atoms and initiated their motion in the space which in turn caused the spontaneous 
formation of the crystal structures in the system. 

This conclusion is vindicated also by the results obtained when the final temperature during the cooling was 
increased. For example cooling down to the average temperature o
start during the relaxation even in the case with the viscosity coefficient one order lower ( 0.1 ). 

Hence, the key criterion of crystallization is the fine ratio between the kinetic energy of the chaotic motion of 
atoms, which would emit after the end of the relaxation and the threshold energy (potential energy of atoms 
interaction) preventing the rupture of the crystal structure of a certain type. 
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Abstract. This paper was studied the microstructure of a metal-ceramic coating obtained by sequential application of 
cold gas-dynamic sputtering and laser melting. It is shown that under certain parameters of cold spray, it is possible to 
obtain a titanium coating with evenly distributed boron carbide particles. The laser treatment modes used lead to the 
decomposition of boron carbide, mixing with the titanium matrix, and the formation of borides and titanium carbides. 
The initial high content of boron carbide in ceramics (35% by weight) leads to a lack of free titanium on the surface of 
the coating and between the molten layer and the cold spray coating. 

INTRODUCTION 

Metal matrix composites with the addition of superhard ceramic particles have unique set of properties, 
combining the lightness and corrosion resistance of metals and high hardness and abrasive resistance of ceramic 
particles. Metal matrix composites are widely used in the petrochemical and aerospace industries [1–6]. Studies of 
these processes are complicated by the scale of phenomena, both in time and in space [7-9]. -dynamic 
deposition technologies (Cold spray) [10, 11] and laser processing [1–5] combination has broad prospects for 
creating cermet coatings , due to the high performance of the process, the wide possibilities for creating complex 
shapes, as well as a higher initial layer density compared to powder-bed selective laser melting. The results of post-
processing of Cold spray coatings made of titanium alloy and stainless steel were demonstrated in [12, 13] but 
further research is required for the scientific search for optimal compositions of powder mixtures and processing 
parameters. The purpose of this work is to study the structure and mechanical properties of single tracks of a Ti/B4C 
metal-ceramic mixture obtained as a result of laser treatment of cold spray coatings. In particular, the influence of 
laser processing parameters on the characteristics of the cold spray coating was studied. 

MATERIALS AND EXPERIMENTAL TECHNIQUE 

B4C ceramic powders (Fig. 1a, b) with a particle size of d50 equal to 65.2 m were used to obtain a composite 
coating of the "metal matrix + ceramic inclusions" type by cold spray (PJSC "Zaporizhabraziv", Ukraine). Titanium 
powder was used as a metal component PTOM-1 with d50 = 17.1 m with addition aluminum powder ASD-1 with 
d50=20 m in the proportion of 0.94Ti+0.06Al by weight. Composition of powders with a mass concentration of 
70% ceramics B4C and 30% Al-Ti mixture were prepared by the Venus FTLMV-02 V-shaped mixer for 30 minutes. 
Thus, the initial weight ratio of the mixture was 0.7B4C+28.2Ti+1.8Al. Plates made of titanium alloy VT-20 with a 
size of 50x50x5 mm3 were used as substrates. The coating was made at the cold spray experimental facility in ITAM 
SB RAS using air as a working gas. The particles of the powder mixture are accelerated using an axisymmetric 

High-Energy Processes in Condensed Matter (HEPCM 2020)
AIP Conf. Proc. 2288, 030080-1–030080-4; https://doi.org/10.1063/5.0028375

Published by AIP Publishing. 978-0-7354-4018-0/$30.00

030080-1



Laval nozzle in the pre chamber at a pressure of 2.6 MPa and stagnation temperature of 770 K. The Laval nozzle 
moved at a speed of 25 mm/s relative to the surface of the substrate, the spray distance was 30 mm. The Laval 
nozzle moved at a speed of 25 mm/s relative to the surface of the substrate and the spray distance was 30 mm. As a 
result, a coating was made with a thickness of 3.3±0.1 mm. For further processing of the sprayed coating, a gas-
discharge CO2 laser with a radiation wavelength of 10.6 m was used. In this work, the parameters of laser 
treatment were optimized, such as: radiation power W, scanning speed V, the position of the focus relative to the 
surface of the powder layer (f<0 focus is lower, and at f>0 focus is higher than the surface of the powder layer), the 
scanning step, etc. Note that when the focus position is f=+20, the beam diameter is approximately 2 mm. The initial 
powders and the resulting coatings were studied using scanning electron microscopy (Zeiss EVO MA 15) in the 
backscattered electron mode. The elemental analysis was performed using x-ray energy-dispersive spectroscopy 
(Oxford Instruments INCA X-Max 80). The microhardness of the coatings was obtained using the Vickers method 
(Wilson Hardness Group Tukon 1102) at a load of 3 N. 

EXPERIMENTAL RESULTS AND DISCUSSION 

  
(a) (b) 

FIGURE 1. Cold spray coating: (a) – Ti-Al-B4C-composition, (b) –cold sprayed coating 
 
As a result, a heterogeneous coating based on a titanium matrix with inclusions of boron carbide particles was 

formed on the surface of the titanium substrate. Titanium powder particles deformed after colliding with the surface, 
forming a plastic matrix for solid ceramic particles (Fig. 1b). According to the EDX analysis (Table 1), the structure 
has a fairly high oxygen content (about 8 wt.%), which may indicate the presence of oxides in the structure. The 
coatings have a lower content of boron carbide compared to the initial (about 25 wt.%).According to EDX analysis, 
the content of boron carbide on the coating surface is higher than in the coating structure and is approximately 
48 wt.%. 

 

  

(a) (b) (c) 

FIGURE 2. SEM-image in the middle of track of cold spray coating surface after laser treatment: 
(a) – X60 (b) – top X600, (c) –top X2000 

 
The formed metal-ceramic cold spray coating was melted using a laser beam. It is found that at a high power 

density of radiation, a groove is formed in the contact zone. This is due to the fact that at high energy densities, a 
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"dagger" melting mode is formed, which leads to an unstable flow of molten material. At a lower power density, a 
more uniform microstructure is observed, but in this case only a small upper layer is melted. In other words, the 
energy of laser radiation is not enough to melt the entire thickness of the coating due to thermal conductivity. As a 
result, a laser treatment mode was selected, in which a layer of cold spray coating with a thickness of 1 mm was 
melted, but a mode close to "dagger" melting was used (W = 1500 W, speed 0.3 m/min, focus position +15 mm, step 
between tracks 1.5 mm). 
 

  
(a) (b) 

FIGURE 3. SEM-image cross-section of cold spray coating after laser treatment: 
(a) laser melted structure X1000 (b) cold-spray structure X1000 

 
After laser treatment of the cold spray coating, a heterogeneous layered structure was formed, consisting of a 

cold spray coating with an upper remelted layer. The total thickness of the coating is approximately 3 mm, the 
thickness of the remelted layer is about 1 mm. the cold spray coating is characterized by a high density, while as a 
result of laser treatment, a metal-ceramic layer with a large number of pores and cracks was formed. A detailed 
study of the microstructure suggests that the porous structure was formed as a result of a chemical reaction between 
titanium and boron carbide, followed by the formation of borides and titanium carbides. As a result of the chemical 
reaction, there was a lack of liquid titanium in the volume of the material to full complete the reaction, so in the 
upper layers, the structure of the material is crystals of formed ceramics without metal matrix. At the same time, 
active mixing of the mixture directly during laser exposure led to active pore formation both on the border and 
inside the molten titanium cavity. A large amount of oxygen is present on the surface of the remelted coating, which 
is probably due to the formation of metal oxides from the cold spray coating. 

 
TABLE 1. EDX-analysis of main elements of Ti-Al-B4C-structure. 

EDX-
area 

Cold-spray coating top 
(from Fig. 1(b)) 

Cold-spray cross-section 
(from Fig. 3 (c)) 

Melted Cold spray top 
(from Fig. 2(a)) 

Melted cold spray 
coating cross-section 

(from Fig. 3(b)) 

Elemen
ts 

By weight, 
% 

By atom, 
% 

By weight, 
% 

By atom, 
% 

By weight, 
% 

By atom, 
% 

By 
weight, 

% 

By 
atom, 

%

B 47.76 63.42 24.51 45.91 17.69 29.26 27.17 51.19 

C 17.25 20.61 11.88 20.03 22.96 34.18 13.71 23.25 

Al 3.81 2.03 2.29 1.72 2.16 1.43 1.25 0.94

Ti 22.94 6.87 53.7 22.7 38.01 14.19 57.88 24.62 

O 7.67 6.88 7.61 9.64 18.41 20.57 0 0 
 
The elemental composition of the remelted structure inside is similar to that of the cold spray coating, but the 

structure differs significantly. The remelted layer is characterized by a large number of crystals in the form of scales 
and a small amount of metal matrix. According to the literature data, such particles must correspond to one of the 
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compounds of titanium borides [1-4]. The high content of boron carbide ceramics together with the energy supplied 
by the laser leads to the complete interaction of titanium with carbon and boron atoms. No initial boron carbide 
crystals were found in the remelted structure. A similar type of change under the influence of laser radiation was 
observed in the works [14–16]. 

MICROHARDNESS 

The microhardness measurement showed that the microhardness of the titanium substrate is 327.5 HV0.3. the 
coating created by cold gas spraying that includes B4C + (Ti and Al) has a microhardness of 466.3 HV0.3, while the 
microhardness of the coating after laser treatment is 1331.3 HV0.3. 

CONCLUSION 

As a result of this work, a layered metal-ceramic structure was obtained, with properties that vary in depth. With 
the original element composition, the structure of the coating layers differs significantly. Under the influence of 
laser radiation, a ceramic layer is formed from the cold spray coating, which contains crystals of titanium borides 
and carbides in a titanium matrix. The initial high content of boron carbide in ceramics (35% by weight) leads to a 
lack of free titanium on the surface of the coating and between the molten layer and the cold spray coating. 
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Abstract. The paper presents the results of numerical modeling of vibration of an elastic rod of high aspect ratio mounted 
normal to the external flow and rigidly fixed on a substrate. The simulation is performed with ANSYS software using the 
technology of bidirectional coupling. The paper presents the results of a modal and coupling calculation. The natural 
frequencies of the rod and corresponding vibration shapes are found. The process of excitation of vibrations of an elastic 
model under the action of an external flow is investigated. The amplitude and frequencies of rod free vibration are 
compared for two cases, with only the density of the rod material different. The structure is analyzed, and the features of 
the airflow in the vicinity of the model are described. It is shown that the separation zone behind the body acquires a 
nonuniform 3D structure. Vortices are shedding from the lateral edges of the model at different heights, and as a result, 
three Karman vortex streets are formed. 

INTRODUCTION 

Coupled physical processes in which the airflow affects the behavior of deformable objects are termed as Fluid-
Structure Interaction (FSI). Aeroelasticity covers the area of physical and technical processes, which deals with 
phenomena caused by the interaction of elastic bodies with the airflow. FSI tasks play an important role in many 
engineering problems, such as vibrations of structures in civil engineering [1 - 3], aviation [4], and hemodynamics 
[5, 6], etc. In the case of large deformations of the object under the influence of external flow, the coupling should 
be bidirectional (2FSI).  

Vortex-induced vibration (VIV) is one of the common types of FSI problems in which the sources of vibration of 
elastic bodies are vortices, shedding off the surface of bluff bodies. Numerous works deal with transient flows in the 
vicinity of cylindrical or prismatic models, which are attached rigidly with one end and placed crosswise the 
incoming stream. To study the vibration of elastic bodies, it is necessary to know the characteristics of the exciting 
force, which is associated with Karman vortices. 

The results of numerical simulation in ANSYS Fluent conducted in [7, 8] show the influence of the Reynolds 
number on the structure of the wake behind a cylinder of a square cross-section. In [7], the authors study the 3D 
unsteady flow characteristics around a rod of a square cross-section with an aspect ratio of 7 at Reynold number 
range Re = 40÷250. They revealed , namely, (1) a steady-state flow ; (2) inception of 
vortex shedding within the range of 75 < Re < 85; (3) laminar Karman street at ; (

and the force signal oscillation alters from a 
sinusoidal to a chaotic type, 150 < . In t  

In [8], the 2D and 3D wake behind a cylinder of a square cross-section were investigated for high Re < 107. In 
this work were also highlighted. The first regime  with a 
pair of counter-rotating recirculating bubbles downstream of the cylinder. With increasing Re, streamwise length of 
recirculation bubble Lf increases rapidly from 0.6 to 3.5, and the time-mean drag coefficient Cd declines gradually. 
The second regime (50 < Re < 160) corresponds to a laminar transient . With increasing Re, vortex formation 
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length Lf drops from 5.0 to 2.2, and Strouhal number St grows from 0.11 to 0.16. In the third regime 
(160 < Re < 220), a two-dimensional flow goes to a three-dimensional one. Lf remains unchanged, wake width W 
and Cd reach their minima, and St  In the fourth regime 
(220 <Re< 1000), 
Re, L drops rapidly, wake width and Cd increase, St decreases from 0.16 to 0.12, and Lf drops from 2 to 0.5. In the 
fifth regime (Re > 1000), the laminar-turbulent transition occurs upstream of the trailing corner of the cylinder, and 
the shear layer alternately re-attaches on the side surface of the cylinder. With increasing Re, Lf approaches a 
constant value of Lf  . W and Cd become almost constant, with Cd  

In previous works [9, 10], 3D simulations were performed to study aeroelastic vibration of a prism of various 
geometric parameters, the material properties, and for several incoming flow velocity. The lock-in effect was 
investigated numerically in the case of coincidence of the natural rod frequency and the vortex shedding frequency. 
In this work, we performed a coupled calculation for a rod of a high aspect ratio h/d = 13.3 of density 40 kg/m3. Our 
main goal is to study the process of excitation of aeroelastic oscillations for rods of the high aspect ratio and to 
investigate the effect density on the vibration amplitude. 

PROBLEM STATEMENT AND MATHEMATICAL MODEL 

In work, we investigated the problem of the oscillation of the rod of a square cross-section with d = 0.03 m and 
an aspect ratio h/d = 13.3 under the influence of steady airflow. Problem geometry (Fig. 1) presents a spatial channel 
of 12 h × 5 h × 10 h size, inside which a rod is rigidly fixed on the 3 h × 2 h substrate at a distance of 1.5 h from the 
entrance. In the computational domain, an unstructured mesh was constructed containing 1.3 million cells, which 
condensed towards the substrate and to the rod walls. A structured grid with 4500 cells has been built on the rod. At 
the interface between the outer air region and the elastic body, the mesh is non-conformal, i.e., the positions of the 
grid nodes do not match. 

Numerical modeling of airflow in the channel is based on 3D transient Reynolds-Averaged Navier-Stokes 
equations, supplemented by k -  SST turbulence model. The calculations are performed at a constant temperature 
and for incompressible air under normal atmospheric conditions, air = 1.225 kg /m3 and  = 1.8 10-5 N s/m2. 
Incoming flow velocity is U  = 5 m /s, and the Reynolds number is Red  104. 

The processes in a solid body are described by the transient three-dimensional elasticity equations, the conditions 
of compatibility of deformations, and Hooke's law. As the rod material, the model isotropic material is used with 
properties which are close to those of plastic foam: density of solid = 40 kg/m3, elasticity modulus E = 12.7×106 
and Poisson's ratio  = 0.35. 

The iterative coupling algorithm is applied to link the aerodynamic and structural calculations. At each time step, 
the hydrodynamical and solid mechanics equations are solved separately. Then data is exchanged through the 
interface between air and the rod. When simulating the aerodynamic problem, the kinematic boundary condition is 
set on the rod walls to ensure equality of the velocities of the external environment and the moving wall. The 
movement of the boundary is defined by the displacements of the rod transferred from the deformation solver. For 
elasticity equations, the pressure distribution obtained in the aerodynamic calculation is specified as the boundary 
conditions on the rod walls. 

The no-slip boundary condition is accepted on the substrate. On the lateral, top, and part of the lower boundaries 
of the computational domain, the symmetry condition is prescribed to ensure the absence of flow across these 
boundaries. At the interface between the elastic rod and the air, the conditions of equal moments were set. 

COMPUTATION RESULTS AND DISCUSSIONS 

The simulation was carried out in two stages. First, a modal analysis was performed in the ANSYS Modal 
module. As a result, the rod the natural frequencies were determined, which amounted to 17.1, 104.3, 197.1, 280.9, 
353.3, and 523.5 Hz. The spectrum was obtained for the two different rod densities. It was found that for a rod of 
density solid = 59 kg / m3, the natural frequencies are lower than those for a rod of density solid = 40 kg /m3, which 
corresponds to the results [9]. The rod is of a square cross-section; therefore, the first, second, fourth, and sixth 
natural frequencies are multiple and correspond to the bending shapes in the x and z directions. The third frequency 
corresponds to the torsional, and the fifth tensile shapes. 

Next, a coupled calculation was performed using 2FSI technology. At the first moment, air flows onto the resting 
rod. Under the influence of wind pressure, the rod deforms, first in the streamwise and then in the transverse 
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direction. Figure 1 shows the plots of the maximum longitudinal (a) and transverse (b) displacements of the rod 
versus time. Oscillation frequencies were obtained using the fast Fourier transform (FFT analysis) of the 
dependencies of the amplitude of the rod deformations in the longitudinal and transverse directions. 

In Fig. 1, the time intervals corresponding to different stages of the development of oscillations are highlighted 
in different colors. The graphs show that at t < 0.63 s (black line), the rod performs the longitudinal vibrations in the 
x-direction, the amplitude of which decays rapidly (Fig. 1, a). From the time moment t = 0.8 s, the rod x-deformation 
changes slightly, and u  / d  0.102 u  max/ d = 0.21 is observed at 
t = 0.02 s. 

Starting from t = 0.4 s, the transverse oscillations of the rod are excited (Fig. 1, b) caused by the Karman vortex 
shedding. The rod begins to vibrate at the frequency of vortex shedding 16.37 Hz, and the vibration amplitude 
increases up to the value of 0.4d. From the moment of time t = 1 s, the magnitude of transverse vibrations decreases. 
Starting from t = 1.94 s (the blue line in Fig. 1), the oscillations acquire a quasiperiodic character with a frequency 
of 15.7 Hz. The maximum amplitude of the transverse vibration uz max / d = 0.39 is observed at time moment 
t = 1 s. 

 

 
 

(a) (b) 

FIGURE 1. The maximum amplitude of longitudinal (a) and transverse (b) rod vibration 
for the rod of density solid = 40 kg /m3 (1) and solid = 59 kg /m3(2) 

 
As a result of the FFT analysis of the amplitude of the streamwise rod vibration, the region of a continuous 

spectrum was found in the range of 15 ÷20 Hz with two local maxima. The first maximum of fx1 = 17 Hz is close to 
the first rod's natural frequency. The second maximum fx2 = 15.9 Hz corresponds to the frequency of rod oscillations 
in the period from t = 1 to t = 2 s. The third maximum at frequency f  = 2.9 Hz is associated with a periodic change 
in the amplitude of rod vibration in the streamwise direction. 

Two frequencies were detected when analyzing the amplitude of the rod transverse vibrations. The first 
frequency of fz1 = 16.37 Hz corresponds to the rod oscillations till the time t = 1.94 s. At t > 1.94 s, the frequency of 
the rod free vibration changes to fz2 = 15.7 Hz due to lock-in phenomena. 

Next, the flow structure is analyzed to describe the features of the airflow in the vicinity of the model. Until the 
time t = 0.79 s, the only Karman vortex street forms behind the rod, i.e., the vortices are shedding alternately from 
the lateral edges of the model. From time t = 0.8 s, the flow pattern begins to change. The upper part of the flow, 
having torn off from the lateral edge of the rod, moves downstream, forming a vortex B1. Part of the flow separates 
from the rod front upper edge, goes down along the wall to the middle of the model height, and a funnel-like vortex 
B2 is formed. An inhomogeneous 3D flow pattern is preserved at all subsequent time moments. 

Figure 2 presents the streamlines in the vicinity of the rod at the time of t = 5.56 s with the pressure distribution 
shown on the model walls. In the figure, you can see that on the windward side of the rod, there is a zone of 
increased pressure (Fig. 2, c), and the pressure distribution on the opposite side walls differs. In the central rod part, 
the low-pressure zone is observed on the left wall (Fig. 2, d), while on the right side, there is the zone of high 
pressure (Fig. 2, c). Such pressure behavior means that at different heights, the vortices are shedding from different 
lateral sides, as can be seen from the streamline pattern. 

Figure 3 presents a top view of the flow and shows the streamline patters at the time t = 5.56 s in various sections 
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along the rod y/h = 0.1 (a), 0.6 (b), 0.8 (c). One can see three Karman streets that are formed in the rod wake with 
vortices shedding from different sides at different heights. 

 

 

 

 
(a) (b) 

  
( ) (d) 

FIGURE 2. Flow streamlines and pressure distribution on the rod walls in the x-z plane (a), 
the x-y plane (b) and isometric view (c, d) t = 5.56 s 

 

(a) 

 

(b) 

 

(c) 

 
FIGURE 3. Flow streamlines at the time t = 5.56 s in several sections along the height of the rod:  

 y/h = 0.1 (a), 0.6 (b), 0.8 (c) 

 

 

 

030081-4



Based on the analysis of numerical results, four stages can be distinguished in the rod behavior. First stage 
0 < t <0.63 s is shown with a black line in Fig. 4 (and Fig. 1). During this stage, the rod vibrates in the streamwise 
direction, and vibration amplitude decays quickly. The second stage, which is shown in the picture with a green line, 
is observed through time 0.4 s < t < 1. An increase in the transverse vibration amplitude is observed due to the 
influence of the Karman vortex street. At the same time, the rod continues to vibrate with amplitude decays in the 
streamwise direction. 

In contrast to previous work [9], where the rod was shorter, in these calculations, the separation zone behind the 
body acquires a nonuniform 3D structure. Three Karman vortexes streets are formed; moreover, at different heights, 
the vortices descend from different lateral sides. During the third stage at the time 1 < t <1.94 shown in Fig. 4 with 
the red line, the rod vibration amplitude in the transverse direction is decreasing from its maximum value of 0.389 d 
by 51.7% and reaches 0.188 d. 

Since t =1.94 s, the fourth stage starts. The vertex structure behind the rod remains three-dimensional. The rod 
makes periodic transversal oscillations with an amplitude of 0.184 d. In the streamwise direction, the rod remains 
deflected and makes small oscillations, the magnitude of which varies periodically. 

 

 
FIGURE 4. The trajectory of the point located on the top cover of the rod 

 
Resonance does not occur in the case studied since the frequency of vortex shedding does not coincide with the 

rod's natural frequency. If the rod density is chosen so that the rod's first natural frequency is close to the frequency 
of the vortex shedding, a regime with a sharp increase in the amplitude of transverse oscillation can be obtained. 

However, an increase in amplitude is observed in a limited period. The system comes out of the resonant window 
since the natural frequency of the deformed rod changes. Then a self-oscillating regime is established with constant 
amplitude in the transverse direction and variable amplitude in the longitudinal direction. 

The rod deviation graphs are compared for these two problems, with only the density of the rod material is 
different (Fig. 1). It was found that for a rod of higher density, the amplitude of transverse oscillations grows more 
slowly. Because of the higher inertia, the magnitude of the oscillations is twice as large. 

CONCLUSIONS 

Using the 2 FSI technology implemented in ANSYS Workbench, the process of vibration of a high elastic rod is 
studied numerically. The natural frequencies and vibration modes of the rod are obtained. The development of the 
oscillation excitation of the flexible rod under the action of an external flow is studied, and the rod stress-strain state 
is determined. The structure was analyzed, and the features of the airflow in the neighborhood of the model were 
described. The amplitudes of rod vibration are compared for two cases, where only the density of the rod material is 
different. It was found that for a rod of higher density, the amplitude of transverse oscillations grows more slowly. 
Because of the higher inertia, the magnitude of the oscillations is twice as large. 
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Abstract. In the paper, a physical and mathematical model is proposed, and the corresponding numerical algorithm is 
developed to calculate the shock-wave flow, generated by the explosion of a complex-shaped cloud. As an example, we 
simulate the atmosphere blast of the propylene-air mixture above a flat horizontal surface. The cloud has a shape of tor, 
which axis makes the 30 degrees angle with the normal to the substrate. Similar clouds can be formed during powerful 
emergency jet emissions of explosive gas into the atmosphere. Numerical simulation of the problem based on solving of 
a system of 3D transient Euler equations, supplemented by the transport equations for a two-component gas medium and 
the energy conservation equation. Gas explosion assumed to be instantaneous. After the explosion, the reaction products 
are supposed to be in a "frozen" state, and their thermodynamic parameters are calculated by explicit algebraic formulas 
depending on pressure and temperature. Based on the results of numerical simulation, a complex shock-wave structure of 
the flow and dynamics of pressure profile in the vicinity of the explosion zone and near the horizontal surface are 
obtained. Flow picture includes two non-concentric ring shocks and internal expansion wave. Based on the computation 
results, the complex wave structure is analyzed, and pressure loads on the substrate are evaluated. 

INTRODUCTION 

In case of emergency leaks of gaseous or liquid fuels, the formation of clouds of chemically reacting gas of 
complex geometry is possible, the explosion of which can lead to material losses and damage to people. Calculating 
the resulting shock wave flow and explosive load is necessary to minimize the consequences of such accidents 

In the frame of present work, a physical and mathematical model is proposed, and the corresponding algorithm is 
developed for calculating the shock-wave flow, caused by the explosion of a complex-shaped cloud above a flat 
horizontal surface. As an example, the explosion of a toroidal cloud of a propylene-air mixture is simulated. The tor 
axis makes the 30 degrees angle with the normal to the substrate. The choice of propylene as a reactant gas is due to 
its widespread use in the chemical industry. 

Presented work is a continuation of previous research [1] where it was shown experimentally and numerically 
that the famous 1908 Tunguska event could be a methane blast above the Earth's surface. It was proposed that a 
single ejection of hydrate methane formed the toroidal methane cloud, and a small flat-moving meteorite initiated 
the detonation (Fig. 1). The scale of the cloud was estimated, and the most likely area of the meteorite fall was 
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proposed. An explanation is given to the geophysical phenomena related to the Tunguska event like night clouds, 
ozone holes, and magnetic storms. Statistical analysis was performed of a model experiment on forest fall (explosion 
of a detonating cord in the form of a ring over a forest of wires). The fall of wires was shown to be not only similar 
in appearance but also statistically equivalent to the real pattern of tree fall. But it was time-consuming and 
expensive to vary the geometric scales and spatial orientation of the torus cord in the experiment.  

Moreover, it is problematic to use the results of this experiment for determining the details of the real Tunguska 
explosion because instead of the gaseous cloud, the condensed explosion cord was used, and corresponding 
dimensionless parameters differ drastically in the test and Tunguska explosion. Therefore, to accurately determine 
the scales and orientation of the torus cloud related to the Tunguska event, the numerical 3-D calculations are 
necessary to conduct to study the blast wave dynamics caused by the explosion. Therefore, the simulation of the 
toroid cloud explosion taking place above the horizontal surface is the essential intermediate step to solve this 
problem and could give additional information about the Tunguska event. 

 

 
FIGURE 1. The features of the Tunguska event revealed in [1]: meteorite (1), toroid cloud (2), meteorite fall point (3), 

gas hydrate layer, and the chamber of methane at elevated pressure (4), and the Earth's surface (5) 
 
Several approaches may be applied to describe cloud expansion scenarios [2]. The first one is based on the 

assumption of finite rates of chemical reactions taking place in the mixture. Depending on the mixture composition, 
a system of ordinary differential equations to describe the combustion kinetics can include hundreds of equations, 
which solution complicates their stiffness. The integration of such a system when solving multidimensional 
problems for real geometries requires significant computer time. 

Besides, two limiting scenarios exist which do not require massive computations. Both assume that in the first 
moment, a gas in a cloud instantly goes into a state of chemical equilibrium. In the first scenario, all chemical 
reactions are frozen, and the cloud is expanded as a chemically inert gas with a heat capacity ratio depended on 
temperature. The second limiting case uses the assumption of infinite rates of chemical reactions. At each moment, 
the gaseous products of the explosion are in a state of chemical equilibrium, which shifts as pressure and 
temperature change. In this case, as the explosion products expand, and the temperature decreases, the reaction 
products recombine, and the thermal effect of the chemical reaction is maximal. Blastwave parameters calculated 
with the detailed kinetics lie between the corresponding parameters calculated within the framework of these two 
limiting approximations. 

The heat release of chemical reaction, internal energy, molar mass, and a heat capacity ratio of the reaction 
products are calculated by the explicit algebraic formulas of the generalized model [2-6]. The model is physically 
grounded, agreed upon the second law of thermodynamics, and Le Chatelier's principle, very accurate in a wide 
range of stoichiometric relations between fuel and oxidizer. It was widely used to solve various problems [7-9]. 

A computational technique based on a combination of models of continuum mechanics and algebraic formulas 
for calculation thermodynamic parameters of the reaction products in a frozen state is implemented in the ANSYS 
Fluent solver. The capabilities of the solver are extended by developing the User-Defined Functions (UDF) that 
describe the properties of the air-propylene mixture. The proposed computational technology allows simulating the 
explosion of clouds of complex shapes. Based on the computation results, the complex wave structure is analyzed, 
and pressure loads on the substrate are evaluated. This approach is applied to simulate the cloud expansion in a 
semi-open space [10] and a T-pipeline [11]. 
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PROBLEM SETUP 

A model problem is considered, simulating the explosion of a cloud of the propylene-air mixture above the 
Earth's surface. Figure 2 presents the schemes of the computational domain in various projections. At the first 
moment, the cloud has the shape of a torus with an external radius RE = 0.08 m and an internal radius RI = 0.07 m. 
The axis of the torus has an angle α = 30 ° with the normal to the substrate. The distance from the center of the cloud 
to the substrate is h1 = 0.19 m. The center of the cloud, designated as point O in Fig. 2, b coincides with the origin of 
the local coordinate system. 

The explosion takes place in a half-open space bounded by a rigid flat substrate below and the open lateral and 
upper boundaries. The open boundaries of the computational domain should be placed at a sufficiently large distance 
from the interaction region to avoid the border influence on the flow parameters. The values of the computational 
domain sizes were chosen as follows: l1 = l2 = 1.8 m and h2 = 1.61 m directions (Fig. 2, b, c). 

 
 

 

(a) 
 

 

(b) (c) 

FIGURE 2. Scheme of the computational domain in isometry (a), in the transverse XZ (b) and vertical YZ (c) sections 
 

MATHEMATICAL MODEL AND METHODS 

Numerical simulation of the problem is based on the 3D transient Euler equations, supplemented by conservation 
laws for a two-component gas medium. We used the CFD solver ANSYS Fluent 2020 R1 for the calculations.  

As a result of the instant explosion, the mixture parameters jump into a state of chemical equilibrium, calculated 
by the standard algorithm. At this moment, the mixture molar composition reaches the value of  µ∗ = 28.31 g/mol. 
The hypothesis of "frozen" reactions is used, supposing that the molar composition of the mixture after explosion 
does not change: µ ≡ µ∗. Internal energy U, specific heats cp, cv, and heat capacity ratio γ are computed by the 
algebraic formulas [2-6]: 
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where µa=12.73 g/mol is a molar mass of "gas" in the atomic state, θ =2500 K is the effective temperature of 
excitation of vibrational degrees of freedom of molecules and H is a total enthalpy. The above relations are used to 
implement a set of User-Defined Functions in ANSYS Fluent and applied for solving the problem. 

At t = 0, the initial data are specified. In half-open airspace, the pressure is P = 101.325 kPa, temperature 
T = 287 K, and the mass fraction of gaseous products of the explosion is ν = 0. In the cloud of gaseous explosion 
products, the initial conditions are as follows: P* = 9.62 MPa, temperature T* = 2739 K, and the mass fraction of 
gaseous explosion products ν* = 1. For a flat substrate, the boundary condition of a rigid undeformable wall is used. 
At external open boundaries, atmospheric pressure is set. 

To solve the problem, we use the finite volume method implemented in the density-based ANSYS Fluent 
processor, which has proven itself for the simulation of compressible high-speed flows. For time marching, the 
explicit four-stage Runge-Kutta method is used in the calculations. The approximation of convective terms is 
performed according to the AUSM + flux splitting scheme of the second-order. The time step is calculated from the 
Courant condition C <1. The characteristic value of the time step was Δt ≈5×10-8 s.  

We used an unstructured tetra-grid of finite volumes (Fig. 3), which contains 7 Mio cells and 1.2 Mio nodes. The 
minimum and maximum linear dimensions of the tetra elements are 1.69×10-4 m and 1.1× 10-1 m, correspondingly. 

 

 
 

FIGURE 3. Finite-volume mesh at the X=0 cross-sections 

COMPUTATION RESULTS 

Based on the results of numerical simulation, a complex shock-wave flow structure is obtained in the vicinity of 
the explosion zone and near the surface of the plate. The relative static pressure 𝑃𝑃=(P-P∞)/P∞  fields are shown 
in Fig. 4 for several particular moments. The primary position of the toroidal cloud is shown with a thick black line. 
The picture allows us to trace the evolution of the shock wave structures and to describe the main features of the 
flow. The ring-like shock wave, which is formed at the initial time, moves to the torus symmetry axis (Fig. 4, a) and 
reflected from it in irregular Mach mode (Fig. 4, b). After that, the radius of the front of the ring-like shock wave 
and the reflected wave expand (Figs. 4, c and 4, d), and at t ≈0.40603 ms, a ring-like shock wave is reflected from 

y 

z 
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the substrate (Fig. 4, e). In Fig. 4, f, a system of primary and secondary shock waves generated as a result of the 
interaction of the Mach shock configuration and the reflected ring-like shock wave can be seen. 

"Footprints" of the relative pressure 𝑃𝑃 on the substrate are demonstrated in Fig. 5 for several particular moments. 
Figure 5 shows that the pressure distribution on the substrate is asymmetric concerning the y-axis. The distributions 
of the static pressure Pst along the x-axis at specific times of 0.406 (t1), 0.542 (t2), 0.680 (t3), and 0.818 (t4) ms are 
shown in Fig. 6. The maximum pressure load on the substrate plane is observed at the time t2 corresponding to the 
moment of the Mach reflection configuration of shock waves arrives on the substrate (see Fig. 5, b). The pressure 
peak Pmax≈1.35 bar is shifted to the left along the x-axis by a distance of l1≈0.1 m. The computed pressure fields on 
the surface qualitatively agree with the pattern of the fall of trees under the action of the toroidal explosion revealed 
in [1]. 

 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

FIGURE 4. Relative static pressure P fields at the plane XZ (y=0 m) at times t = 0.13136 (a), 0.17754 (b), 
0.26953 (c), 0.31503 (d), 0.40603 (e) and 0.58884 (f) ms  
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(a) (b) 

  
(c) (d) 

FIGURE 5.  Relative pressure P on the substrate at times t = 0.406 (a), 0.542 (b), 0.680 (c), and 0.818 (4) ms 
 

 
FIGURE 6. Static pressure distribution at times t=0.406 (t1), 0.542 (t2), 0.680 (t3) and 0.818 (t4) ms 

SUMMARY 

A physical and mathematical model is proposed, and the corresponding algorithm is developed for calculating 
the shock-wave flow caused by the explosion of a complex-shaped cloud of a propylene-air mixture above a flat 
horizontal surface. The explosion of a toroidal mixture cloud, which symmetry plane is inclined to the horizon, is 
considered. Based on the results of the numerical simulation, a shock-wave structure and dynamics of pressure 
profile in the vicinity of the explosion zone and on the horizontal surface are obtained. Complex shock wave picture 
includes two non-concentric ring shocks and internal expansion wave. The computed pressure fields on the surface 
qualitatively agree with the pattern of the fall of trees under the action of the toroidal explosion revealed in [1]. 
Based on the computation results, the complex wave structure is analyzed, and pressure loads on the substrate are 
evaluated. 
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Abstract. In this paper, the creation of a hybrid computer code based on the joint use of CUDA and MPI technology for 
silicon Si and silicon carbide SiC is considered in the framework of the molecular dynamics method. The efficiency of 
the created code is compared both with a program that uses only the MPI interface, and with a CUDA program designed 
to work only with one GPU. 

INTRODUCTION 

In recent years, ceramic materials have been increasingly used. This is due to their advantageous structural 
characteristics, high electrical and thermal conductivity, high melting point and chemical inertness in comparison 
with metals. Ceramics are widely used in the manufacture of various friction mechanisms and optoelectronic 
devices, gas turbines and armoured materials. As a result of this growing interest in ceramic materials, there is a 
need for detailed knowledge on microlevel of their thermo-mechanical properties under the influence of external 
loads. Experimental studies of these processes are complicated by the scale of phenomena, both in time and in 
space [1-3]. Thus, it is urgent to conduct numerical experiments, in particular, molecular dynamics modelling. 

Molecular dynamics (MD) methods are powerful tools for studying nano- and micro-processes, but their 
algorithms make great demands on computational resources. The first studies using MD methods were conducted in 
terms of small systems of atoms, but the appearance of relatively inexpensive computing systems gave an impetus to 
the enlargement of the simulated systems and an increase in the duration of the simulated time intervals. It should be 
noted that until the mid-1990s, most MD programs were serial, but the development of parallel computing systems 
(computer clusters with distributed memory) led to a new round of development for molecular dynamic algorithms 
and parallel codes based on MPI (Message Passing Interface), which made it possible to significantly complicate the 
models under study. 

The emergence of General Purpose Graphics Processing Units (GPGPU) and related programming languages, 
such as GL Shader Language (GLSL), Compute Unified Device Architecture (CUDA), etc., can be considered to be 
the next step in the evolution of computing systems. 

Graphics cards are powerful computing devices and their use can be very profitable, due to their low cost, 
compact size and low power consumption compared to computing clusters. Fast memory and implementation of 
multithreading of the computing process at the hardware level provide modern graphics cards with an advantage 
over traditional CPUs in terms of problem-solving time. 

The emergence of hybrid computing clusters has necessitated the development of new algorithms that use 
CUDA technology to perform part of the resource-intensive computation on the GPU, and MPI technology is used 
for communication between different GPUs that physically belong to different cluster nodes.  

Previously, the authors, in [4-7], described the hybrid MPI-CUDA algorithm for modelling copper 
nanostructures using the Embedded Atom Model (EAM). In this paper, we consider the creation of a hybrid 
algorithm for a distinctly different type of interatomic potential that describes the physical properties of silicon Si 
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and silicon carbide SiC. The efficiency of the created code is compared both with a program that uses only the MPI 
interface, and a CUDA program designed to work only with one GPU. 

INTERATOMIC INTERACTION POTENTIALS 

Rods of various sizes with a hexagonal cross-section were considered as a physical system in the presented 
numerical simulation (Fig. 1). 

 
FIGURE 1. SiC rod 

 
The Stillinger-Weber potential was used to simulate silicon [7], and the potential suggested by the Vashishta 

group was used to create the silicon carbide model [8]. Both of these potentials are well-tested for modelling various 
shock-wave phenomena in the substances under consideration and correctly describe the destruction processes at the 
micro level. For both silicon and silicon carbide, the interatomic interaction potential consists of the sum of two-
body and three-body parts: 
 
 2 3

ij ij ijk ij ik
i j i, j k

U U r U r , r , (1) 

 
where U is the total potential energy of the system, and rij and rik are the distance between ij and ik atoms. 

In the case of silicon carbide, the two-body part (1) includes the members responsible for steric size effect of the 
ions, Coulomb interactions, dipole charge and van der Waals interactions: 
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ij i j ij ij2
ij 4 6

H Z Z D W
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r 2r rr
, (2) 

 
the potential constants ij ij i ij ijH , , Z , ,D , , W  are given in the article [8]. 

The three-body part (1) is responsible for structural transformations under pressure and the melting process: 
 

 3 3 3
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Here, ijkB  defines the bond strength, ijk  is the angle formed by rij and rik vectors, ijk ijkC , ,  are the constants, 

0r r  is the Heaviside step function and 0r 2.9A . The values of constants included in the three-body part of 
the interatomic interaction potential are given in the article [8]. 

In order to save computational resources, the two-body part of the interaction potential (2) was modified. The 

potential was cut off at a distance of cr 7.35A  and shifted so that both the potential and its derivative would 
vanish at a distance of the cut-off radius: 

 

 
C

2
ij2 2

ij ij c c c2shifted
ij r r

c

dU
U r U r r r r r

drU r

0 r r

. (6) 

 
For silicon, the two-body part of the interatomic interaction potential (1) is defined as follows: 

 

 
p q

2
ij ij 0 0 ij

ij ij

U r A B exp r r r r
r r

, (7) 

 
where the potential constants 0A,B, , , p,q, r  can be found in [7]. 

The three-body part of the potential (1) for silicon is defined as follows: 
 
 3 3 3

ijk ij ik ij ik ijkU r , r R r , r P , (8) 
where 

 3
ij ik 0 ij 0 ik

ij 0 ik 0

R r , r exp r r r r
r r r r

, (9) 

 

 
23

ijk ijkP cos 1 3 . (10) 
 

Here, ijk  is the angle formed by rij and rik vectors, the cut-off radius is 0r 3.77 A  and ijk, ,  are the 
constants [7]. 

The calculation of force interactions determined by the three-body part of the interatomic interaction potential is 
the most expensive part of modelling in terms of machine time [9]. In some special cases, the three-body part can be 
represented as the product of two multipliers, one of which is a function of rij, and the second one is a function of rik. 
In this case, the calculation of force interactions is greatly simplified and resembles the computation of forces 
determined by a pair potential. In the case of silicon carbide being considered, such a transformation is not possible 
for expression (3), although it is acceptable for the silicon model (8). Thus, to create the most unified calculation 
algorithm, we will consider the most general case of the three-body part of the potential. Integration of the motion 
equation was performed using a second order velocity Verlet scheme [10, 11].  

SOFTWARE IMPLEMENTATION OF CALCULATION ALGORITHMS 

Standard Methods for Optimising the Calculation of Forces 
in the Molecular Dynamics Method 

One of the most difficult aspects of molecular dynamics simulation is the significant amount of expected task 
time, even for relatively small systems of atoms. The main way to solve this problem is to use highly efficient 
parallel programs.  
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As mentioned above, the traditional approach is to use MPI-based parallel codes for parallel clusters with 
distributed memory. Another efficient way is to create codes that will make it possible to perform computation using 
GPUs that support CUDA technology. The emergence of hybrid computing clusters necessitated the creation of 
algorithms that combine CUDA and MPI technologies in a single program. 

 

 

 
FIGURE 2. Principle of construction of the Verlet lists FIGURE 3. Principle of the cell linked list method in the two-

dimensional case 
 
The creation of a computational code in this study was carried out in several stages. First, MPI code was created 

based on dividing the system of atoms in space (one-dimensional spatial parallelisation). Then, a CUDA program 
was created, designed to work with only one GPU. After that, based on verified MPI and CUDA codes, work was 
carried out to create a hybrid of CUDA and MPI.  

All versions of CUDA programs and hybrid MPI-CUDA programs were written in PGI Fortran. To test the 
programs, a hybrid computation cluster was used, installed in the SSCC SB RAS: NKS-30T+GPU, 40 nodes, each 
with 2 Xeon X5670, 3 GPUs (Tesla M 2090). 

The calculation of the total system energy and forces of interatomic interaction is the most time-consuming part 
of molecular dynamic modelling in terms of computational resources, since the computation of the forces acting on 
atom i must take into account the contribution from all neighbouring atoms. Thus, for a system consisting of N 
atoms, it is necessary to calculate ( 1) / 2N N  of the pairwise interactions. When using the potential cut-off radius 
(it is considered that the force of interaction between atoms vanishes beyond this distance), it is also necessary to 
calculate ( 1) / 2N N  of the pairwise distances to determine which pairs of atoms interact with each other, and 
which ones do not. Thus, in the absence of any additional ways to accelerate the computation, the computational 
task complexity is defined as 2N  (and for a system based on three-body potentials it is defined as 3N ) [10, 11]. 

There are a number of standard methods for optimising calculation in the molecular dynamics method, which 
can significantly reduce the task time. Since the choice of a specific technique can be crucial, it seems appropriate to 
list these optimisation methods. 

Verlet List (Neighbour List) 

When modelling a large system of atoms and using a cut-off radius cutr  that is smaller than the simulated area, a 
certain portion of the atoms will not contribute to the force acting on atom i. 

In this method, an additional cut-off radius verletr  is introduced (which is greater than cutr , see Fig. 2). Before 
computing the interactions, a list of neighbouring atoms that fall into a sphere with a radius verletr  is created for each 

atom i (computational complexity 2N ), but when calculating the forces acting on atom i, only neighbouring atoms 
from this sphere are considered (computational complexity of the order N). The interval between creating a new list 
of neighbours is usually 10-20 time steps, or it is determined automatically (if the maximum offset of at least one 
atom of the system is greater than the difference verlet cutr r , the list shall be updated) [10, 11]. 
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Cell Linked List Method 

An alternative method for efficient determination of atomic neighbours in sufficiently large systems is the cell 
linked list method (Fig. 3). The three-dimensional computational domain is divided into numbered cells whose size 
is slightly larger than, or equal to, the cut-off radius of the interatomic interaction potential cutr . At the beginning of 
computation, an array is created that contains a list of numbers for neighbours of each cell. Each atom interacts only 
with the atoms of its own cell or with the atoms of neighbouring cells (26 cells in the three-dimensional case and 8 
cells in the two-dimensional case). The computational complexity of this method is defined as N. Sorting atoms by 
cell is a quick operation and can be performed at every time step. 

One of the additional advantages of the cell linked list method is the ability to use Newton's third law when 
calculating forces ij jiF F . This avoids double calculation of the force in a pair of i-j atoms and reduces the 
number of neighbouring cells from 26 to 13 in the three-dimensional case, which leads to a significant reduction in 
the task computation time. 

One of the ways to eliminate unnecessary computation when calculating the forces of interatomic interaction is 
to reduce the size of cells (less than cutr  2, 3 times, etc.), but this will also lead to a significant increase in the total 
list of cells and the list of neighbouring cells [12], and greatly complicates the possibility of using Newton's third 
law. 

Various Hybrid Combinations of the Cell Linked List Method and the Verlet List (Hybrid Verlet List) 

The most obvious hybrid combination is the method where the Verlet list for atom i is created based not on a 
search of all atoms in the system, but on the analysis of a distance to the atoms in the cell which atom i belongs to 
and the distance to the atoms in the neighbouring 26 cells (Fig. 4). This eliminates one of the main problems 
associated with the need to iterate over the entire set of atoms in the system when constructing the Verlet list. 
 

 

FIGURE 4. Principle of the hybrid Verlet list 

Computational Strategy Options 

Software Implementation using MPI Technology Based on One-Dimensional Parallelization 

An important element of programming for cluster systems with distributed memory is the correct arrangement of 
data exchanges between nodes and their synchronisation. 

In this study, the method of dividing the computational domain into sub-domains in one of the geometric 
directions was used (one-dimensional parallelisation). The advantages of this method are that the particles 'assigned' 
to the same CPU (by CPU we mean the computational core) interact with one another, and exchanges between 
different CPUs are caused only by the need to transfer information from geometrically neighbouring boundary 
domains. The structure of information exchange between sub-domains can be considered through the example of the 
first CPU (Fig. 5). When calculating the forces (or potential energy of the interatomic interaction) at each time step, 
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information from the boundary domains of CPU 0 and 2 is sent to CPU 1. Accordingly, information from the 
boundary domains of CPU 1 is sent to CPU 0 and 2. After exchanging information, each CPU creates its own cell 
linked list, which includes both atoms geometrically 'assigned' to this CPU and atoms from neighbouring boundary 
(so-called shadow) domains. Based on this list, forces are calculated and new momentums and atomic coordinates 
are determined. If an atom is geometrically shifted to a sub-domain of another processor during computation, all 
information about the particle (a set of coordinates and momentums) is sent to the corresponding CPU. 

It should be noted that the successful application of this algorithm is possible only in fairly homogeneous 
environments, which is related to the need to ensure uniform CPU load. When studying the physical properties of 
spatially inhomogeneous systems characterised by significant gradients in the concentration of atoms, it is necessary 
to use an additional dynamic loading algorithm. 

 

 

FIGURE 5. Structure of exchanges between different nodes (CPUs) 

Software Implementation of a Parallel Algorithm for GPU Based on CUDA Technology by NVIDIA 

The CUDA technology is a programming model in which both the CPU (host) and GPU (device) are used. Host 
code launches kernels which are subroutines executed on the device. The kernel is executed in a large number of 
computational threads, each of which processes its own data. The number of threads can be greater than the actual 
number of microprocessors; in this case, threads are executed in groups. In the algorithm presented in this paper one 
atom corresponded to one computational thread. It should be noted that the bottleneck when using the GPU is the 
low speed of data transfer from CPU to the GPU memory, so the main task is to minimise data exchange between 
host and device [4, 13, 14]. 

In the case of numerical computation using the CPU, performing the operation of sorting all atoms into the 
corresponding cells (indexing the atoms) is a fairly trivial and fast process [10, 11] (see Figs. 3 and 4). The 
computational scheme, in which a hybrid Verlet list is created on the CPU and then forwarded to the GPU, 
contradicts the idea of minimising data exchange. For this reason, the efficient process of indexing atoms in the 
created computer code was carried out directly on the GPU, taking into account the features of its architecture. 

The indexing block was divided into several small stages, each of which corresponded to the kernel being called 
(see code examples from Appendix 1). 

1. Sorting all atoms into corresponding spatial cells. In this case, an array is created where information is 
entered about the correspondence of the atom number to the number of its cell (numcell(i)). 

2. Creating an array of atomic ordinal numbers in their corresponding cells (order(i)). Determining the total 
number of atoms in each cell (Natcell(icell)). At this stage, it was necessary to use atomic operations in 
order to avoid race condition.  

3. Creating a common array-map of the number of atoms in each cell (indexD). This makes it possible to use 
the number of each spatial cell to determine both the number of atoms in it and their total number in this 
cell. In order to simplify the code, the maximum number of atoms Nmax in the cell was assumed to be 300, 
which is obviously more than the real number of atoms that can be in the cell, even in the case of the strong 
compression of a substance in a numerical experiment. The dimension of the array did not change during 
numerical integration.  

The array-map of atom numbers obtained in the third stage of indexing is obviously used to build the Verlet list. 
Since the cut-off radii of the two-body (6) and three-body (4) parts of the interatomic interaction potential differ by 

0 1 (P-1)(P-2)(P-3)2

X

Y

030083-6



more than 2.5 times, two independent Verlet lists were created, which significantly accelerated the computation of 
the interatomic interaction forces.  

The GPU program built in this way is ideal for minimising GPU-CPU exchanges. The program is entirely 
executed on the GPU, and exchanges of information with the CPU are only necessary to output intermediate 
computation results. 

Software Implementation using MPI and CUDA Technologies by NVIDIA 

When creating hybrid programs, the following approach is used very often. The main computational load of the 
code falls on the CPU, and the GPU plays the role of an auxiliary computation module. From our point of view, this 
approach is incorrect since it does not ensure all computing capabilities of the GPU. We set out to completely 
transfer the computation of force interactions to the GPU, as the most time-consuming part of computation.  

A hybrid computational code was created based on the MPI program described earlier. Since the operation of 
copying data from the CPU to the GPU is time-consuming, it was also decided to create the cell linked list method 
and hybrid Verlet lists directly on the GPU, rather than copying ready-made data arrays from the main memory of 
the computer. This also made it possible to use the efficient atom indexing block created for the GPU program (see 
Appendix 1). 

The obvious disadvantage of this scheme is the need to copy a large amount of information between the CPU 
and GPU at each computation step, in order to organise the exchange of data on the movement of atoms within the 
computational domain between different GPUs. 

Comparative Testing of Programs 

Initially, for comparative test calculations, SiC ceramic rods were used with a longitudinal size and number of 
particles that varied over a wide range of values (from 22 nm for a system consisting of 149,760 atoms to 75 nm for 
a system of 499,340 atoms). The total calculation time was 1000 steps of 0.1 fs. The dependencies of the task time 
on the number of particles in the system shown in Fig. 6 are a clear confirmation of the need to create highly 
efficient computation programs and codes. 

  

FIGURE 6. Total execution time depending on the number of particles in the system. A – a serial code executed on a single 
CPU, B – MPI program, running on 6 CPUs, C – CUDA program executed on a single GPU, D – a hybrid MPI-CUDA code, 

running on 6 nodes 
 

Dependency A was obtained for the serial code based on hybrid Verlet lists, which were updated every ten steps. 
Dependency B was obtained for a code running on six nodes (CPUs) based on MPI technology. Dependency C 
corresponds to a parallel program focused on CUDA technology by NVIDIA. As in the serial version, hybrid Verlet 
lists were updated once every ten steps. Dependency D corresponds to a software implementation using MPI and 
CUDA technologies that was run on six nodes (CPU+GPU).  
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It can be seen that, with an increase in the number of particles, the task time for a serial code increased 
dramatically (Dependency A, Fig. 6). So, for a system consisting of 449,400 atoms, the total computation time 
exceeds the computation time of the same system on a single GPU by almost 22 times (Dependency C, Fig. 6). 

For the same physical system, the calculation of the code based on MPI technology on six CPUs (Dependency B, 
Fig. 6) is only 3.2 times faster than a serial code. Minor acceleration is caused by typical disadvantages inherent in 
the MPI algorithm, which are primarily related to the need for exchanges between CPU nodes as well as to their 
nonuniform loading. In addition, due to the constantly changing number of atoms at each node, it is necessary to 
update the linked lists or hybrid Verlet lists at each integration step. However, despite these disadvantages, the MPI-
based code remains a reliable alternative to serial programs, and an increase in the computational speed is achieved 
by increasing the number of calculation nodes. Thus, increasing the number of computational CPUs from 6 to 15 
ensures an almost seven-fold acceleration compared to a serial code. 

The best, in terms of acceleration, was a hybrid version of the code based on the use of MPI and CUDA 
technologies (Dependency D, Fig. 6). For a physical system of 449,400 atoms, a hybrid MPI-CUDA code on 6 
nodes (GPU+CPU) computes faster than a serial program by 28 times. 

The resulting acceleration of a hybrid MPI-CUDA code (28 times on 6 nodes) and of a code based only on 
CUDA technology for single GPU (22 times) is comparable and may raise questions about the need to develop 
hybrid codes. It is possible that using CUDA programs to solve some tasks is a justified approach. At the same time, 
a hybrid MPI-CUDA code will be efficient in modelling physical systems consisting of a large number of atoms. 
This is because an increase in the number of atoms will lead to an increase in memory requirements for storing 
information. It is inevitable that a program based only on CUDA technology will require more resources than a 
single GPU can provide. In the case of using the MPI+CUDA hybrid, this situation is unlikely since the size of the 
requested resources will be inversely proportional to the number of GPUs and CPUs used. 

Figure 7 shows the dependencies of the force calculation time on the number of particles in the system for all 
analysed program types. Since the calculation of the force field is the most time-consuming part of the computation, 
the behaviour of the dependencies of the total calculation time (Fig. 6) and the force calculation time (Fig. 7) are 
qualitatively the same. It should be noted that the calculation of forces in the code based on MPI technology on six 
CPUs (Dependency B, Fig. 7) is faster than the calculation of forces in a serial code by almost 5 times for a physical 
system of 449,400 atoms. Since the total acceleration of the program is only 3.2 times, this means that huge 
resources are spent on exchanges between nodes and on updating at each step of integration for linked lists and 
hybrid Verlet lists. 

 

FIGURE 7. Calculation time of force interactions depending on the number of particles in the system. A – a serial code executed 
on a single CPU, B – MPI program, running on 6 CPUs, C – CUDA program executed on a single GPU, D – a hybrid MPI-

CUDA code, running on 6 nodes 
 
The concept of scaling is used to evaluate the efficiency of parallel programs. Scaling is a property of a program 

that determines the dependency of its acceleration or efficiency on the resources used for this purpose and the 
problem size. Scaling is one of the main characteristics of a parallel program.  
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There may be strong scaling and weak scaling of the program. Strong scaling is the dependence of performance 
on the number of calculation nodes for a fixed computational complexity of the task, (the number of atoms in our 
case). Weak scaling is the dependence of performance on the number of calculation nodes for a fixed computational 
complexity of the task in terms of one node.  

Scaling was tested on a physical system consisting of 449,400 atoms with a total calculation time of 1000 steps 
of 0.1 fs. Figures 8 and 9 show the results of testing strong scaling for the base MPI code and for the hybrid MPI-
CUDA code. It can be seen that both calculation codes scale well and the calculation time decreases with an increase 
in the number of calculation nodes. As noted earlier, the obvious drawback of MPI and hybrid MPI-CUDA 
programs is the update at each step of integration of linked lists and hybrid Verlet lists, which require significant 

computing resources. A fairly large potential cut-off radius (6) cr 7.35A , which is the main parameter when 
forming linked lists and hybrid Verlet lists, is also an important factor in slowing down the calculation. 

 

  

FIGURE 8. MPI program. The dependence of the total 
execution time (A), the total force calculation time (B) and 

the time for building hybrid Verlet lists (C) on the number of 
calculation nodes 

FIGURE 9. Hybrid MPI-CUDA code. The dependence of the 
total execution time (A), the total force calculation time (B) and 

the time for building hybrid Verlet lists (C) on the number of 
calculation nodes 

 
In order to verify the created programs, additional numerical computation of a silicon rod consisting of 199,700 

atoms and having a similar geometric shape was performed. The interatomic interaction of atoms was described by 

the Stillinger-Weber potential (7, 8) with a cut-off radius of 0r 3.77 A . 
From the comparison of dependencies for MPI programs presented in Figs. 8 and 10, it can be seen that changing 

the potential to a similar potential but with a smaller cut-off radius hardly affected the ratio of time of calculation 
and generating linked lists and hybrid Verlet lists. However, the mechanism for generating linked lists and hybrid 
Verlet lists implemented on the GPU in a hybrid MPI-CUDA code was very sensitive to the cut-off radius length 
(see Figs. 9 and 11). For pure silicon, this ratio is really different from ratio for silicon carbide. 
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FIGURE 10. MPI program, silicon. The dependence of the 
total execution time (A), the total force calculation time (B) 

and the time for building hybrid Verlet lists (C) on the number 
of calculation nodes 

FIGURE 11. Hybrid MPI-CUDA code, silicon. The 
dependence of the total execution time (A), the total force 

calculation time (B) and the time for building hybrid Verlet 
lists (C) on the number of calculation nodes 

 
The results of testing weak scaling of programs are shown in Figs. 12 and 13; these were obtained for systems 

consisting of 149,760, 224,671, 299,580, 334,538 and 449,400 atoms. Accordingly, the dynamics of these physical 
systems were calculated for 4, 6, 8, 9 and 12 nodes. Thus, each node has an average of 37,400-37,450 atoms. The 
dependencies show that the calculation time is almost independent of the number of calculation nodes for a fixed 
computational complexity of the task in terms of one node, i.e. the created algorithm demonstrates almost perfect 
weak scaling. 
 

  

FIGURE 12. Testing weak scaling of the MPI program. Total 
execution time (A), total force calculation time (B) 

FIGURE 13. Testing weak scaling of the hybrid MPI-CUDA 
code. Total execution time (A), total force calculation time (B) 

CONCLUSIONS 

In this paper, a parallel hybrid algorithm was developed and implemented as computer codes in order to combine 
CUDA and MPI technologies in a single program. The efficiency of the created program was compared both with a 
program that uses only the MPI interface, and with a CUDA program designed to work only with one GPU. Despite 
the relative simplicity of making changes to the base MPI code, the resulting hybrid code demonstrated good 
performance and scaling. 
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APPENDIX 1 

--------------------------------------------------------------------------------- 
1     attributes(global) subroutine SortingI(n,rmx,rmy,rmz, 
2    *    mcellX,mcellY,mcellZ,ScellX,ScellY,ScellZ,numcell) 
3 
4     real(8), device :: rmx(n),rmy(n),rmz(n) 
5     integer, device :: numcell(n)  
6     integer, value :: n,mcellX,mcellY,mcellZ 
7     real(8), value :: ScellX,ScellY,ScellZ 
8     real(8) :: xi,yi,zi 
9     integer :: icell,i 
10  
11    i = (blockidx%x-1)*blockdim%x+threadidx%x 
12 
13    if (i.le.n) then      
14     xi=rmx(i) 
15     yi=rmy(i) 
16     zi=rmz(i) 
17     icell=1+int(xi/ScellX)+ 
18   *             int(yi/ScellY)*mcellX+ 
19   *             int(zi/ScellZ)*mcellX*mcellY  
20     numcell(i)=icell 
21    end if  
22 !  ScellX,ScellY,ScellZ - cell size 
23 !  mcellX,mcellY,mcellZ - number of cells in X,Y,Z directions 
24 !  xi,yi,zi - coordinates of atom i 
25 !  n - total number of atoms 
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26    end subroutine SortingI 
--------------------------------------------------------------------------------- 
 
27    attributes(global) subroutine SortingII(n, 
28   *     ncell,numcell,Natcell,order) 
29 
30    integer, device :: Natcell(ncell),order(n),numcell(n)  
31    integer, value :: n,ncell 
32    integer :: icell,i  
33 
34    i = (blockidx%x-1)*blockdim%x+threadidx%x 
35             
36    if (i.le.n) then   
37     icell=numcell(i) 
38     order(i)=atomicadd(Natcell(icell),1) 
39    end if  
40 !  ncell - total number of cells 
41 !  Natcell(icell) - number of atoms in the cell  
42    end subroutine SortingII 
--------------------------------------------------------------------------------- 
43    attributes(global) subroutine SortingIII(n,Nmax, 
44   *   ncell_atoms,numcell,order,indexD) 
45      
46    integer, device ::order(n),numcell(n), 
47   *  indexD(ncell_atoms)  
48    integer, value :: n,Nmax,ncell_atoms 
49    integer :: icell,i,j  
50     
51    i = (blockidx%x-1)*blockdim%x+threadidx%x 
52           
53    if (i.le.n) then   
54     icell=numcell(i) 
55     j=(icell-1)*Nmax+order(i)+1 
56     indexD(j)=i 
57    end if  
58 !  ncell_atoms=ncell*Nmax     
59    end subroutine SortingIII 
--------------------------------------------------------------------------------- 
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Abstract. This paper reports the least squares collocation method proposed and implemented for solving boundary value problems
for biharmonic-type equations. The solutions of these equations are used to analyze and simulate the bending of isotropic and
orthotropic thin plates. To increase the stability of computations by the least squares collocation method it is proposed to integrate
collocation equations over the subcells of each cell of a computational grid.

INTRODUCTION

Biharmonic-type equations are of great importance for many areas of science and technology. Classical examples
can be found in hydrodynamics (the stream function), solid mechanics (the Airy stress function), the theory of thin
plates and many other areas. In the classical plate theory, the solution of the biharmonic-type equations can be used
for analyzing the bending of isotropic and orthotopic plates under the action of a transverse load using Kirchhoff–
Love hypothesis [1–3]. In addition, these equations serve as the basis for more complex theories [4, 5]. It is common
knowledge that the biharmonic-type equations are difficult to numerically solve due to the fourth order derivatives in
the differential equation. An approximation of higher order derivatives in the equation and boundary conditions often
leads to ill-conditioned systems of linear algebraic equations (SLAE) in many numerical methods (see, for example,
[6] and references therein). The paper presents the integral conservation law for the biharmonic-type equations. This
technique allows us to lower the degree of the equation and consider the solution of the problem in some generalized
statement. It’s worth remarking that early studies were devoted to constructing various conservative versions of the
least squares collocation (LSC) method for solving the Navier-Stokes equations and heat equation with a discontinuous
derivative in the numerical simulation of the laser welding process [7, 8]. It is emphasized that the employment of
collocation integral equations increases the accuracy of the calculation in comparison to the previous versions of this
method. In addition, the number of iterations was reduced in an iterative solution of the corresponding SLAE.

STATEMENT OF THE PROBLEM AND NUMERICAL ALGORITHM

Let us consider the differential equation of the static bending of isotropic plates [1]
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in rectangular domain Ω ⊂ R2 with boundary δΩ, where w denotes the deflection, q is the intensity of the load

distributed over the upper plate surface, D =
Eh3

12(1 − ν2)
is the flexural rigidity of the plate, h is the thickness of the

plate, E is Young’s modulus, ν is Poisson’s ratio. For example, one of the following conditions can be set on each
edge of the plate boundary:

w = 0,
∂w
∂n
= 0 — a clamped edge, (2)

w = 0, Mn = 0 — a simple support, (3)

Mn = 0, Vn = Qn − ∂Mnτ

∂s
= 0 — a free edge, (4)

∂

∂n
is the normal derivative,

∂

∂s
is the derivative with respect to the arc coordinate of the contour, Mn is the bending

moment, Vn is generalized shear force, Qn is the shearing force, Mnτ is the twisting moment [1],

Mn = Mx1
cos2 α + Mx2

sin2 α − 2Mx1 x2
sinα cosα, (5)

Mnτ = Mx1 x2
(cos2 α − sin2 α) + (Mx1

− Mx2
) sinα cosα,

Mx1
= −D

⎛⎜⎜⎜⎜⎝∂
2w
∂x2

1

+ ν
∂2w
∂x2

2

⎞⎟⎟⎟⎟⎠ , Mx2
= −D

⎛⎜⎜⎜⎜⎝∂
2w
∂x2

2

+ ν
∂2w
∂x2

1

⎞⎟⎟⎟⎟⎠ , Mx1 x2
= D(1 − ν) ∂

2w
∂x1∂x2

,

Qn = Qx1
cosα + Qx2

sinα, Qx1
= −D

∂

∂x1

(Δw), Qx2
= −D

∂

∂x2

(Δw),

(cosα, sinα) denotes the outer normal components to the domain boundary, Δ is the Laplace operator.
Multiplying (1) by D, integrating the left and right sides twice, using Green’s formula, we get the integral con-

servation law for the biharmonic equation∮

S

F1dx2 − F2dx1 =

�

V

q(x1, x2)dx1dx2, (6)

where �F = (F1, F2) = D
⎛⎜⎜⎜⎜⎝∂

3w
∂x3

1

+
∂3w
∂x1∂x2

2

,
∂3w
∂x3

2

+
∂3w
∂x2

1
∂x2

⎞⎟⎟⎟⎟⎠ = (−Qx1
,−Qx2

), V ⊆ Ω, S is the boundary of V .

The equation (6) expresses a certain conservation law: the flux of the vector �F of shearing forces through any
closed contour of the subdomain V is equal to the action of the transverse load on this subdomain. In the generalized
statement [9] of the problem (1) with appropriate boundary conditions it is required to find the function w(x1, x2) that
satisfies these boundary conditions and the equation (6) for any subdomain V . Note that the original differential equa-
tion sometimes can be written in various divergent forms. Therefore, the concept of a generalized solution depends on
particular integral conservation law reflecting the given differential equation.

In the LSC method the initial domain is covered by the regular grid N1×N2 with rectangular cells. Let Ncells =

N1N2 be the number of cells. It is convenient to introduce the local coordinate system in each s-th cell

y1 =
(x1 − x1s)

h1

, y2 =
(x2 − x2s)

h2

,

where (x1s, x2s) is the cell center, 2h1 and 2h2 are the sizes of the rectangular cells in the x1 and x2 directions, respecti-
vely, s = 1, ...,Ncells — the cell number for one-dimensional numbering of all cells.

The approximate solution in each cell is sought as

whs(y1, y2) =

4∑
i1=0

4−i1∑
i2=0

ci1i2,sy
i1
1

yi2
2
. (7)

Thus, the approximate solution (7) inΩ is a piecewise polynomial. The unknown coefficients ci1i2,s in the LSC method
are determined from an overdetermined “local” SLAE in each cell consisting of the collocation equations, matching
conditions, and boundary conditions.

The fluxes through the sides of the cells are determined by formulas

030084-2



W±
i+ 1

2
, j
= lim
δ→+0

D

x1,i+1∫
x1,i

(
∂3wh

∂x3
2

+
∂3wh

∂x2
1
∂x2

)∣∣∣∣∣∣
x1=x1,i±δ

dx1,

W±
i, j+ 1

2

= lim
δ→+0

D

x2, j+1∫
x2, j

(
∂3wh

∂x3
1

+
∂3wh

∂x1∂x2
2

)∣∣∣∣∣∣
x2=x2, j±δ

dx2,

where wh(y1(x1, x2), y2(x1, x2)) denotes approximate solution in each grid cell. In this case, values with half-integer
indices denote the fluxes of conservable quantities across the boundaries of the computational cell.

The conservation law (6) written for the cell (i, j), i = 1, ...,N1, j = 1, ...,N2, has the form

W−
i+1, j+ 1

2

−W+
i, j+ 1

2

+W−
i+ 1

2
, j+1
−W+

i+ 1
2
, j
=

x1,i+1∫
x1,i

x2, j+1∫
x2, j

q(x1, x2)dx1dx2. (8)

Each cell is divided into 16 identical subcells. The collocation equations (6) are written in these subcells of the s-th
cell in the local coordinates (y1, y2). In addition, the left and right part of the collocation equations are multiplied by a
positive weight parameter kc.

The matching conditions [10–14] should be satisfied in 4 uniformly spaced points at the intercell boundary of
neighboring cells; such conditions call for continuity of the following expressions in each s-th cell at these points

km0
whs + km1

∂whs

∂ns
= km0

ŵh + km1

∂ŵh

∂ns
, (9)

km2

∂2whs

∂n2
s
+ km3

∂3whs

∂n3
s
= km2

∂2ŵh

∂n2
s
+ km3

∂3ŵh

∂n3
s
, (10)

where ns denotes the unit outer normal to the boundary of the s-th cell, whs and ŵh are the limits of the function
wh as its arguments tend to the cell side from within and outside the s-th cell, km0

, km1
, km2
, km3

are positive weight
parameters.

As an example, we consider the boundary conditions for simply supported edge (3) written at 4 uniformly spaced
points on the cell side, which coincides with the boundary of the domain δΩ

kb0
whs = 0, (11)

kb2
Mn = 0, (12)

where kb0
, kb2

are positive weight parameters. Let kb1
denotes the positive weight parameter before

∂w
∂n

in (2), kb3
—

before Vn in (4).
The overdetermined SLAE obtained by combining equations (8)–(12) in all cells of the computational domain

(global system) is solved using the domain decomposition method. In this process, one “global” iteration consists
of a sequential solution of the local SLAE by the orthogonal method (of Householder or Givens) in all cells of the
domain. In general, the solution of an overdetermined SLAE obtained by the least squares method depends (within
some limits) on the weighted parameters by which the equations of the system are multiplied. The influence of these
parameters on the properties of numerical solutions obtained by the LSC method was studied in [10, 13]. Their values
affect the accuracy of the approximate solution, the convergence rate, and the conditionality of the SLAE. The iterative
process continues while the condition is true

max
i1i2 s
|cn+1

i1i2,s
− cn

i1i2,s
| > ε,

where cn
i1i2,s

denotes the coefficient of the polynomial approximating the solution in the cell with the number s on the
n-th iteration, ε is a given small constant called the pseudo-error of the solution.

The differential equation for orthotropic plates [1, 2] is

D11

∂4w(x1, x2)

∂x4
1

+ 2(D12 + 2D66)
∂4w(x1, x2)

∂x2
1
∂x2

2

+ D22

∂4w(x1, x2)

∂x4
2

= q(x1, x2), (13)
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where D11 =
E1h3

12(1 − ν12ν21)
, D22 =

E2h3

12(1 − ν12ν21)
, D12 =

ν21E1h3

12(1 − ν12ν21)
, D66 =

G12h3

12
, constants E1, E2, ν12, ν21

and G12 characterize the elastic properties of a material. The bending moments are related to the transverse deflection

by the equations Mx1
= −

⎛⎜⎜⎜⎜⎝D11

∂2w
∂x2

1

+ D12

∂2w
∂x2

2

⎞⎟⎟⎟⎟⎠ ,Mx2
= −

⎛⎜⎜⎜⎜⎝D12

∂2w
∂x2

1

+ D22

∂2w
∂x2

2

⎞⎟⎟⎟⎟⎠ ,Mx1 x2
= −2D66

∂2w
∂x1∂x2

. Then, using

the algorithm described above, �F has the form

�F = (F1, F2) =

⎛⎜⎜⎜⎜⎝D11

∂3w
∂x3

1

+ (D12 + 2D66)
∂3w
∂x1∂x2

2

,D22

∂3w
∂x3

2

+ (D12 + 2D66)
∂3w
∂x2

1
∂x2

⎞⎟⎟⎟⎟⎠.

NUMERICAL EXAMPLES

The combination of Krylov subspaces, multigrid complexes, and the diagonal preconditioner was applied for accele-
rating the iteration process and reducing the time in solving the SLAE [15].

Example 1. Let us consider simply supported (3) rectangular isotropic and orthotropic plates under the sinusoidal
load q = 105 sin(πx1/d1) sin(πx2/d2) Pa, where d1×d2 is plates size. The exact solution of the equation (1) that satisfies
the boundary conditions (3) can be expressed as [1]

w(x1, x2) =
qd4

1d4
2

π4D(d2
1
+ d2

2
)2

.

The exact solution of the equation (13) that satisfies the boundary conditions (3) can be expressed as [1]

w(x1, x2) =
q0 sin (πx1/d1) sin (πx2/d2) d4

2

π4
[
D11 (d2/d1)4 + 2 (D12 + 2D66) (d2/d1)2 + D22

] .

Table 1 shows the numerical results arising from the LSC method on a sequence of refined meshes as h1, h2 → 0.
The material properties are taken to be: E = 200 GPa, ν = 0.28 for the isotropic plate and E1 = 25E2, G12 = 0.5E2,
E2 = 5 GPa, ν12 = ν21 = 0.25 for the orthotropic plate. The following parameters were used in the calculations in
both cases: h = 0.1 m, q = 100 KPa, d1 = d2 = 10 m, ε = 10−10, km0

= km1
= kb0

= 1, km2
= km3

= kb2
= h1h2. Here,

kc = h1h2/D for the isotropic case and kc = h1h2/(D12 + 2D66) for the orthotropic case. It is observed high accuracy
of the numerical results and the second order of convergence.

TABLE 1. Relative ‖Er‖∞ errors and convergence rates

isotropic case orthotropic case
N1×N2 ‖Er‖∞ Rate ‖Er‖∞ Rate

10×10 1.90e-02 — 3.11e-1 —
20×20 4.05e-03 2.23 2.89e-2 3.42
40×40 1.05e-03 1.95 4.57e-3 2.66
80×80 2.64e-04 1.99 9.70e-4 2.23

160×160 6.41e-05 2.04 2.26e-4 2.10

In early studies [10, 13], when applying versions of the LSC method it was necessary to select special values
(besides multiplying by grid steps) for the weight parameters in matching conditions at which convergence was obser-
ved. The range of such parameters was rather small. In this paper, a good convergence is observed with quite different
parameter values even when they are equal to 1. This seems due to the fact that the integral collocation equations (8)
influence on the entire area of each cell in contrast to collocation at a point which influences on a set of measure zero.

Example 2. Test 1. Let us consider a uniformly loaded (q = const) rectangular isotropic plate a×b built in
along the edge x2 = b/2 (2) and simply supported (3) along the other edges. Here (also in test 2) the position of the
coordinate axes is taken from [1]. Table 2 shows the numerical results arising from the LSC method for several values

of
D

qa4
w,

Mx1

qa2
, and

Mx2

qa2
for various values of the ratio a/b at the center (x1 = a/2, x2 = 0). The following parameters
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TABLE 2. The results of the numerical experiment (example 2, test 1)

[1] LSC
b/a = 1

D
qa4

w
Mx1

qa2

Mx2

qa2
N1×N2

D
qa4

w
Mx1

qa2

Mx2

qa2
‖wh − wh/2‖∞ Rate

0.0028 0.034 0.039 10×10 0.00278 0.0341 0.0392 — —
20×20 0.00279 0.0339 0.0392 5.84(-4) —
40×40 0.00279 0.0339 0.0392 5.82(-5) 3.32
80×80 0.00279 0.0339 0.0392 1.53(-5) 1.92

b/a = 0.5

0.0049 0.023 0.060 10×20 0.00485 0.0236 0.0599 — —

b/a = 2

0.0093 0.094 0.047 10×20 0.00926 0.0941 0.0469 — —

were used in the calculations in both cases: ε = 10−10, km0
= km1

= kb0
= 1, km2

= km3
= kb2

= h1h2, kb1
=
√

h1h2,
kc = h1h2/D, ν = 0.3.

Test. 2. Let us consider a uniformly loaded (q = const) rectangular isotropic plate a×b where the edges x1 = 0
and x2 = a are simply supported (3) and the other two edges are free (4). Table 3 shows the numerical results arising

from the LSC method for several values of
D

qa4
w,

Mx1

qa2
, and

Mx2

qa2
for various values of the ratio a/b at the center

(x1 = a/2, x2 = 0). The following parameters were used in the calculations in all cases: ε = 10−10, km0
= km1

= kb0
= 1,

km2
= km3

= kb2
= h1h2, kb3

= h1h2

√
h1h2, kc = h1h2/D, ν = 0.3. A comparison of the results obtained by the LSC

method with the results given in [1] shows their good agreement. On the other hand, the values of ‖wh −wh/2‖∞ given
in table 2 indicate an increased accuracy of the LSC method.

TABLE 3. The results of the numerical experiment (example 2, test 2)

[1] LSC
D

qa4
w

Mx1

qa2

Mx2

qa2
N1×N2

D
qa4

w
Mx1

qa2

Mx2

qa2

b/a = 1

0.001309 0.1225 0.0271 10×10 0.001266 0.1190 0.02758
20×20 0.001284 0.1204 0.02754
40×40 0.001294 0.1213 0.02739
80×80 0.001300 0.1218 0.02726

160×160 0.001304 0.1221 0.02718

b/a = 0.5

0.001377 0.1235 0.0102 10×10 0.001313 0.1189 0.01223
20×20 0.001343 0.1214 0.01227
40×40 0.001357 0.1225 0.01223
80×80 0.001364 0.1231 0.01219

b/a = 2

0.001284 0.1235 0.0364 10×10 0.001267 0.1218 0.03713
20×20 0.001267 0.1217 0.03711
40×40 0.001272 0.1221 0.03696
80×80 0.001277 0.1225 0.03678

Figure 1 shows the deflection w when q = 10 KPa, ν = 0.3, a = 10 m, b = 15 m for test 1 (a) and a = 10 m,
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b = 20 m for test 2 (b). The calculations were carried out on the grid N1×N2 = 20×20.

a) b)

FIGURE 1. The value of the deflection w

CONCLUSIONS

The new version of the LSC method with the integral form of collocation equations is proposed and implemented for
the numerical solution of biharmonic-type equations. The convergence of the approximate solutions to the exact ones
was verified on a sequence of grids in numerical experiments with analytical solutions. It is shown that the approximate
solutions obtained by the LSC method converge with second order and coincide with the analytical solutions of the
test problems with high accuracy.
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Abstract. The article analyzes the gas-dynamic flow pattern, which is formed near an axisymmetric body moving in an 
axisymmetric channel of infinite length. The full cycle of body movement is considered, including acceleration from a 
state of rest to high supersonic speeds and deceleration to a complete stop. The most interesting aspects of the problem 
are the processes of transition of the flow near the body to supersonic, during acceleration, and back to subsonic with the 
leading shock wave in front, during braking. Demonstration of the nature and sequence of changes in the gas dynamic 
flow pattern in the paper is presented as the results of numerical simulation of acceleration and deceleration processes. 
We consider a favorable geometric case with the ratio of the channel area and the duct area between the body and the 
channel wall equal to Fneck/Foverpass = 0.84. 

INTRODUCTION 

Gas dynamics of the high-speed body motion in the long channel is scantily studied due to the lack of practical 
interest. The task considered in this paper of the body motion in the long channel is related with the concept of 
creation of high-speed on-ground transport systems, namely a vacuum-levitation transport system [1], which 
recently provokes increased interest. It is suggested that the locomotive of a promising transport system moves with 
the high speed (up to 6000 km/h (1700 m/s)) is a sealed through bridge with the pressure several orders lower than 
atmospheric one. The levitation system carries the vehicle hanging. 

What is the necessary value of the gap to form the optima; pattern of the flow past the vehicle, how does it 
influence the system gas dynamics in general, and should this statement involve aerodynamic drag forces, etc.? 
Since there are no ready solutions, investigators and designers of the transport system either skip these questions or 
apply to serious allowances. 

From the point of view of practical implementation of the vacuum-levitation transport system, it is important to 
understand the gas dynamics of acceleration and reaching supersonic marching mode in order to assess the energy 
and economic component of the system. Questions of vehicle braking and accompanying transition from supersonic 
flow to subsonic gas-dynamic processes have never been studied. 

The purpose of this work is to numerically simulate the processes of acceleration of a body in a channel to a high 
supersonic speed and its deceleration to a complete stop in order to clarify the nature and sequence of gas dynamic 
processes accompanying the problem under study. 

High-Energy Processes in Condensed Matter (HEPCM 2020)
AIP Conf. Proc. 2288, 030085-1–030085-4; https://doi.org/10.1063/5.0028695
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GAS DYNAMICS OF A CHANNEL WITH A FLOW 
(ANALOGOUS TO AN AIR INTAKE) 

Entering Supersonic Flight Mode (Channel Launch) 

The uniform acceleration of the body in the channel with a gaseous medium goes includes the appearance of a 
leading shock wave ahead of the body [1]. The mechanism of the shock wave  appearance for the body of any size is 
the same as for the piston case [2]. But its intensity and the consequence of the following development of the gas-
dynamic pattern of the flow completely depend on the body blockage of the channel cross section [3]. Regarding the 
body motion speed and geometrical ratio of its area and the area of the duct, two geometrical modes can realize: the 
channel “start” or “non-start”. Similarly to the air inlet devices in high-speed aircrafts, the term “start” corresponds 
to the mode when all the air flowing onto the body passes through the “body-channel” duct without any mass loss. 
The mode “non-start” occurs in the case when the compression degree and flow passage area are insufficient to let 
the whole free-stream air pass from the body front into its aft. The “non-start” mode includes high aerodynamic and 
thermodynamic loadings for the flying body and is extremely undesirable. 

This is illustrated in the diagram (Fig. 1). This type of diagram is found in many publications devoted to the 
problems of starting air intakes. However, explanations of this diagram are always descriptive [4]. The diagram 
shows three areas separated by two curves. Supersonic flow is always realized in air intakes with a compression 
ratio above the line - "Kantrowitz limit" (region I), (region II) supersonic flow cannot be realized at compression 
degrees below the line - isentrope (isentropic compression limit) and supersonic flow can be realized under certain 
conditions in region III.  

In the interests of this work, we consider the most convenient example of the geometric ratio of the channel size 
and the accelerated body (R=100mm, r=40mm, Fneck/Foverpass=0.84). With this size ratio, the output to supersonic 

calculating the entire acceleration-deceleration cycle. 
 

 
FIGURE 1. The dependence of the limiting degree of reduction of the inner channel "cross-over-vehicle" 

from the vehicle speed 

NUMERICAL SIMULATION 

The nonstationary process of the body acceleration in the channel (Fig. 2) was made in the numerical simulation 
packet Fluent. Nonstationary Navier-Stokes equations were solved for the nonviscous flow in the axisymmetric 
statement. Air was used as the process gas. The pressure of the undisturbed gas in the pipeline is taken to be 
P

with the condensation toward 
channel and model walls. M  
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FIGURE 2. Computational domain geometry 

 

speed variation versus time assigned by us. The model motion was assigned as the straight uniform accelerated 
along the axis from right to left, the acceleration a = 20000 m/s2 -6 s. The computational 
mesh was reconstructed at every pitch, i.e. the whole mesh moved together with the model, the cells disappeared on 
the left boundary and appeared on the right one. The solution at every time instant was accepted as agreed if 
discrepancies were below 10-5. 

NUMERICAL SIMULATION RESULTS 

The line corresponding to the selected channel geometry (Fneck/Foverpass=0.84) is shown as a dotted line in Fig. 1 
depending on the flight Mach number. According to the diagram, the body of the accepted geometry passes through 
all the characteristic areas. 

At M = 0.84 and M = 1.52, the selected geometry intersects the isentropic compression lines. At M = 1.89, the 
selected geometry intersects the "Kantrowitz limit" line. 

In Fig. 3, in comparison, for the cases of acceleration (a=20,000 m/s2) and deceleration (a= -20,000 m/s2), the 
pressure fields are presented at the same (speed) moments of movement. 

 
 

 

a=20 000 a) 

 

 

a=-20 000 b) 

 

 

a=20 000 c) 

 

 

a=-20 000 d) 

 

 

a=20 000 e) 

 

 

a=-20 000 f) 

 

 

 g) 

FIGURE 3. Changing the flow pattern during braking and acceleration of the body in the channel 
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The calculation results showed that the acceleration of the body in the channel is accompanied by the formation 
of a shock wave in front of the body (Fig. 3a, 3c, 3e), which disappears (Fig. 3g) only when the body is flying in the 
region II of the diagram (Fig. 1). 

Further braking of the body is accompanied by the formation of a leading shock wave, which persists almost 
until the body stops completely.  

When the body is decelerating, we can see a duality the flow (see Fig. 4). When flying in the region III of the 
diagram, supersonic flow around the body is preserved (Fig. 3f) up to the limit of isentropic compression (M = 1.52, 
Fig. 3d) at a given area ratio Fneck/Foverpass = 0.84. 

 

  

a) b) 

FIGURE 4. Change in a) drag coefficient CX; b) aerodynamic drag forces during acceleration and deceleration of the body 

CONCLUSIONS 

An almost interesting case of acceleration, movement and deceleration of the body in the channel is considered. 
Gas-dynamic processes accompanying the movement of the body have a non-trivial character. It is shown that there 
is a hysteresis of the supersonic gas-dynamic flow pattern near the body during its acceleration and deceleration. 
Achieving a supersonic flow pattern during acceleration of the body is impossible, up to the intersection of the curve 
of the "Kantrowitz limit". However, during deceleration, the supersonic flow established (in region II (Fig. 1)) near 
the body is preserved during the transition of the "Kantrowitz limit" in the entire region III of the "Start-
diagram, up to the limit of isentropic compression. 
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Abstract. Numerical simulation of processes in a molten metal droplet on a cold substrate is carried out. Hydrodynamic 
processes in the melt when a drop impacts a solid surface are described. Aluminum alloy of the Al-Si system is modified 
by activated refractory nano-size particles, which are the centers of the heterogeneous nucleation. Heterogeneous 
nucleation occurs when the melt is supercooled. Temperature changes, the nucleation and growth of the solid phase in the 
solidifying melt are described. The feature of the solidification kinetics is the changing conditions of nucleation and the 
beginning of crystallization. 

INTRODUCTION 

The aluminum alloys (Al-Si) are widely used in industry. Currently, one of the main tasks is to increase the 
strength of aluminum. One way to solve this problem is to increase the number of crystallization centers after adding 
nanoscale refractory particles to the melt. For example, AlN, TiC, TiN, and others [1, 2]. There are publications 
confirming the effect of nanoscale refractory particles in aluminum alloys on grain refinement in the ingot and 
increasing the strength of the hardened metal [3–6]. Spraying molten metal particles on the surface of parts is one of 
the ways to apply protective coatings [7]. High mechanical and strength properties of coatings are determined by 
their high dispersion and uniformity of the crystalline grain [8, 9].  

In [10], modeling of the layer-by-layer process deposition of metal droplets on the substrate surface is carried 
out. The numerical simulation results of interaction of the molten aluminum alloy droplets and steel substrate are 
compared with experimental data. In this paper, the thermal resistance on the contact surface of the melt with the 
substrate is estimated. The numerical studies results for non-equilibrium volume solidification of a modified metal 
droplet on a cold substrate are presented in [11]. Crystallization of a single-component melt is considered. The 
existence of supercooling in the initial stage of crystallization, the value of which depends on the particle size and 
cooling intensity, is determined.  

In [12], a mathematical model describing the deformation and non-equilibrium crystallization of a binary alloy 
droplet with refractory nano-sized particles at its collision with a substrate is proposed. Temperature conditions and 
kinetics of solid phase growth in a solidifying aluminum alloy at different sizes of formed splats are described. The 
conditions of nucleation and the beginning of crystallization are not considered. In [13, 14], a mathematical model 
of solidification of a two-component alloy modified by refractory particles is proposed. However, the model does 
not take into account the changing conditions of nucleation and crystallization in the melt. 

An adequate and accurate description of the solidification processes of multicomponent alloys remains an urgent 
problem. In this paper, numerical modeling of processes in a molten metal drop when it impacts with a substrate is 
performed. Alloy of the Al-Si system is modified by refractory nano-sized particles, which are the centers of the 
crystal phase growth. The mathematical model describing thermo- and hydrodynamic processes in the drop at its 
impact with the solid substrate, as well as heterogeneous nucleation and crystallization under the conditions of melt 
cooling determined by the results of experiments is formulated. The kinetics of the appearance and growth of the 
solid phase, as well as temperature changes in the solidifying melt, are described. The splat shape obtained by the 
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numerical simulation is compared with the existing data [10]. The adequacy of the proposed crystallization model in 
the presence of nanoscale refractory particles in aluminum alloy is confirmed by the experimental results available 
in [6]. 

PROBLEM STATEMENT 

Let us assume that a spherical melt droplet of diameter d0 impinges normally onto a substrate with velocity v0 
and starts spreading over the substrate surface (Fig. 1). The melt is premodified with refractory nanoparticles. The 
mass content of nanoparticles mp in the melt is low (mp  The size of particles lp being much smaller than the 
size of the liquid droplet, the influence of inclusions on the melt thermophysical characteristics can be neglected. 
The Navier-Stokes equations describe the dynamics of a viscous incompressible liquid after it hits a flat solid 
surface. The thermophysical characteristics of the droplet material in both (liquid and solid) states are assumed to be 
constant and equal to their mean values in the treated range of temperatures. The position of the free surface of the 
melt is determined using marker particles moving at the local speed of the liquid. 

The substrate surface is assumed to be a flat, perfectly wettable surface. The dynamic contact angle  at the 
moving point of contact of the droplet surface with the substrate is determined in the course of problem solving. 
There is a thermal resistance on the contact surface of the melt and the substrate. The substrate temperature is lower 
than the metal crystallization temperature. 

 

 
FIGURE 1. Deforming droplet after its impingement onto the substrate surface (schematically). 

1 – melt, 2 – melted zone boundary, 3 – substrate 
 

With the adopted assumptions, the equations of liquid flow and continuity in the cylindrical coordinate system 
shown in Fig. 1 (r and z are the radial and axial coordinates) can be written as, 
 

2

1 1 1u u u p u u uu v r
t r z r r r r z z r

, 

1 1 1v v v p v vu v r g
t r z z r r r z z

,  (1) 

1 0ru v
r r z

. 

 
Here, u and v are the velocities along the coordinates r and z, respectively;  is the pressure; and  is the dynamic 
viscosity given, for the liquid and dispersed media, by the formula [15] 
 

0

0

, 0
/ (1 2.5 ), 0 0.4

s

s s

f
f f

. 

030086-2



Here, fs is the fraction of the solid phase in the melt (in the interval fs >0.4 we put u=0, v=0). 
The initial conditions (at t=0) for Eqs. (1) are: 
 

u=0, v= –v0, 04 / ap d p , 
 
where s is the surface tension at the metal melt surface, pa is the atmospheric pressure. 

In the hydrodynamic problem, the following boundary conditions at r=0 were adopted: 
 

u=0,  ( ) 0r v r ,  ( ) 0r p r . 
 
At the free surface of the liquid droplet, the boundary conditions were 
 

[ 2 2 ( / )] [ / / ] 0r zp K u r n u z v r n ,  
[ 2 2 ( / )] [ / / ] 0z rp K v z n u z v r n . 

 
Here, nr and nz are the r- and z-components of the unit vector n normal to the free surface of the droplet, 
respectively; the droplet surface curvature K is defined by 
 

2 2 2 2 2 2 3/2{ } /{ }( ) [( ) ( ) ] 2 [( ) ( ) ]K r r z z r r z rz r r z , 
 
with the prime denoting the derivative with respect to the arc length s. 

Prior to solidification of the droplet material, on the substrate surface (z=0) and, subsequently, at the interface 
between the melt and the solid phase, the following no-slip conditions are assumed to be fulfilled: 

 
u=0, v=0. 

 
The equation for heat transfer in the droplet is 
 

2

1 s
e e

fT T T T Tu v ra a
t r z r r r z z c t

,   (2) 

 
with ae=a1 at fs=0, ae=a2 at fs=1, ae=a1(1-fs)+a2fs at 0<fs<1, and u=0, v=0 at fs >0.4. Here, ai= i/(ci i) is the thermal 
diffusivity in the liquid (i=1) and solid (i=2) droplet material and the thermal diffusivity in the substrate material 
(i=3); , c,  are the thermal conductivity, the specific heat, and the density, respectively;  is the specific fusion 
heat. 

The heat transfer in the substrate is governed by equation 
 

2

3 2

1T T Ta r
t r r r z

.     (3) 

 
For the initial (at t=0) temperature of the material in the droplet we have 
 

10T T , 
the initial temperature of the substrate 

30T T . 
 
The boundary condition on the contact surface between the drop and the substrate at z=0, r rc(t) according 

to [10] 
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30 0 0 0
( / ) ( / ) /i cT z T z T T R ,   i=1, 2. 

 
Here, Rc is the contact thermal resistance, rc(t) is the contact-spot radius (see Fig. 1). 

The boundary condition on the droplet free surface 
 

4 4
0 30( / ) ( )i T T Tn ,   i=1, 2, 

 
0 is the Stefan-Boltzmann constant,  is the emissivity. 

The condition of symmetry in the droplet and in the substrate (r=0) is 
 

( / ) 0r T r . 
 
The boundary conditions on the lower (z= –hs, r rc), upper, not-wetted, (z=0, r rc) and side (r r3, –hs z ) 

substrate surfaces are 
 

3 ( / ) 0T z , 
 
where hs and r3 are the thickness and the radius of the substrate (2r3>>d0). 

The melt under consideration contains wettable refractory nanoscale particles. Only heterogeneous nucleation 
occurs [11, 16]. According to [14], under the assumption that nanoscale seeds are cube-shaped and their faces are 
characterized by a wetting angle  

 
2 *

4 20
4 2

2
(1 cos )sin expp c

Ba c

D E GI n R
k Tl l

. 

 
Here, 3

1 / (100 )p p p pn m l  is the volume density of nanoseeds in the melt, p is the density of the nanoparticle 
matter, lp is the edge length of the nanoparticles, la is the atomic diameter of the melt, l  is the lattice constant of the 
seed material, kB is the Boltzmann constant, D0 is pre-exponential factor in the Arrhenius law, E is the activation 
energy of the diffusion process in the melt, * is the Gibbs energy of the critical nucleus 
 

* 2
12 0 0( 6 )(1 cos ) (2 cos ) / 3G R R , 

 
Rc is the critical radius of the nucleus determined by the ratio Rc=R0–  [14],  is the Tolman parameter [17], R0=2 12

Tl0/( 1 Tl), 12  is the free energy of the liquid–nucleus interface without allowance for curvature, Tl0 is the initial 
temperature of the liquidus, Tl=Tl – T, Tl is the current liquidus temperature. 

The nucleus number of aluminium crystals, formed during the supercooling of the liquid metal after the time tl0, 
when the temperature reached Tl0 is determined by formula 

 

0

( , , ) ( , , )[1 ( , , )]
l

t

s
t

N r z t I r z t f r z t d . 

 
Following the author [18], we define fs by expression 
 

( , , ) 1 exps sf r z t NV ,   3 3
0( , , ) (4 / 3)( )s eV r z t R R ,  

 
Vs is the volume of the solid phase formed on the nano-size particle. The growth of the crystal phase is assumed to 
obey the normal mechanism with linear dependence of the growth rate on supercooling R/ t=K T [16], where R is 
the crystal radius, K  is the physical constant [19], 

030086-4



0

1/2
00 1.5, /( , , )

l

t

e p
t

eR r z t R K T R ld , 

 
is the radius of a spherical particle with the surface area equal to the one of a cubic particle. 

The supercooling T is written as 
 
    – –l AT T T T C T . 
 
Here, the liquidus temperature Tl can be approximated by a linear dependence on the concentration C of dissolved 
component (Si), TA is the melting point of pure metal (Al),  is the modulus of slope of the liquidus line in the phase 
diagram Al-Si. The concentration of the alloying component is determined from the equation of the non-equilibrium 
lever C=C0/(1–fs)1–k [16], where 0 is the initial concentration of the silicon, k is the distribution coefficient of the 
dissolved component Si. The growth of the aluminium solid phase of alloy occurs in the temperature range 
Tl0 T TE, when Tl0=TA – C0, TE is the eutectic temperature. In the calculation of solidification in equation (2), we 
apply the value of the specific heat of the aluminium melting to  parameter. We assume that at T=TE the fraction of 
the solid phase is equal to fs .  

After cooling the metal to eutectic temperature, the silicon begins to solidify. Taking into account the low mutual 
solubility of aluminum and silicon, we believe that during the cooling of the melt, the growth of the solid phase is 
subject to a normal mechanism characterized by the growth constant K . The formation of crystals nuclei of the 
aluminium does not occur and, therefore, N=N (r, z, tE). The radius of a growing crystal R after time tE when the 
temperature of the melt has reached the eutectic temperature TE 
 

( , , ) ( , , ) ( )
E

t

E E
t

R r z t R r z t K T T d ,   
0

0( , , )
E

l

t

E e
t

R r z t R K Td . 

 
The volume solid phase of the silicon Vs  formed by the time t is determined by formula 
 

3 3( , , ) (4 / 3)( )sV r z t R R . 
 
The fraction of the solid phase fs  in the solidifying eutectic melt is determined by ratio 
 

1 exp{ }s sf NV . 
 

When calculating the eutectic crystallization in equation (2), the specific heat of fusion for Si ( Si) is used instead 
of  parameter. Eutectic solidification takes place in the temperature range TE>T Tend, when Tend is the temperature 
of complete solidification of the melt. The total fraction of the solid phase fs formed in the melt during its continuous 
cooling is determined according to formula 

 
fs= fs +fs . 

 
To solve system (1)–(3) with initial and boundary conditions, the balanced finite-difference method is used. A 

spatial grid along the r and z axes is constructed in the drop movement area and in the substrate. The temperature 
distribution is described by the values at the grid nodes. The velocity components u, v are determined in the middle 
of the side faces of the cells, and the pressure p is determined in the centers of the cells [20, 21]. In solving the 
problem about droplet spreading over the substrate, the position of the free melt surface was identified with the help 
of particles-marker moving with local liquid velocity. 

RESULTS OF NUMERICAL EXPERIMENTS 

The spreading and crystallization dynamics of a metal droplet on substrate was simulated numerically with the 
following 
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6, 10, 22]: d0=4 10–3 m, v0=3 m/s, 0=0.00109 kg/(m s), =1.07 N/m, 1=1000 J/(kg K), 1=70 W/(m K), 
1=2.57 103 kg/m3, =3.89 105 J/kg, 2=1000 J/(kg K), 2=152.5 W/(m K), 2=2.57·103 kg/m3, Si=1.64 105 J/kg, 

T10=903 K, TA=933 K, Tl0 = 886.85 K, TE=850 K,  =7.1 K C0=6.5  mass., k=0.14, K =10-3 m/(s K), K =10-

3 m/(s K), =0.05, pa=105 N/m2, 0=5.7 10-8 W/(m2 K4), the density of nanoparticles p=5440 3, the mass 
concentration of nanoparticles mp lp=10-7 m, la=2.86 10–10 m, lc=4.235 10–10 m, D0=10–7 m2 Ha=1.75 10–

20 J, E=4.2 10–20 J, 12 =0.093 J/m2, kB=1.38 10–23  J/K, =2.98 10–10 m 0. For the substrate material (steel), the 
adopted values were as follows [10]: hs

-3 m, r3
-2 m, T30=473 K, 3=550 J/(kg K), 3=7.8 103 kg/m3; 

3=25.1 W/(m K), Rh=1.64 10-6 2 K/W. 
The adequacy of the model and its implementation algorithm is confirmed by the qualitative and quantitative 

coincidence of the calculations results with the physical experiments data [9, 10, 22]. To verify the crystallization 
model, the volumetric solidification of the Al+Si alloy in a cylindrical crucible is considered [22].  

Figure 2 –3 m at v0=3 m/s obtained from 
the results of calculations. The melt contains modifying particles. The calculated contours of the changing droplet 
free surface for different moments of time are compared with the results obtained in the formation of a splat under 
similar conditions [10]. After the melt adjacent to the substrate solidifies, the divergent flow of liquid in the upper 
layer forms a roller on the periphery of the forming splat. The melt moves until the growing solid phase forms a 
crystalline framework. It was determined that the thickness of the formed splat in the central part is 0.23 mm. The 
solidification of the metal continues 8.3 ms. 

 

 
 

 

  
(a) (b) 

FIGURE 2. The droplet deformation after impingement onto the substrate surface a) 0.3 ms, b) 7 ms 
 

Figure 3 illustrates variation of the temperature, the solid phase fraction in the metal and the supercooling after 
contact with the substrate at r=0. Supercooling is defined as T=Tl – T at Tl0 T TE. The melt overheating is removed 
after 0.16 s. Then, the metal is supercooled below the liquidus temperature by more than 0.75 K (Fig. 3c). The time 
of metastable state, when the crystalline fraction is practically zero, is about 0.04 s. Solidification of aluminium of 
the Al-Si system near the substrate lasts 6 s, The solid phase proportion reaches the value sf =0.494. Further, the 
eutectic solidification of the alloy occurs. Full solidification is completed by 35.8 s (Fig. 3d). 
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a) b) 

 
 

c) d) 

FIGURE 3. Variation of the temperature (a, d), the fraction of the solid phase (b, d), 
the supercooling (c) at the contact-spot plane (1) and in the plane z=0.23 mm 

 
Figures 3a and 3b illustrate variation of the temperature and the fraction of the solid phase in the metal until the 

melt solidifies completely in the plane z=0.23 mm at r=0. As the metal layer becomes thinner and the movement of 
the liquid in the vertical direction slows down, by the time 0.9 ms at the point z=0.23 mm, overheating disappears 
(Fig. 3a,c). The nucleation of crystallization centers occurs when the metal is supercooled below the liquidus 
temperature by 0.5 K. The time of the crystal phase metastable state is about 0.5 ms. The solidification of the 
aluminium of the Al-Si system lasts about 5.5 ms, and the eutectic solidification lasts 1.9 ms (Fig. 3b). From the 
moment of removal of overheating in the melt (0.9 ms), crystallization occurs in the entire volume of non-solidified 
metal. 

Crystallization rate and solidification time vary significantly with the distance from the substrate (Fig. 3a,b). At 
the same time, the temperature, at which the intensity of the crystallization latent heat release and the intensity of its 
removal into the hardened metal and substrate are locally equalized, increases in the free surface direction. As a 
result, there is a temperature oscillation in the lower solidified layers of the droplet (Fig. 3a). 

Solidification time, supercooling, and solidification rate vary significantly with distance from the substrate 
(Fig. 3). This indicates the existence of different conditions of nucleation and onset of solidification in the melt. 
Figure 4 illustrates the rate I of formation of crystal nuclei and the number of crystallization centers N in the melt 
near the contact-spot plane and in the plane z=0.23 mm at r=0. At the melt contact with the substrate, during 0.01 s, 
nuclei of aluminium crystals are formed. The maximum value of the aluminum nucleation rate I is 1.18 1029 m-3 s-1 
at supercooling T=0.77 K. Further, supercooling decreases almost instantly and, as a result, the rate of nucleation 
decreases. The upper horizontal scale in Fig. 4 reflects the process time. 

The emergence of the most crystallization centers near the free surface of the melt lasts about 0.1 ms, which is 
much longer than that near the substrate. The maximum value of the aluminum nucleation rate I is 1019 m-3 s-1 at 
supercooling T 0.5 K. Further, a decrease in supercooling to 0.4 K helps to reduce I. During the metastable state of 
the crystal phase, due to the heat removal to the surrounding melt and the surrounding environment, supercooling 
increases and, as a result, I increases again. With the intensive solidification of aluminum, the nucleation stops. The 
lower horizontal scale in Fig. 4 reflects the time of processes on the free surface of the melt. 
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FIGURE 4. The aluminum nucleation rate I and number of 
crystallization centers N in the melt near the contact-spot 

plane (1) and in the plane z=0.23 mm (2) 

FIGURE 5. The crystallization centers concentration N in 
metal between the contact-spot plane and the plane z=0.23 mm 

 
Figure 5 illustrate the change in the concentration of nuclei in the melt between the contact-spot plane and the 

plane z=0.23 mm at r=0. The area with the smallest metal structure is located near the cold substrate. This fact 
coincides with the available experimental data [6].  

CONCLUSION 

A mathematical model describing the nonequilibrium crystallization of a binary alloy with refractory nano-sized 
particles is proposed. The deformation and solidification of a liquid drop of Al-Si alloy after its collision with a cold 
substrate is numerically simulated. The kinetics of heterogeneous nucleation and solidification in a melt is described. 
The feature of the solidification kinetics is the changing conditions of nucleation and beginning of crystallization. It 
is determined that there is a volume-sequential solidification of the metal. The calculated dimensions of the splat 
solidified on the substrate and the time of solidification of the alloy are in satisfactory agreement with the known 
experimental data. 
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Abstract. The different plasma devices generating the cold atmospheric plasma jets were developed and tested. The 
single plasma jet with the cylindrical and planar symmetry and multijet devices are operated in helium or argon gas flow 
in surrounding air. The plasma jet can be up to 7 cm length and can be considerably elongated with a plastic flexible tube 
connected to the device. The interaction of the plasma jet with cancer calls in vitro was studied for different regimes of 
plasma generation. The optimization of plasma parameters was done in the experiments, in 2D fluid model simulations, 
and with MTT and iCELLigence assays checking the viability of cancer cells for different plasma regimes. 

INTRODUCTION 

Recently the cold atmospheric pressure plasma jet interaction with bio tissues is intensively studied for 
application in plasma medicine (see for example, [1]). One of the most promising applications is the development of 
anticancer therapy on the basis of the plasma jet treatment and its combination with chemotherapy. 

The optimization of plasma jet parameters for effective impact of different types of cancer cells is a key task for 
successful treatment. In this paper, we present results of experimental study of plasma interaction with cancer cell in 
vitro, 2D fluid model simulations, and with MTT and iCELLigence assays of the viability of cancer cells. Plasma 
devices with cylindrical geometry generating cold atmospheric plasma jets are developed and tested. The sequence 
of the streamers in the plasma jet is initiated with a voltage of 2.5–6.5 kV with applied frequency of 40 kHz. In 
Fig. 1, the photo of plasma device with a cylindrical symmetry is shown. The powered electrode is inside of the 
dielectric tube. The capillary insert is placed with 2-4 cm distance from the powered electrode. The grounded ring is 
placed over the dielectric tube. The inert gas (helium or argon) is pumped through the dielectric tube (v = 1-
10 L/min). The streamers propagate along the laminar gas flow in atmosphere. Figure 1 shows the exposing with 
plasma jet the cancer cells in media and a mouse which is under anesthesia. The temperature of the zone of contact 
is close to a room temperature.  
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(a) (b) 

FIGURE 1. Plasma device with a cylindrical design. treatment of cancer cells in media (a) 
and a mouse (under anesthesia) during plasma jet treatment (b) 

 
The streamer form near the powered electrode during a positive phase of applied sinusoidal voltage. First the 

streamer propagate inside of dielectric tube and then in air in the direction of target. In Fig. 2, the parameters of the 
plasma jet are shown. Discharge voltage and current with time are shown in helium for voltage amplitude of 
U = 5 kV (a). The light intensity profiles are shown for free jet (without contact with the target) for gas pumping 
rates: 2; 3.2; 4.8; 6.2; 7.8 L/min. For this case, the diameter of capillary is d = 2.6 cm and voltage U = 3 kV. It is 
seen in Fig. 2a, that the discharge current quickly increases with streamer formation over positive phase of voltage. 
Figure 2b shows an elongation of plasma jet with increasing the gas flow. In the experiment, the voltage and current 
of CAP were recorded with a Tektronix TDS 2024 oscilloscope with a passband of 200 MHz. 

 
 

  
(a) (b) 

FIGURE 2. Discharge voltage and current with time in helium for U = 5 kV (a) and light intensity profiles for different gas 
pumping rates: 2 (1); 3.2 (2); 4.8 (3); 6.2 (4); 7.8 (5) L/min, d=2.6cm, U=3.5 kV(b) 
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For analyzing chemical mixture produced by plasma jet in air, the spectrum was measured in the range of 200–
750 nm, using a spectrometer with a resolution better than 0.5 nm. The emission spectra of helium plasma jet is 
shown in Fig. 3. The lines of helium, molecular nitrogen N2, molecular nitrogen ions N2

+, and nitric oxide NO. In 
the UV range, weak O2 and O2

+ lines were observed, as well as the Balmer series of the hydrogen line. 
 

 
(a) (b) 

FIGURE 3. CAP spectra (a) in helium, v = 9.4 L/min, U = 5 kV (a) Part of spectrum with of OH peaks measured with 
the presence of the grounded substrate (1) and without it (2). An arrow indicates the peak at l = 309 nm, helium, 

U = 4.9 kV, v = 3 L/min (b) 
 
The spectra were measured over the boundary plasma and liquid. Figure 3 (b) shows the OH-line at l = 309 nm 

used for our analysis of optimal parameters of discharge. The intensity of OH-peak in spectra was registered for 
different voltages and gas flows. We found that for the case with the grounded substrate (see Fig. 3(b) the intensity 
of OH-lines unexpectedly increases by an order of magnitude compared with the floating substrate. 

For theoretical study of the discharge characteristics and the interaction of plasma with the target, the simulations 
of time dependent parameters of plasma are performed for the experimental conditions. For simulations we used the 
fluid model approximation and two dimensional code with cylindrical symmetry. The model and simulation details 
are presented in [2]. Figure 4 shows the simulation domain with h = 3.5 cm and r = 6 cm. The powered electrode has 
r = 0.07 cm. The radii of nozzle and dielectric tube are 1.15 mm and 2.4 mm, respectively. The length of dielectric 
tube is 25 mm. The grounded ring is seen as a dip of the potential distribution. The external ring grounded electrode 
with h = 3 mm and r = 4.8 mm is placed at z = 17.5 mm on the dielectric tube.  

In simulation domain in Fig. 4a, the target is at z = 36 mm. A depth of liquid layer is 5 mm. The dielectric 
permittivity of the quartz tube and liquid are 10 and 80, respectively. The external ring grounded electrode with 
h = 3 mm and r = 4.8 mm is placed at z = 17.5 mm on the dielectric tube. The voltage amplitude U0 is 4.9 kV and 
working gas is argon. 

In simulations, the gradual voltage increase initiates the streamer formation near the tip of the powered electrode. 
The streamer propagates first inside of dielectric tube and then over the argon gas flow in the direction to the target. 
With approaching to the target, the streamer begins to accelerate and the ionization rate increases. The spatial 
potential distribution for the case without the GR substrate is shown in Fig. 4a for the moment when the streamer 
touches the target. The potential gradually increases behind the streamer head in the direction of the powered 
electrode inside the dielectric tube. The position of the grounded ring electrode is seen as a potential dip. The 
streamer has a toroidal shape, and the point of streamer contact with the water layer is seen in Fig. 4a as the potential 
bump with coordinates z = 3.58 cm and r = 1.25 mm. At this point the ionization rate has a maximum value. For this 
moment, the profiles of the ionization rate over z at r = 1.25 mm is shown in Fig. 4b. In simulations, we found that 
the presence of the grounded substrate beneath the target essentially affects the streamer characteristics. It is seen in 
Fig. 4b that the ionization rate is four times higher with the GR substrate (curve 1) compared to the case without it 
(curve 2). The explanation of an increase of the ionization rate can be found from the analysis of the potential 
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distribution. The potential on the plasma-liquid interface w =1 kV without the grounded substrate beneath and 
w = 372 V with the grounded substrate. It is seen that without the GR substrate beneath the target (when the 

grounded substrate is 500 mm apart from the target) the electric potential on the plasma-liquid interface w is more 
elevated since the potential drop between the liquid layer and the remote GR substrate is relatively large. The 
potential drop over the liquid layer is negligible since dielectric permittivity is high, ew = 80. The electric field 
strength is determined with the potential gradient according the Poisson equation for the electric. Thus, the elevation 
of w on the plasma-water interface decreases the electric field near the surface and consequently the electron energy 
and the ionization rate [3]. 

 

  
FIGURE 4. Simulation domain with cylindrical symmetry. (a) Spatial distributions of electric potential at the moment when the 

streamer approaches the target. Color palette is for 0–5000 V and (b) ionization rate profile over z for the cases without 
the grounded substrate (1) and with it (2), U = 4.9 kV 

 
Human cell lines, A549 were obtained from the American Type Culture Collection (ATCC; Manassas, VA, 

USA). A549 (human lung adenocarcinoma cells) were grown in DMEM F12 medium (Sigma-Aldrich, St. Louis, 
MO, USA) supplemented with 10% fetal bovine serum (FBS; Gibco BRL Co., Gaithersburg, MD, USA), 2 mM L-
glutamine, 250 μg/mL amphotericin B, and 100 U/mL penicillin/streptomycin—complete medium. Cell 
proliferation and survival are monitored in real time with the iCELLigence RTCA (Real-Time Cell Analyser) 
system (ASEA Biosciences lnc., San Diego, CA, USA). The cells were seeded in 8-well E-plates with the integrated 
microelectronic sensor arrays and cell-to-electrode response is measured. The presence of adherent cells at the 
electrode-solution interface impedes electron flow. The magnitude of this impedance depends on the number, size 
and shape of cells. First, the cells were seeded at a density of 30,000 cells per a well in a total volume of 500 L of 
DMEM F12. For the cytotoxicity assay, after the initial 24 h of cell proliferation, E-plates were pulled from 
iCELLigence RTCA system and the cells in an 8-well E-plates were treated with plasma jet. 

Figure 5 shows the real-time generated outputs from the iCELLigence system before and after direct plasma jet 
treatment. Cell index was calculated for each E-plate well by RTCA Software 1.2 (Roche Diagnosis, Meylan, 
France). A dip in Fig. 5 refers to the moment when the plate was taken from iCELLigence instrument, irradiated by 
CAP jet and returned for analysis. Planted cells grow during 24 h before the treatment and 76 h after treatment. 
iCELLigence data show typical cell index curves that reflect cell proliferation in real-time mode. 
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(a) (b) 

FIGURE 5. iCELLigence data of Cell Index curves with time. A549 cells were irradiated without the grounded substrate (a) 
or with it (b) for U = 4.2 kV and v = 5 L/min (helium) or 3.6 kV and v = 3 L/min (argon) 

 
In conclusion, a drastic effect of the occurrence of the grounded substrate beneath the plate with cancer cells and 

media has been observed in the measurement of viability of cancer cells after the direct plasma treatment. It has 
been shown in simulations and in discharge and bio experiments that the presence of the grounded substrate visibly 
increased the impact of plasma jet on the treated bio object. 
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Abstract. The paper illustrates some result of the efforts in ITAM SB RAS in designing an engineering tool 
LOTRAN 3.0 integrated with the ANSYS Fluent for predicting the position of the laminar-turbulent transition in 
compressible fully three-dimensional boundary layers. The paper presents some validation results for the laminar-
turbulent transition in fully three-dimensional boundary layer of a prolate spheroid located at an angle of attack to the 
oncoming flow. The integration means a transformation of LOTRAN 3.0 into a laminar-turbulent transition module, i.e., 
the development and implementation of interfaces and algorithms of data exchange, which would allow the LOTRAN 3.0 
and ANSYS Fluent software to communicate in an automated regime. It is demonstrated that the module provides an 
adequate prediction of the transition position as compared with published data. 

INTRODUCTION 

Despite the apparent simplicity of laminar flows, they are challenging objects at high Reynolds numbers, 
because they are subject to the transition to turbulence, which is a multifactor process. Thus, one of the important 
factors for accurate simulation of the aerodynamic (i.e. at small free-stream disturbance level) flows is an adequate 
prediction of the transition position. Problems of numerical simulation of the transition are somewhat similar to the 
problems of turbulence modeling, as they contain empirical ‘closures’, but the issues of development and 
verification of the corresponding models are much less developed. It is customary to express the boundary-layer 
disturbances responsible for the onset of turbulence as a set of modes periodic either in space or time, which 
behavior is governed by linearized Navier–Stokes equations. In the subsonic and transonic three-dimensional 
aerodynamic flows, such linearly growing disturbances usually are the travelling waves called the Tollmien–
Schlichting (TS) waves and the stationary crossflow (CF) vortices. In a general case, the transition is a competition 
of these instabilities.  One of the most popular modern approaches to modelling the transition is the use of 
specialized software, which describes the propagation of the small-amplitude boundary-layer disturbances and 
estimates the transition position using the so-called eN-method [1]. The eN-method implies that the laminar-turbulent 
transition is observed when the envelope of the so-called N-factors (which describe amplitudes of growing 
disturbances) reaches a critical (threshold) value. 

Modeling of the transition in aerodynamic flows with the use of the eN-method is still not represented in general-
purpose computational fluid dynamics (CFD) software products by default. Currently, ANSYS Fluent is probably 
one of such most popular CFD tools for solving aerodynamic problems. Recently, the authors of the present paper 
developed a LOTRAN (Local Transition ANanalysis) software package for computing the transition position in 
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boundary layers of viscous fluid flows past low-curvature surfaces [2, 3]. The present paper extends the validation 
results the presented in [4–7]. 

NUMERICAL SIMULATION 

Validation of the transition prediction is a necessary and important part of the development and application of a 
transition module for engineering applications. A specific feature of the flow under consideration is its complete 
three-dimensionality. Therefore, it is difficult, if ever possible, to apply the boundary-layer theory to obtain the basic 
flow or to improve the accuracy of the basic flow computed in the general-purpose CFD package. Hence, the 
requirements for accuracy of the basic flow available for the transition module becomes crucial. The validation 
studies for predicting the line of the transition onset on the surface of fully three-dimensional flow were performed 
for a prolate spheroid with the radius ratio 6:1 and length (larger diameter) L=2.4 m placed at an angle of attack 

 = 10  [8–10]. This model is popular in validating different approaches for modeling the laminar-turbulent 
transition as the extended experimental data are available [8,11–13]. Specifically, the following flow characteristics 
were considered: Re1=3 106 1/  (ReL = 7.2 106), M =0.13, free-stream turbulence level Tu=0.1 0.2% (ONERA 
wind tunnel). It is interesting to note that in this case the laminar-turbulent transition can be triggered by the growth 
of TS waves and CF vortices simultaneously due to their nonlinear interaction [12].  

The three-dimensional Navier–Stokes equations were solved by a density-based solver, an implicit scheme of the 
second order in space with the Roe-
the computational domain: the spheroid is located at the center of hemisphere of radius 2.5L. Note, that the problem 
is symmetric in respect to (x, y, 0)-plane.  Hence, the symmetry boundary conditions were applied at the plane. The 
left (inlet) boundary of the computational domain was subjected to the free-stream conditions: pressure P , Mach 
number M , and temperature T . The no-slip condition and constant wall temperature were imposed on the model 
surface. A regular hexahedral grid was designed in the computational domain around the spheroid (see Fig. 1), 
which is condensed to its surface to resolve the boundary layer. The part of the grid, which borders the surface of the 
model and contains the boundary layer, was allocated to a separate zone, the height of which was at least 5 thickness 
of the boundary layer. The total number of the cells in the computational domain was 18.2 million including 16.8 
million grids in the dedicated near-wall zone. Only the data on the structure of the grid and the flow parameters of 
this zone are transferred to the transition module. 

 

 

 

9a) (b) 

FIGURE 1. The computational domain (a) and the computational grid on the surface of prolate spheroid 
(each one of 64 cells is shown) with the dedicated near-wall zone in blue (b) 

 
One of the methods for preventing unsteadiness in the region of the flow laminar separation is to perform a 

steady computation with the flow region divided into two subdomains: the laminar subdomain (near the leading 
part), where the turbulent viscosity is equal to zero, and the turbulent subdomain (near the trailing part) including the 
larger portion of the region of flow separation. This division was figured from the preliminary laminar flow 
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calculations to find the places of solution unsteadiness. Then it was applied for the basic flow computation by a 
specially developed user-defined function (UDF) module built into the package. The Spallart–Allmaras turbulence 
model is used for implementation of the technique. Note that the position of this ‘forced’ flow turbulization is rather 
downstream of the ‘natural’ turbulization under study.  

The computed data on the laminar basic flow were converted into an internal representation of the laminar-
turbulent transition module with the help of a data assimilation unit. The unit calculates the integral characteristics 
of the boundary layer (displacement thickness and momentum thickness) for qualitative evaluation of the result of 
data assimilation from ANSYS Fluent, and then the data assimilation is performed including replacement of flow 
characteristics outside the boundary layer by constants. The transition position is determined by the eN-method (or 
by the beginning of the flow separation detected by the data assimilation unit) on the basis of analyzing the growth 
of low-amplitudes perturbations along inviscid streamlines, which are the assumed lines of the disturbance 
propagation (see, e.g., [11,14–18]). In fact, they are chosen as either real streamlines close to the boundary-layer 
edge in the region of interest or the so-called boundary-layer edge streamlines, which have a clear physical 
interpretation [19] as the surface streamlines in the inviscid flow approximation. In either case the results are very 
similar. Below the results for the real streamlines are shown. The development of flow perturbation is calculated by 
the equations of propagation of three-dimensional disturbances based on the full equations of heat and mass transfer 
for a viscous compressible medium, which are linearized locally with respect to the laminar flow under 
consideration. A detailed description of these equations and algorithms can be found in [3]. As a result, the 
distributions of critical N-factors are obtained for the TS waves and CF vortices to be used for the transition 
prediction, when a required N-factor is specified. 

VALIDATION 

The main output of the transition module are the N-factor distributions at the surface of prolate spheroid. A 
specific feature of the transition process under consideration is an interaction of the TS waves and CF vortices 
affecting the transition position. As a result, on the larger part of the side surface of the body the critical N-factors 
(the N-factors, which determine the transition position) depends on a relative amplitude of both disturbances [12]. 
This, however, is not an obstacle for application of the eN-method, as the stability diagram for the flow, which 
relates TS and CF N-factors, is known.  

 

 
FIGURE 2. The inviscid streamlines projected to the surface of the prolate spheroid at Re1 = 3 106 -1 (ReL = 7.2 106), 

M  = 0.13,  = 10  and the lines of the transition onset as a function of the azimuthal angle  obtained 
in the present paper (solid black)  and in [12] (dashed black) 

 
Calculation of the transition onset using the stability diagram (Fig. 13c in [12]) were performed to obtain the 

transition position as a function of the azimuthal angle .  In Fig. 2 the projections of inviscid streamlines to the 
surface of prolate spheroid and the estimated position of the transition onset (black line), which takes into account 
the growth of TS waves and CF vortices is shown. The corresponding numerical data [12] are also shown by the red 

030088-3



line. Because of the flow symmetry only one side of the spheroid is shown. It should be noted that in this flow 
regime the transition to turbulence is caused predominantly by the mutual influence of TS waves and CF vortices at 
the windward side (0 30 ), while the CF vortices dominate in the transition on the side surfaces (30 < <160 ). 
Close to the leeward surface of the prolate spheroid, the transition is triggered by a three-dimensional separation of 
the boundary layer. Despite the complexity of the flow, as seen, the present prediction and the data of [12] are in a 
good agreement. 

CONCLUSIONS 

A numerical simulation of the laminar-turbulent transition caused by the growth of amplitudes of the TS waves 
and CF vortices in the boundary layer of a prolate spheroid placed at an angle of attack 10  to a laminar subsonic 
oncoming flow was performed. It was demonstrated that the obtained positions of transition onset are in accordance 
with the numerical predictions obtained earlier by the authors of [12]. This validates the applicability of the module 
for the laminar-turbulent transition prediction integrated with the ANSYS Fluent CFD package fully three-
dimensional boundary layers.   
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Abstract. Cross sections of oxygen dissociation were calculated by solving an inverse problem by the Tikhonov 
regularization method. The approach employs generalized Treanor-Marrone model state-specific rate constants fitted to 
ab initio data as a source of input macroscopic information. The cross section set predicts state-specific rates that agree 
with the original Treanor-Marrone rates in the temperature range of 5000-20000 K for the entire range of vibrational 
states.  

INTRODUCTION 

Correct calculation of various nonequilibrium rarefied flow macroparameters (behind the bow shock wave when 
a space vehicle enters a planet’s atmosphere) is a task of great importance for accurate estimation of heat fluxes to 
the surface of a re-entry space vehicle, which is significant for thermal protection system design. Nowadays, the 
direct simulation Monte Carlo method [1] (DSMC, the method proposed by Graeme Bird in the sixties) is the main 
tool for studying aerothermodynamic characteristics at altitudes of the order of 80 km and above. The key factor in 
DSMC calculations is using correct physico-chemical models for accurate simulation of such problems. It should be 
noted that in the DSMC method chemical reactions are implemented during the binary collision procedure; 
therefore, it is necessary to know the reaction cross section as a function of the translational energy and vibrational 
state of the colliding molecules. 

A number of different physico-chemical models have been proposed [2-6] for DSMC method to describe 
chemical reactions, which differ in their derivation, complexity, accuracy and areas of application [5-7]. The vast 
majority of DSMC calculations use the conventional model of total collision energy (TCE [2]), which is primarily 
associated with the simplicity of this model. This model uses the reaction probability as a function of total energy of 
colliding molecules, which is the solution of an inverse problem for the known Arrhenius macroscopic reaction rate. 
However, a significant drawback of this model is that it does not take into account favoring of the vibrational energy 
over the translational energy in the dissociation process. As a generalization of the TCE approach another DSMC 
chemical model (Kuznetsov-based State Specific, KSS) [8-9] was proposed, implemented in DSMC codes and 
validated against experiments [10-12]. The idea underlying this model is to use the phenomenological macroscopic 
two-temperature dissociation model for calculation of state-specific cross sections by the Tikhonov regularization 
method. This approach allows describing correctly the macroscopic rate of chemical reactions under conditions of 
translation-vibration non-equilibrium. However, the main drawback of the KSS model, as other simple DSMC 
chemical models in general, is the fact that it is essentially phenomenological and does not contain detailed 
information about interacting molecules. 

The most accurate data concerning the chemical processes are obtained on the basis of molecular dynamics and 
quantum chemistry, in particular, using quasiclassical trajectory calculations (QCT, see e.g. [13, 14]). However, it is 
not easy to implement this ab-initio QCT data directly for continuum and DSMC reactive flows simulations. 
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Therefore, new macroscopic models have recently proposed, namely, the generalization [15] of the Treanor-
Marrone (TM) model that provide state-specific dissociation rate constants and are focused on accurate matching 
with QCT data. The present work aims at application of the approach similar to that used in the KSS model to 
calculating cross sections of oxygen dissociation from the QCT-matched state-specific rates of [15].  

CALCULATION OF DISSOCIATION CROSS SECTIONS 

The nonequilibrium state-specific reaction rate constant in the TM [16] model can be represented as follows: 
 

 𝐾𝐾𝑛𝑛(𝑇𝑇) = 𝐾𝐾0(𝑇𝑇)𝑍𝑍𝑛𝑛(𝑇𝑇), (1) 
 
where 𝑍𝑍𝑛𝑛 is the coupling factor, which takes into account the vibrational excitation of the molecule; 𝐾𝐾0(𝑇𝑇) is the 
equilibrium dissociation reaction rate constant determined by the Arrhenius law. In this state-resolved 
approximation, the coupling factor is determined by the following expression: 

 
 𝑍𝑍𝑛𝑛(𝑇𝑇) = 𝑍𝑍𝑣𝑣𝑣𝑣𝑣𝑣(𝑇𝑇)

𝑍𝑍𝑣𝑣𝑣𝑣𝑣𝑣(−𝑈𝑈)
exp (− 𝜀𝜀𝑛𝑛

𝑘𝑘𝑇𝑇
), (2) 

 
where 𝜀𝜀𝑛𝑛 is vibrational energy of the 𝑛𝑛th level; 𝑍𝑍𝑣𝑣𝑖𝑖𝑏𝑏(𝑇𝑇) is the equilibrium partition function; 𝑈𝑈 is the TM model 
parameter. For the last parameter 𝑈𝑈, having temperature dimension, the following values are given in the 
literature [17]: 𝐸𝐸𝑑𝑑

6𝑘𝑘
 (𝐸𝐸𝑑𝑑 is the dissociation energy), ∞, 3𝑇𝑇. However, it was shown in the work [15] that using these 

values for the parameter 𝑈𝑈 does not provide proper agreement with the QCT data. Therefore, to ensure optimal 
results concerning agreement with QCT calculations, it was proposed in [15, 18] to determine parameter 𝑈𝑈 as 
follows: 

 
 𝑈𝑈 = 𝑈𝑈(𝑛𝑛,𝑇𝑇) = ∑ 𝑎𝑎𝑖𝑖έ𝑛𝑛𝑖𝑖 exp (𝑇𝑇∑ 𝑏𝑏𝑗𝑗έ𝑛𝑛

𝑗𝑗 )𝐽𝐽
𝑗𝑗=0

𝐼𝐼
𝑖𝑖=0 , (3) 

 
where έ𝑛𝑛 is vibrational energy of the 𝑛𝑛th level in eV; 𝑎𝑎𝑖𝑖 and 𝑏𝑏𝑗𝑗 are calibration coefficients given in [18] for various 
chemical reaction to ensure excellent consistency with QCT data. 

On the other hand, the state-specific rate constant in the state of translational-rotational thermal equilibrium is 
represented as: 

 

 𝐾𝐾𝑛𝑛(𝑇𝑇) = ∫ ∫ 𝜎𝜎𝑛𝑛(𝐸𝐸)�2𝐸𝐸𝑡𝑡
𝑚𝑚𝑟𝑟

𝑓𝑓𝑡𝑡(𝐸𝐸𝑡𝑡 ,𝑇𝑇)𝑓𝑓𝑟𝑟(𝐸𝐸𝑟𝑟 ,𝑇𝑇)𝑑𝑑𝐸𝐸𝑡𝑡𝑑𝑑𝐸𝐸𝑟𝑟
∞
0

∞
0 , (4) 

 
where 𝑚𝑚𝑟𝑟 is the reduced mass of the colliding particles; 𝐸𝐸𝑡𝑡 and 𝐸𝐸𝑟𝑟  are relative translational and rotational energies of 
the colliding pair (E is the sum of these two energies); 𝑓𝑓𝑡𝑡(𝐸𝐸𝑡𝑡 ,𝑇𝑇) and 𝑓𝑓𝑟𝑟(𝐸𝐸𝑟𝑟 ,𝑇𝑇) are Boltzmann distribution functions 
of relative translational and rotational energies, respectively, having the following forms: 

 

 𝑓𝑓𝑡𝑡(𝐸𝐸𝑡𝑡 ,𝑇𝑇) =  2�𝐸𝐸𝑡𝑡
√𝜋𝜋(𝑘𝑘𝑇𝑇)3/2 exp (− 𝐸𝐸𝑡𝑡

𝑘𝑘𝑇𝑇
), 𝑓𝑓𝑟𝑟(𝐸𝐸𝑟𝑟 ,𝑇𝑇) =  2𝐸𝐸𝑟𝑟

𝜉𝜉𝑟𝑟/2−1

Γ(𝜉𝜉𝑟𝑟/2)(𝑘𝑘𝑇𝑇)𝜉𝜉𝑟𝑟/2 exp (− 𝐸𝐸𝑟𝑟
𝑘𝑘𝑇𝑇

). (5) 
 
Thus, substituting into equation (4) the values of state-specific reaction rate constants obtained using equations 

(1) – (3), we obtain an integral equation which solution is a state-specific cross sections 𝜎𝜎𝑛𝑛 for the corresponding 
vibrational level 𝑛𝑛, which is a function of the sum of translational and rotational energies. The solution of this 
integral equation cannot be obtained analytically. Moreover, this is an ill-posed inversed problem and obtaining its 
numerical solution is a complicated task. However, the equation can be solved numerically to obtain an approximate 
solution, for example, by the Tikhonov regularization method [19]. This procedure is similar to that used in the KSS 
model and is described in detail in the relevant works [8-9]. 
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RESULTS OF CALCULATIONS 

The oxygen dissociation cross sections were calculated for the following reactions: O2 + O → 3O and O2 + O2 → 
2O + O2. Using the approach described in the previous section, a set of state-specific dissociation cross sections was 
calculated numerically over a wide range of translational temperatures [5000-20000 K] using Tikhonov 
regularization method using state-specific rate constants of [18] as input data. In these calculations, the vibrational 
energy was presented by anharmonic oscillator model (AHO) with 47 vibrational levels (level energies correspond 
to [13, 14]). The calculated cross sections of these reactions are shown in Fig. 1 for different vibrational level 𝑛𝑛 as 
functions of the sum of translational and rotational energies. 

 

 
(a) (b) 

FIGURE 1. Cross sections for various vibrational levels and dissociation reactions: (a) O2 + O → 3O, (b) O2 + O2 → 2O + O2 
 
It can be seen from the figure that, firstly, the cross sections obtained have a characteristic bell-shaped curve, and 

secondly, the values of these dissociation cross sections strongly depend on the vibrational level 𝑛𝑛, i.e. the cross 
section from the upper vibrational level is several times greater than the cross section from the lower level. It can 
also be noted that the cross sections for O2 + O → 3O dissociation reaction are significantly smaller than the cross 
sections for O2 + O2 → 2O + O2 for the same vibrational levels. 

 

  
(a) (b) 

FIGURE 2. Oxygen dissociation rate constant for fixed vibrational levels for the following reactions: (a) O2 + O → 3O, 
(b) O2 + O2 → 2O + O2. Comparison is carried out with the data given in [18] 
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Also, the oxygen dissociation rates obtained by the integration of the calculated cross sections using the 
equation (4) were compared with the original rates [18] for various vibrational levels 𝑛𝑛. The results are presented 
in Fig. 2. It can be seen that a good agreement was obtained between calculated state-specific dissociation rates with 
the original rates of [18] which demonstrates the satisfactory accuracy of the present approach. It should be noted 
that for O2 + O → 3O dissociation reaction some discrepancy with the data from [18] in the temperature range 
5000–13000 K is observed. 

CONCLUSION 

Oxygen dissociation cross sections were calculated form the QCT-fitted state-specific dissociation rates given by 
the generalized Treanor-Marrone model using the Tikhonov regularization method. The obtained cross sections have 
physically reasonable bell shape and provide the macroscopic rates which satisfactory agree with the original 
Treanor-Marrone data. The cross sections can be used in DSMC computations similarly to the KSS cross sections 
without any code modification.  
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Abstract. The effects of surface chemical processes on the aerothermodynamics of a blunted body are numerically studied by
the Direct Simulation Monte Carlo method under typical conditions of spacecraft re-entry into the upper layers of the atmosphere
(Knudsen number 0.01). A recently developed model of surface physical and chemical processes with allowance for multiple re-
action channels is used in computations. The results of the present study demonstrate a significant contribution of surface chemistry
to the heat flux toward the body surface. If the surface reactions between non-identical species leading to nitrogen monoxide for-
mation are taken into account, the gas composition near the surface is significantly changed and the heat flux noticeably increases.

INTRODUCTION

At the initial stages of development of re-entry vehicles, it is necessary to study their aerothermodynamic characteris-
tics at all segments of their descent trajectory. It is next to impossible to perform such investigations in ground-based
test facilities. For this reason, the main tool of re-entry aerothermodynamics research is numerical simulation. At
altitudes below 80 km, the flow is usually modeled with the use of the Navier–Stokes equations. At altitudes above 80
km, it is necessary to employ the kinetic approach based on the Direct Simulation Monte Carlo (DSMC) method [1,
2] because of significant rarefaction effects.

It should be noted that aerothermodynamics of re-entry vehicles is largely affected by various physical and chemical
processes behind the bow shock wave: excitation of vibrational degrees of freedom, dissociation, ionization, and
radiation. These processes have to be taken into account in both the Navier–Stokes (NS) computations and in the
DSMC method. Surface chemical reactions are among the most important processes in aerothermodynamic problems.
As these reactions are exothermic, their neglect in the aerodynamic computational model can lead to a considerable
underprediction of the heat flux onto the re-entry vehicle surface [3, 4]. Thus, a correctly developed catalytic surface
model can increase the accuracy of heat flux prediction in aerothermodynamic simulations. In particular, accurate
prediction of the heat flux onto the surface can reduce the weight of the thermal protection system (TPS) and, hence,
increase the payload. It can also assist in finding expected surface areas with the highest heat loads at the stage of
re-entry vehicle design. It should be noted that DSMC simulations of re-entry vehicles either do not include surface
chemical processes at all or these processes are modeled on the basis of very simple models (a constant catalycity
coefficient is introduced). An approach to simulating surface processes in the DSMC method, which is sufficiently
detailed on the one hand and applicable for computing the real flow around re-entry vehicles on the other hand, was
recently developed [5, 6, 7, 8]. This approach allows one to create a molecular model for the DSMC method on the
basis of an arbitrary sufficiently detailed macroscopic surface chemistry mechanism. Models developed on the basis
of this approach were implemented in the SMILE++software system [9, 10]. In [11], this approach was extended to
the case of multiple reaction channels. Based on this approach, a molecular version of Kurotaki’s detailed surface
mechanism [12] including reactions with nitrogen monoxide generation, which are usually ignored in detailed surface
mechanisms, was implemented. These reactions compete with surface recombination reactions leading to formation
of molecular nitrogen and oxygen. Therefore, they can exert an appreciable effect on the heat flux toward the surface.

The present study is aimed at determining the effects of modeling the surface physical and chemical processes on
high-altitude aerothermodynamics of a blunted body entering the atmosphere by an example of the flow around a
two-dimensional (2D) cylinder. The results obtained by using the Kurotaki mechanism [12] for silica-based materials
are compared with those obtained by using the mechanism for α-Al2O3 reported in [8]. The main emphasis of the
present work is on determining the effect of surface reactions leading to nitrogen monoxide (NO) formation.
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PHYSICAL AND CHEMICAL PROCESSES ON THE TPS SURFACE

Various processes can proceed on the spacecraft surface. Within the framework of detailed surface mechanisms,
they are described at the macroscopic level. There are 4 types of processes producing the most pronounced effects:
adsorption, Eley-Rideal recombination, desorption, and Langmuir-Hinshelwood recombination.

The first two processes belong to the group of impact processes. Reactions of this group proceed only when a
particle from the gas phase collides with the surface. The macroscopic rates of these reactions depend both on the
gas phase parameters and on the surface phase parameters. The other two form the group of surface processes, which
proceed strictly within the surface phase and are independent of the gas phase parameters near the surface.

The differential equations presented below describe these processes at the macroscopic level in a situation with
minor deviations from the thermal equilibrium. They determine the rates of changing of the surface concentrations of
the species as functions of temperature and species concentrations in the gas and surface phases. To solve these equa-
tions, it is necessary to know the rate constants of the processes K(T ), which are usually presented in the Arrhenius
form:

K = AT β exp

(−Ea

kBT

)
. (1)

The set of processes to be taken into account, equations that describe these processes, and data on the rates of these
processes determine the detailed macroscopic surface chemistry mechanism.

Impact Processes

In the process of adsorption, the surface density of particles nAs changes in accordance with the equation

dnAs

dt
= KAd jAθs = KAd jA

ns

ña
, (2)

where KAd is the rate constant of the adsorption reaction, jA is the flux of particles of type A from the gas phase to the
surface, θs is the fraction of free sites on the surface with respect to the total number of sites, ns

[
m−2

]
is the number

density of the free sites on the surface, and ña
[
m−2

]
is the number density of the total number of sites on the surface.

The particle flux to the surface is determined under the assumption of thermal equilibrium as

jA =
1

4

√
8kBT
πmA

nA, (3)

where nA
[
m−3

]
is number density of particles of type A in the gas phase and mA is the mass of particles of type A.

The kinetic equation of the Eley-Rideal recombination

dnC

dt
=−KER jAθBs =−KER jA

nBs

ña
(4)

is fairly similar to the adsorption equation (2), with the only difference that the rate of the process is proportional to
θBs , i.e., to the fraction of surface sites populated by particles of type B (instead of the fraction of free sites on the
surface).

Surface Processes

The kinetic equation of desorption describes the rate of escape of adsorbed particles from the surface. The desorption
process involves only one reagent:
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dnAs

dt
=−KDesñaθAs =−KDesnAs . (5)

As was already mentioned, the Langmuir-Hinshelwood recombination involves only particles adsorbed on the sur-
face. The particle escape rate and, as a consequence, reduction of the surface density of both species are described by
the following pair of equations in accordance with the Nasuti model [13]:

dnBs

dt
=

dnAs

dt
=−KLHAB ñ2

aθAsθBs =−KLHAB nAs nBs ,

dnBs

dt
=

dnAs

dt
=−KLHBA ñ2

aθAs θBs =−KLHBA nAs nBs .

(6)

Here the first equation corresponds to the reaction As(m) +Bs → C+ 2S, and the second equation corresponds to the
reaction Bs(m) +As →C+2S. The subscript (m) implies that particles of the indicated type migrate over the surface
and recombine owing to their collisions with still particles located in active sites.

It should be noted that KLHAB and KLHBA may not be equal in catalytic models that include the steric factor, i.e., the
coefficient that takes into account the influence of the spatial configuration of the reagents relative to each other on
the reaction rate, e.g., as in the Kurotaki model [12]. The Langmuir-Hinshelwood recombination describes reactions
in which particles of one type stay at the same places, while particles of the other type migrate over the surface. Thus,
the collision probability is changed in the case of permutation of the species, which is taken into account by the steric
factor.

If recombination proceeds between particles of the same type, the situation remains unchanged despite permutation
of migrating and motionless particles. Therefore, there remains only one reaction As(m) +As → C + 2S, while the
kinetic equations (6) are summed up:

dnAs

dt
=−2KLHñ2

aθ 2
As =−2KLHn2

As . (7)

TABLE I. Rate constants of the Kurotaki catalytic model [12] for the silica-based TPS.

Reaction A β Ea
Adsorption: [J]
O + (S) → OS 0.1 0 0
N + (S) → NS 0.08 0 0

Desorption: [1/s] [J]

OS → O + (S) 2.08 ·1010 1 4.98 ·10−19

NS → N + (S) 2.08 ·1010 1 4.98 ·10−19

Eley-Rideal recombination: [J]

O + OS → O2 + (S) 1 ·10−3 0 9.80 ·10−21

N + NS → N2 + (S) 6 ·10−4 0 5.81 ·10−21

O + NS → NO + (S) 6 ·10−4 0 5.81 ·10−21

N + OS → NO + (S) 1 ·10−3 0 9.80 ·10−21

Langmuir-Hinshelwood recombination: [m2/s] [J]

2OS → O2 + 2(S) 1.91 ·109 0.5 6.97 ·10−20

2NS → N2 + 2(S) 4.09 ·109 0.5 8.63 ·10−20

OS(m) + NS → NO + 2(S) 3.82 ·109 0.5 6.97 ·10−20

NS(m) + OS → NO + 2(S) 2.04 ·109 0.5 8.63 ·10−20

The rate constants of the presented above processes according to [12] are summarized in Table I. In [11], the
approach proposed in [8] was extended to multiple reaction channels. Based on the Kurotaki mechanism [12], a
molecular model for the DSMC method was developed, implemented in the SMILE++ software system, and verified.
This model was used in simulations described in the next section.
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TABLE II. Free-stream conditions.

Knudsen number Kn 0.01
Velocity V , m/s 7810

Density ρ , kg/m3 5.66 ·10−6

Flow temperature Tg, K 178.2

Mole fraction N2 χN2
0.775

Mole fraction O2 χO2
0.204

Mole fraction O χO 0.021

RAREFIED FLOW AROUND A 2D CYLINDER

To estimate the influence of surface chemistry, including the Eley-Rideal and Langmuir-Hinshelwood recombination
with NO production, on the heat flux to the re-entry vehicle surface and flow field in the shock layer, a series of 2D
computations of the flow around an infinite cylinder with variations of surface chemistry models was performed.

(a) Temperature (b) Pressure

FIGURE 1. Flow fields computed by the DSMC method the case of multiple reaction channels with NO production: (a) translati-
onal temperature; (b) pressure.

Figure 1 shows the flow fields computed using the DSMC method for the catalytic surface of the cylinder with
multiple reaction channels with NO production for translational temperature (a) and pressure (b). The cylinder radius
is 1 m. The computations were performed for conditions corresponding to those of atmospheric re-entry at an altitude
of about 85 km for the Knudsen number Kn = 0.01 and flight velocity of 7810 m/s. The free-stream parameters
correspond to the previous computations [8] and are summarized in Table II. The cylinder surface temperature is
assumed to be 1000 K, and the steric factor for the Langmuir-Hinshelwood recombination reactions between non-
identical chemical species is taken from [12]: α = 1. All the details of modeling of gas-phase processes are similar
to that of [8]. The number of model particles were taken sufficiently large to ensure that the deterministic error is
negligible [14]. A typical flow pattern with a strong bow shock is observed in both figures. Translational temperature
is decreasing behind the shock front due to the effects of vibrational relaxation and dissociation.

Figure 2 shows the distributions of the mass fractions of molecular nitrogen and oxygen along the stagnation
streamline. The number of N2 and O2 molecules at the stagnation point increases owing to surface recombination of
atoms generated in the course of dissociation in the shock layer. Without surface chemical reactions, the mass fractions
of all molecules decrease along the stagnation streamline owing to dissociation. The fraction of O2 at the stagnation
point is equal to zero in the case of a non-catalytic surface. In the case of single and multiple channel reactions,
the fractions of O2 increase to identical values. Chemical reactions between different species do not produce any
significant effect on the fraction of N2 at the stagnation point either. Figure 3a shows similar distributions for nitrogen
monoxide. It is seen that chemical reactions between non-identical species significantly increase the fraction of NO
molecules in the vicinity of the stagnation point up to 0.6 of the maximum mass fraction of NO, which is observed at
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(a) (b)

FIGURE 2. Distributions of the mass fractions of (a) N2 and (b) O2 along the stagnation streamline for different models of surface
chemistry.

(a) (b)

FIGURE 3. Mass fraction of NO along the stagnation line for different models of surface chemistry (a). Distribution of the heat
transfer coefficient over the cylinder surface (b).

a distance of approximately 16 cm from the stagnation point.
Figure 3b illustrates the distributions of the heat trasfer coefficient (dimensionless heat flux) on the cylinder surface

for different models of syrface chemistry which are compared with the data obtained by Molchanova. As it was
expected, surface chemistry enhances the heat flux over the entire vehicle surface. The curve for the Kurotaki model
case with NO formation on the surface lies higher than the Kurotaci model curve without NO production, which
confirms the assumption that the heat flux is higher if recombination reactions with NO production are taken into
account. The Kurataki model without NO production agrees well with the model for α-Al2O3 of [8].

All the results for the detailed chemistry models lie higher than the non-catalytic case curve and lower than the
curve for the fully catalytic surface of the cylinder, which, in turn, agrees well with the result for the non-reacting gas.

CONCLUSIONS

Various models of surface chemical reactions in the direct simulation Monte Carlo method were compared for the flow
around a cylinder under conditions corresponding to spacecraft re-entry into the atmosphere. Computations for the
recently developed molecular model for a silica-based surface on the basis of the Kurotaki mechanism yielded results
that are qualitatively consistent with the previous results for an alumina-based crystalline surface. It was found that
NO production in the course of surface catalysis on the silica-based TPS does affect the flow and aerothermodynamic
characteristics by increasing the NO concentration in the near-wall region and the heat flux toward the surface.
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Abstract. The tomogram deformation method, previously proposed by the author for fan-beam tomography problems, 
has been extended here to a number of simple curved rays that allow one-to-one transitions to parallel straight lines. The 
transition from straight lines to curvilinear lines expands the range of possible statements of problems of tomographic 
diagnostics of objects, in particular, for cases of weak refraction in the medium under study, when it is possible to 
analytically describe the equation of the ray path in a first approximation. The software implementation of the algorithm 
is performed using the example of a family of trajectories described by a sinusoid with a controlled period and amplitude. 
A numerical simulation on a number of mathematical models showed the possibility of geometric implementation of the 
Generalized Radon Transform inversion based on the direct and inverse tomogram deformation procedures. In the two-
dimensional statement of the problem, it is shown that artifacts of fan-beam and wave few-view tomography largely 
repeat the form of the trajectories themselves: for fan-beam tomography, the image of artifacts is close to weak 
hyperbolic disturbances, for wave tomography, characteristic wave structures appear in the polar coordinate system - in 
radius and in angle. These artifacts arise at the stage of backprojection, during the transition from rectilinear projections 
to projections along the initial trajectories, with the inverse deformation being carried out. 

INTRODUCTION 

In recent years, the problems of reconstructive tomography actively penetrate into various fields of scientific 
research, including diagnostics of gas, plasma, and nondestructive testing of industrial products [1-3]. Accordingly, 
the mathematical methods for these problems is also developing at an accelerated pace: scalar, fan-beam and tensor 
tomography. Such methods and algorithms are most developed when it is possible to register radiation passing 
through an object along straight lines, when the effects of rays refraction or diffraction are negligible. However, 
diffraction tomography is also actively developing, when the wavelength of the transmission radiation becomes 
comparable to or greater than the characteristic size of the studied object [4-6]. An example of such a problem is 
optical microtomography of living blood cells, with structures of the order of 0.1-10 microns [7-8]. The terahertz 
range of modern lasers also allows the development of diffraction tomography methods for new classes of materials 
[9]. In [10], the standard arrangement of detectors in a fan-beam measurement scheme was impossible due to the 
lack of free space for detectors on the RTP tokamak. Therefore, an approach was developed for two-dimensional 
interpolation from randomly located straight lines corresponding to random points in the sinogram space to a regular 
Cartesian coordinate system. For the problems of few-view fan-beam tomography, the authors of [11–12] proposed 
reducing the fan-beam system of rays to a system of straight parallel rays, straightening ‘frozen’ rays into the object. 

Thus, for a given angle of view, the problem reduces to the classical Radon transform for a set of parallel lines. 
Such a deformation of the tomogram for each direction of view is different, however, due to the choice of the one-
to-one nature of the deformations, sequential change of the angles makes it possible to apply the inverse Radon 
transform for each direction and obtain the desired solution in the original coordinate system. 

The inverse problems of image reconstruction within the framework of geometric optics, which take into account 
the phenomenon of refraction, have so far been studied much less than problems with a rectilinear propagation of 
rays [13-15]. In the papers on deflection tomography, instead of the phase summation along the direct beam, the 
derivative of the refractive index in the transverse direction to the beam is actually integrated. Deviations of the rays 
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from rectilinear are considered very small, and the signal is integrated along straight lines by summing the angles of 
deviation of the curved ray from the straight line [16-18]. In [19], the author proposed an iterative method in which, 
for next estimation of the tomogram (medium refractive index n (x, y)), the eikonal equation was solved to 
determine in the direct problem the estimate of the next projection from the previous iteration tomogram in a given 
direction. Further, filtering the residuals (Shepp-Logan filter), we obtained corrections to the tomogram by the back 
propagation of the residual along the current rays. A number of papers considered mathematical methods called the 
Generalized Radon Transform, in which integrals along families of fixed curvilinear trajectories were studied [20-
21]. In [22], examples of quantum tomography are described on a family of circles passing through the center, as 
well as on circles with given centers and variable radii. In [23], algorithms for decomposing images in seismic using 
parabolic and hyperbolic Radon transforms are considered. In [24], Alan Cormack considers the Radon transform on 
2 special classes of functions — 
series expansion. Further development of this class of curves was studied in [25]. In [26], Gindikin considers the 
curvilinear Radon transforms, gives the formula for the Radon inversion for a number of cases, in particular, for the 
hyperbolic plane. 

In [27], for problems of three-dimensional cone-beam tomography, a new space h is introduced in which fan-
beam rays become parallel straight lines. In this case, the focal point moves along a fixed focal plane, the projection 
plane is also fixed, and the cross section of the 3D object at constant z remains unchanged. In fact, consideration of 
the space h leads to such deformation of the 3D object that the cone-beam rays become parallel lines.  

THEORY 

To develop tomography methods for complicated media with refraction, here at the first stage it is proposed to 
consider the ray paths as given analytically, without solving the eikonal equation. In the practical formulations of 
such problems, neither the distribution of the refractive index nor the trajectories themselves are known. To a first 
approximation, some analytical curves are used here, for which you can find the inverse integral transform by the 
method of the trajectories deformation into a set of parallel lines, with the corresponding deformation of the 

 Details of the proposed approach will be considered below. 
 

FIGURE 1. The geometric scheme for the fan-beam tomography problem, in which the radiation source at point E generates 
straight rays detected by the detector D1 - D2 

It is known that the inversion of the integral fan-beam transform, in the parallel geometry of projection data 
collection called the Radon transform, looks like this: 

 

 ( , ) = ( ) ( )( )  (1) 

Here s0 is the fan projection of the point (x, y) onto the S axis, sm is the coordinate of the ray, which is tangent to the 
circle, on the S axis, 
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-  
 
where ( ) are the polar coordinates of the point (x, y), 
 

s0  - f ’  
 
Usually, in the fan-beam formulation, the projections f (s) are assumed to be measured on the S axis, and the 

angle gives the angle of incidence of the beam on this axis. 
To simplify the derivation of the new method of the generalized Radon transform inversion, we will further 

assume that the system of detectors is always fixed vertically, the transmission rays are always directed horizontally 
from left to right. Instead of rotating the detection system around the object under study counterclockwise, we will 
equivalently rotate the reconstructed image by angle  clockwise. Then, for a set of angles , a set of projections f  
(s) (sinogram) will be obtained, from which it is necessary to reconstruct the tomogram  ( , ). 

Consider the general case of integration the function  ( , ) along a family of curves that are uniquely mapped 
onto a horizontal system of parallel lines. In Fig. 2 examples of projections collection geometry are shown for which 
the inverse of the curvilinear integral Radon transform method works. 
 

  
a) b) 

FIGURE 2. Examples of different curves for curvilinear tomography methods: (a) a straight line from a beam of rays (1) for 
fan-beam tomography, y = s + kx; (b) the wave system of curves (1), , ( ) =  ( ), one-to-one mapped 

onto a horizontal straight line; (2) –  
 

 To obtain a one-to-one deformation and then take a curvilinear integral along the path, you need to use the 
formula for curvilinear integrals: 

 
 f  (s   ( , =s+ (x)) ( + ( / ) )    ( , ) L, dL u(x)dx (2) 

 
Here f  (s) is the horizontal Radon transform of the function q  (x, y) = g  (x, y) u(x), where dL is the path 

differential along the curve L (  = + ( )). Thus, in the initial Radon transform, in addition to the function  ( , 
), a weight function u(x), arises, which does not depend on the rotation angle . 

Further, we obtain this weight function u(x) for fan-beam projections. For a family of lines going from one point 
at different angles, the equation will be y = s + kx, and the path differential 

 

 + ( )  +   +     (3) 

 
Note that to switch from a fan-beam bundle of lines to a set of parallel lines, a deformation of the form is 

necessary (in the rotated coordinate system (s, p) in Fig. 1): 
 

 s y Q, Q x D) 
 (4) 
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This Q appears in the analytical inversion of the fan-beam integral Radon transform in formula (1). Note that this 
deformation of the image converts the oblique lines (1) in Fig. 2a into horizontal lines (2) by rotation through an 
angle  around the intersection point of the oblique ray with the axis S. 

Here we can make an interesting conclusion - if Q is introduced into the convolution kernel, then it turns out that 
for a given fixed x, we should perform local convolution with the denominator (Qs - Qs0)2 y-y0)2. 

Describing the direct problem for each direction  by the integrals over the straight lines, which are obtained by 
a special type of image deformation, we use mathematical modeling to verify the assumption that, for small 
amplitudes of deviation of the trajectories from the straight lines, we can use modified Radon inversion algorithms 
similar to the fan-beam tomography problem. At the first stage, the backprojection is divided by the function u(x) 
from the path differential, and at the second stage, the inverse deformation of this backprojection is calculated before 
it is integrated over the angles. 

NUMERICAL SIMULATION 

Figure 1 (from [12]) shows the geometric scheme commonly used in fan-beam tomography experiments. The 
fan-beam rays leaves the focal point E, the central ray of the fan passes through the origin O, and makes an angle  
with the coordinate axis OY. The fan-beam lines ends at the linear detector D1 – D2, however, its readings are 
usually transferred along the rays to a parallel “virtual detector”, which can be placed anywhere on the central line. 
Usually it is placed on the rotated axis P at the point p p unit circle. 
Further, in the proposed algorithm, each ray crossing the line of the “virtual detector” D’1 – D’2 is rotated at this 
point so that the ray becomes parallel to the OE axis (and the central ray of the fan-beam). In this case, the rays are 
considered to be “frozen in” into the image under study and by their rotation, they deform it according to the 
formulas for the new ray geometry. 

Figure 3 shows illustrations of the fan-beam direct (a) and inverse (b) deformations of a mathematical model of 
three Gaussians. For Fig. 3, the focal point of the fan-beam was at the point (-  the domain of the 
tomogram is unit circle. Figures 3e and 3f show the good quality of the described algorithm, the solution error RMS 

 H
the blue one is the reconstruction; blue dash-dotted line - horizontal reconstruction section, red circles - exact model; 
the green line is the first deformed projection,  = 00. The sinogram f(s, ) (Fig. 3d) is calculated along parallel lines 
from the deformed object (b); angles along the horizontal axis are shown in degrees (from zero to 360). 

The modified FBP algorithm proposed above demonstrated the good reconstruction quality by converting fan-
beams into a parallel system. Next, the results of the study of this algorithm on a set of waves will be shown. 
Figure 4 shows the type of deformations arising for curvilinear tomography on the same smooth model inherent in 
the problems of tomographic diagnostics of gas and plasma flows. In this case, the wave trajectories were described 
by the equation y=s+ (x), where 

 
  (x cos(2 T-1 x),    dL ( + ( )   ( (  )) ) dx, (5) 

 
dL is the path differential along the curve (Fig. 2b). 

Figure 4 shows illustrations of the direct (a) and inverse (b) wave deformations of a three-Gaussian model. Here 
the dash-dotted lines show the trajectories along which the forward and inverse wave deformations were conducted. 

solid lines show the vertical sections e blue is the 
reconstruction; blue dotted line - horizontal reconstruction section, red circles - exact model; the green line is the 
first deformed projection,  = 00. 

An important argument in favor of the proposed scheme of the MFBP algorithm is the fulfillment of the theorem 
on the central slice of the tomogram spectrum. Namely, as in the classical Radon transform, for the selected set of 
curved paths, the 1D Fourier transform of any projection coincides with the corresponding central slice of the two-
dimensional Fourier transform of the deformed image. In papers [11, 12], based on deformation in fan-beam 
tomography, the Gerchberg-Papoulis iterative algorithm using the central slice theorem was proposed and studied. It 
seems interesting in the future to test iterative algorithms for curvilinear tomography problems with the use of 
deformation methods associated with translating curvilinear trajectories into straight lines. 
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a) b) 

  
c) d) 

  
e) f) 

 
g) 

FIGURE 3. Mathematical model for testing the deformation method, 3 Gaussians; a) fan-beam deformation of the model; 
b) inverse fan-beam deformation of the model matching the exact model; c) intermediate result - backprojection for the angle 

900; d) sinogram, projections in the range of 2 ; e-f) the results of reconstruction using the modified MFBP algorithm, 
-dimensional spectrum (1) of the deformed 

tomogram (a) for 0 and the one-dimensional spectrum of the first projection (2) 
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a) b) 

 
 

c) d) 

  
e) f) 

 
g) 

FIGURE 4. Mathematical model for testing the deformation method, 3 Gaussians; a) deformation of the model by the wave 
the model, matching the exact model; 

c) backprojection for angle 900; d) a sinogram for the model wave deformation - a set of projections in the range of 2 ; 
e-
section of the two-dimensional spectrum (1) of the deformed tomogram (a) for 0 and the one-dimensional spectrum of the 

first projection (2) 
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CONCLUSION 

This paper shows the possibility of transferring to the generalized Radon transform of algorithms developed for 
the classical Radon transform. The implementation of the filtering and backprojection method, most often used to 
invert the usual two-dimensional Radon transform, can be modified by straightening curved trajectories. During the 
transition, the “frozen-in” curves become straight lines, and the image is deformed so that to calculate the integrals 
from the original image along the curves, it is enough to calculate them along parallel lines from the deformed 
image. 

In the modified method for such projection calculation in a direct problem, it should be taken into account that 
the weight function u(x) is added to the distortion of the original image, connecting the path differential dL along 
the curve with the differential along the straight line: dL = u(x)dx. Since the trajectory equation is assumed to be 
known in advance, the filtered backprojection must be divided by the function u(x) for each angle , followed by the 
inverse deformation. A numerical simulation on mathematical models shows that the accuracy of tomogram 
reconstruction now depends not only on the number of projections and the number of detectors in each direction, but 
also on the structure of the trajectories - their period, the range of gradient changes in the tomogram reconstruction 
area. An illustration of the central slice theorem for the Fourier transform of the deformed backprojection shows the 
possibility of using Fourier analysis in new algorithms for the generalized Radon transform inversion. Note that the 
geometric deformation method described in this paper can also might be used to the inversion of the generalized 
exponential Radon transforms (PET and SPECT), as well as for three-dimensional X-ray tomography. 
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Abstract. The influence of internal variable pressure on the bending vibrations of the pipeline on two supports is 
investigated. The transported medium in the pipeline consists of liquid and gas phases. The gas flow in the axial direction 
occurs inside a liquid circular cylindrical region. The gas velocity is not taken into account. The effect of pipeline 
acceleration on changes in fluid pressure is taken into account. Numerical and approximate analytical solutions of the 
equation of steady bending vibrations are obtained. 

INTRODUCTION 

Pipeline systems are used for transporting gases and liquids. They are widely used in the oil and gas industry, 
energy, aviation and rocket and space technology, technological machines and in many other designs. Pumping gas-
liquid media is carried out by the work of pumping stations, which create a variable pressure in the pipeline. The 
interaction of dynamic pressure and the curvature of the elastic line of the pipeline excite its bending vibrations. 
With certain ratios between the parameters of the pipeline, these vibrations can be amplified. In the case of reaching 
the oscillation amplitudes of the limiting values, the reliability in the operation of the pipeline can significantly 
decrease. Therefore, the study of vibrations of pipes transporting liquid or gas is of practical interest. 

Starting from [1], a lot of works have been devoted to the study of vibrations and stability of pipelines. Many of 
them did not take into account the effect of internal pressure. Perhaps the first study of the oscillations of an initially 
bent and straight pipeline with such an effect taken into account is [2]. Here, for a simple demonstration of the 
influence of internal pressure, pipe supports are considered that do not allow free rotation during bending in the case 
of high relative stiffness of the soil. 

A lot of research is devoted to free, forced, parametric oscillations, as well as the interaction of the last two types 
of oscillations. We point out the work on the self-excitation of parametric oscillations of a cantilever pipe with a 
fluid flowing out through a nozzle [3], where periodic and chaotic oscillations were studied. The effect of internal 
pressure on the frequency of free vibrations was experimentally studied in [4]. 

A review of the literature on the dynamic interaction of pipeline systems with a transported fluid is given in [5]. 
In [6], the elastic reaction of a pipe to internal shock pressure was studied. Spatial vibrations of the pipeline under 
the action of internal shock pressure were studied in [7]. In [8], the main structural forms of gas-liquid flows that 
occur in horizontal and vertical pipes are considered. Here calculations of two-phase gas flows in pipeline systems 
and heat exchangers are presented. In [9], general information is given on the composition of the transported two-
phase gas condensate, and methods for determining its main parameters. 

This article investigates the nonlinear vibrations of a pipe section with a gas-liquid medium having an annular 
structural form of flow, taking into account the influence of internal variable pressure. 
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STATEMENT OF PROBLEM 

Vibrations of a pipeline section on two supports transporting a gas-liquid medium are investigated. The pipeline 
is hinged to both supports. One of the supports is stationary relative to the base, the other can slide on it. The sliding 
support is attached to the base using linear elastic elements. In a static state, the pipe is bent by internal constant 
pressure, its own weight, and the weight of the transported product. At time t, the pressure pi in the gas-liquid 
medium becomes variable and the pipeline begins to make bending vibrations in the vertical plane. The solid 
medium in the pipeline consists of incompressible liquid and gas phases. It is assumed that the gas flow in the axial 
direction occurs inside a liquid circular cylindrical region with an internal radius R1 and an external radius R. 
Changes in the thickness of the cylindrical layer due to the weight of the liquid are not taken into account. This can 
be accepted if the pipe is located vertically or in conditions of weightlessness and low gravity. The size of the 
internal radius and the shape of the liquid region are preserved with a uniform translational movement directed 
perpendicular to the axis of the pipe. These characteristics change due to the flow of liquid in its cross sections as 
the pipeline accelerates. As a result, there is a change in pressure on the inner surface of the pipe, which causes the 
effect of its added mass. In addition, the pressure pi maintained by the pressure source (pump) acts on the surface. 

Consider a flat problem of determining the attached mass of an incompressible ideal fluid with density 0 in a 
pipe with an internal radius R (Fig. 1). Here r and  are polar coordinates. The liquid occupies an annular area 
R1  r  R. A pipe that is not deformable in cross-section moves with acceleration a = 2W/ t2, where W is its 
movement along the vertical z axis. The density of the gas compared to the density of the liquid is assumed to be 
small. The axial movement of the liquid, which occur when it oscillates in the transverse direction, is ignored 

 

 
FIGURE 1. Cross-section of the pipe (0  r  R1 – gas phase, R1  r  R – liquid phase) 

 
Perturbations in the annular region caused by the movement of the pipe relative to the velocity potential  are 

described by the equation [2] 
 

 
2 2

2 2 2

1 1 0.
r rr r

 (1) 

 
The velocity components Vr, V  and the pressure perturbation p are defined by the formulas 

 

 0,  ,  .rV V p
r r t

 (2) 

 
Moving the pipe in the radial direction Wr =W·cos . The boundary conditions are as follows: 
 

 1/    ( ),   0   ( ).r rV W t r R p r R  (3) 
 
From the solution of the problem (1), (3) and the last expression in (2), it follows that the pressure perturbations 

in the liquid caused by the movement of the pipe are given by the formula 
 

 2 2 2 2
0 1 11 / / 1 / cos .p a R r R R r  (4) 
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As follows from (4), pressure fluctuations occur so that the line  = – /2, z of the 
resultant pressure on the pipe surface r = R of unit length is equal to 

 

 2 2 2 2 2
0 1 0 0 1

0

2 cos ( ) ,  / ,  ,z p Rd m a m m R R R m R R  (5) 

 
where m  represents the effective attached mass of the pipe fluid.  

The differential equation of bending vibrations of the pipe, which takes into account the interaction of internal 
pressure and changes in the curvature of the center line of the pipe, has the form [6] 

 

 

22 4 2

02 4 2
0

2 42 4 2

,

,  ,  ,  ,  .
4 1

L

i z
W W W Wm EJ Fp dx g m m

xt x x

Eh EhRm R h R J R h R F R
CL L

 (6) 

 
Here E is a Young modulus, , L and h are the density of the material, the length and thickness of the pipe wall, 

respectively, the coefficient  is the ratio of the pipe and support stiffness in the longitudinal direction.

 

 
The deflection function that meets the conditions of the pipelines hinged fastening to the supports is assumed as 
 

 0( , ) ( ) sin ,  / .W x t W w t x L  (7) 
 
Here W0  w(t) are the amplitudes of the static and dynamic components of the deflection of the midpoint of the span. 

The pressure change in the gas part of the medium is set by the harmonic law 
 

 0 sin ,i ap p p t  (8) 
 

p0 and pa are the average pressure and its oscillation amplitude. 

SOLUTION METHOD 

Substituting expressions (5) and functions (7), (8) in equation (6) and applying the Bubnov-Galerkin method, we 
have 

 

 24 2 2 0
0 0 0 0

41sin .
2a

gM
Mw EJ W w F p p t L W w W w  (9) 

 
Here and further the dots above the letters denote the time derivatives t; M=m+m , M0=m+m0 is the total mass of the 
pipeline and the liquid phase taking into account fluid motion and without taking into account the fluid motion in the 
cross sections. 

Assuming in (9) w(t)  0, pa  0, we obtain a cubic equation for determining the static component W0 of the 
deflection 

 

 
2

03 0
0 02 4

2 8
0, .

F p p M g EJW W p
FL L

 (10) 

 
Equation (10) without the first term has an infinitely increasing solution for the value of the average pressure 

p0 = p . Therefore, the value of the latter can be called critical [6]. Defining the static component of the deflection 
from (9) and substituting it in (10) we get 
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From (11) it can be seen that the oscillatory movements of the pipeline are mainly composed of interacting 

forced and parametric vibrations. In addition, it can be seen that the square of the circular frequency k of the natural 
vibrations of the pipeline with the transported product is inversely proportional to the total mass m. 

Let's accept the initial conditions 
 

 0,  0   0 .w w t  (12) 
 
The nonlinear Cauchy problem (11), (12) is solved numerically by the Runge-Kutta method. Then the discrete 

Fourier transform and the Poincare mapping were applied to this solution. 
To analyze the dynamics of the pipeline, consider the approximate analytical solution of equation (11). For 

steady-state forced oscillations in the vicinity of the linear resonance ), we have 
 

 1 1sin cos ,  2 ,w a t b t f  (13) 
 
where f is the natural oscillation frequency of the pipe. Using the harmonic balance method, we get b1 = 0, and the 
coefficient a1 is determined from equation 

 
 4 3 2 2 2

1 1 03 8 8 0.aLa M k a Fp W  (14) 

DEPENDENCE OF PIPELINE VIBRATIONS ON INTERACTION WITH THE LIQUID 
PHASE LAYER 

Calculations were performed for a steel pipe filled with a gas-condensate medium with the following parameters: 
L = 1.2 m, R = 0.01 m, R1 = 0.009 m, h = 0.0005 m, E 5 MPa,  = 64.0 MPa,  =7800 kg/m3, 0 = 1000 kg/m3,  p0 = 
7.38 MPa, pa = 0.02, 0.06, 0.18, 0.9 MPa, g =9.81 m/s2. At the accepted parameters, the critical pressure p  = 7.38 
MPa. The static component W0 of the deflection at a density of 1000 kg/ m3 of the liquid phase is 0.00502 m. 
Natural frequencies f and f0: 14.3  13.7 Hz. At a given density of the liquid phase, the natural oscillation 
frequencies of the pipeline, taking into account the internal added mass and without taking into account the internal 
added mass, differ by 4.13 %. If we take a different density of the liquid, for example 1800 kg/m3, the frequencies 
already differ by 7.1 %. 

DEPENDENCE OF PIPELINE VIBRATIONS ON INTERACTION WITH THE LIQUID 

In Figs. 2 and 3, solid lines represent the results of numerical integration, and dotted lines represent the results of 
an approximate analytical solution of equation (13). The different columns of the graphs in Figs. 2 and 3 relate to 
different dependencies, which are shown at the top. Columns (a) of graphs represent dependencies of the ratio of the 
dynamic component of the deflection w to the inner radius R on the time t, s. Columns (b) of graphs are frequency 
spectra. They are the result of applying the discrete Fourier transform to the numerical solution of the Cauchy 
problem (11) and (12). On the frequency spectrum along the vertical axes are the values of modules of complex 
amplitudes F , and on the horizontal axes – the frequency of vibrations. Columns (c) and (d) of the graphs are phase 
trajectories and Poincare mappings of bending vibrations, respectively. Here, the w/R ratio is deferred along the 
vertical axes, and the speed of bending movements w  is deferred along the horizontal axes. The processing period 

f. Figures 2 and 3 are constructed for different values of the 
parameters of the variable part of the pressure. The graphs in Fig. 2 are constructed at the excitation frequency 
f=14.3 Hz and the pressure amplitudes pa = 0.02, 0.06 and 0.18 MPa (The first, second, and third fragments, 
respectively. The order of enumeration is from top to bottom). And the graphs in Fig. 3 are constructed at the 
excitation frequencies f = 7.3, 14.3 and 21.3 Hz (The first, second, and third fragments, respectively) and the 
pressure amplitude pa = 0.9 MPa. 
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(a)                   (b)                   (c) (d) 

FIGURE 2. Dependences of the dynamic component of the deflection w on the time t, frequency spectra, phase trajectories and 
Poincare mappings of bending vibrations of the pipe for three values of the amplitude of the variable part of the pressure 

 
(a)                   (b)                   (c) (d) 

FIGURE 3. Dependences of the dynamic component of the deflection w on the time t, frequency spectra, phase trajectories and 
Poincare mappings of the bending vibrations of the pipe for three frequency values of the variable part of the pressure 
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From a comparison of fragments of Fig. 2(a) and Fig. 3(a) it can be seen that with increasing amplitude and 
frequency of the variable part of the pressure, the amplitude of bending movements of the pipe increases. The 
relative position of solid and dotted lines on the charts allows us to conclude that the results of numerical and 
approximate analytical modeling are in qualitative agreement. The frequency spectrum (Fig. 2(b)) shows the 
following pattern. The greatest contribution to the oscillatory movement of the pipe is made by vibrations with a 
basic frequency of 14.3 Hz of alternating pressure. If at the amplitude of the variable part of the pressure of 
0.02 MPa, the frequency spectrum has a distributed form in the vicinity of the main frequency, then at the 
amplitudes of 0.06 and 0.18 MPa, the Fourier transform allocates vibrations, both with the main and fractional 
frequencies. As the pa amplitude increases, the modules of complex amplitudes with fractional frequencies grow. In 
addition, from the second fragment, Fig. 2(b) it is seen that with a further increase in the amplitude of the dynamic 
part of the pressure (pa = 0.9 ), the frequency spectrum becomes continuous. When visually comparing all the 
fragments of Fig. 3(b) it is noticeable that they differ from each other. The first fragment of this column clearly 
shows that the Fourier transform distinguishes two main oscillatory movements: forced vibrations with a frequency 
of 7.3 Hz and parametric vibrations with a frequency of 16 Hz. The second and third fragments of Fig. 3(b) allocate 
already many frequencies. 

Figure 2(c) and the second fragment of Fig. 3(c) show that with increasing pa amplitude, the areas occupied by 
phase trajectories expand. At relatively small values of the pa amplitude (Fig. 2(c)), the phase trajectories have one 
center of attraction. However, with increasing pa (Fig. 3(c), second fragment), the formation of two or more centers 
of attraction is noticeable on the phase plane. The first and second fragments of Fig. 2(d) and the first fragment of 
Fig. 3(d) show that the Poincare mappings lie on a single closed contour. On the third fragment of Fig. 2(d) and the 
second and third fragments of Fig. 3(d) it is seen that the Poincare mapping have a random distribution. The latter 
circumstance, combined with the formation of two or more centers of attraction on the phase plane, characterizes the 
transition of the considered mechanical system to the mode of chaotic oscillations. 

CONCLUSION 

1. When bending vibrations of a pipeline with an annular form of a gas-liquid medium occur, the liquid phase 
flows over in cross sections. This causes a change in the added mass of the liquid depending on the 
transverse movement of the pipe. This effective added mass is less than the added mass in the annular area 
occupied by the liquid. 

2. The ratio of natural oscillation frequencies of the pipeline with and without taking into account the effective 
attached mass increases with increasing density of the liquid phase. 

3. An increase in the amplitude and frequency of the variable pressure in the pipe leads to an increase in the 
amplitudes of the dynamic part of the deflection. 

4. With certain ratios between the input parameters, it is possible to switch to a chaotic mode of nonlinear 
pipeline vibrations. 

5. The results of numerical and approximate analytical modeling are in qualitative agreement. 
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Abstract. After pesticides heavy metals take the second place in the list of the most dangerous substances for living 
organisms. Marine macrophytes demonstrate a sensitive reaction to qualitative change of environment. Eelgrass (Zostera 
marina L.) belong to Embryophyta and has the ability of accumulating heavy metal by its aboveground and subterranean 
organs. Heavy metals (Fe, Mn, Zn, Cu, Ni, Pb, Cd) concentration was discovered in Zostera marina living in the coastal 
waters of Rudnay Bay and Kievka Bay, both bays are located in the north of Primorsky Krai and belong to the Japan Sea. 
Study carried out of leaves and stems (aboveground organs) and root-rhizomes (subterranean organs) to level heavy 
metals concentration in Zostera marina L. It was found out that root-rhizomes accumulate mostly Fe, while blades 
contain Mn, Pb and Cd. High concentration of Cu, Ni, Pb and Cd in eelgrass, living in Rudnay Bay, characterizes the 
geochemical features of the region. Because of the presence of lead-zinc ore mining and processing in the area nearby 
Rudnay Bay, heavy metals play the main role in pollution of the bay. Zostera marina L. from Kievka Bay contains less 
amount of heavy metals. 

INTRODUCTION 

Heavy metals are included into the list of the most dangerous environmental pollutants. Though many of them 
are considered to be physiologically important trace substances, in high concentrations heavy metals make a toxic 
impact on living organisms. There are three groups of heavy metals taking the primary part in polluting of the Japan 
Sea, they are tracers of technological environmental impact: lead (Pb), cadmium (Cd) nickel (Ni); tracers of 
anthropogenic effect: copper (Cu), zinc (Zn) and terrigenous runoff tracers: iron (Fe), manganese (Mn) [1]. 
Environmental monitoring for metals is conducted in two ways: directly by chemical measurement of heavy metals 
concentration in sea water and indirectly by study of organism-bioindicators capable of concentrating substances, in 
particular metals, in the amounts which are ten thousand times higher than their presence in the habitat [1]. 

Zostera marina is a species of eelgrass which is widely spread in the World Ocean, it lives on the large part of 
the Japan Sea shallow area. Zostera marina is capable to stand large anthropogenic load including metals pollution. 

As the Embryophyte species, eelgrass has the system root–rhizomes capable of absorbing substances dissolved 
in water and taking them from interstitial water of pelagic sediments. A number of researches have proved Zostera 
marina L. ability of accumulating of heavy metals [2-6]. 

MATERIAL AND METHODS 

Zostera marina L. samples were taken from the coastal waters of Rudnaya Bay and Kievka Bay (Japan sea) in 
summer periods between 2013 and 2018. 
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Both bays are located in the north of Primosky Krai (the region in the Far East of Russia) and belong to the Japan 
Sea. From the north Rudnaya Bay is surrounded by the cliffs of several tens of meters high, while the western shore 
is low and sandy. The southwest coast of the bay is flowed into by The Rudnaya River, the left bank of which is 
occupied by Rudnaya Pristan village. There is a port on the western shore of Rudnaya Bay and a lead smeltery plant 
in Rudnaya Pristan. The valley of the Rudnaya River is occupied by mines, processing plants, enterprises of 
chemical, food and construction industries. Zostera marina L. 

located near the Rudnaya’s mouth.  
Kievka Bay is surrounded by the sand beach. The bay ground consists mostly of sand and silt. It is opened to the 

south and southeast winds. Because of a little number of islands and underwater barrier the bay is characterized with 
close connection with the open sea. The bay head is flowed into by the Kievka River. Under the influence of the 
cold current flowing close to the coast of Kievka Bay water temperatures even at small depths are quite low in 
summer. For Zostera marina L. collecting at Kievka Bay 

near the Kievka River mouth.  
The plants got cleaned from epiphyte by the sea water taken from the same bays as Zostera marina L., after that 

root-rhizomes and blades were separated from each other. The plant samples have been dried in the drying chamber 
aliquot at the mass of 

0.5 g. The sample hinges were kept in concentrate HNO3. Eelgrass mineralization was conducted by the method of 
heating until the samples’ complete decomposition into dried lobes. The mineralizers were dissolved in HNO3 
solution. The concentration of metals (Fe, mn, Zn, Cu, Ni, Pb, Cd) got measured by the method of Atomic 
Absorption Spectrophotometry (AAS).  

RESULTS 

The data of heavy metal concentrations in aboveground organs and root-rhizomes of Zostera marina L. given in 
Table 1. 
 

TABLE 1. Heavy metals concentration (mcg/g of dry mass) in Zostera marina L., n=26 

Station  
Metals 

Fe Mn Zn Cu Ni Pb Cd 

Rudnaya Bay, 
 

I* 

 
2276.0 
29.0 

65.0 
12.2 

207.0 
 

22.5 
2.1 

 
0.2 

20.0 
0.7 

2.6 
0.2 

II 
 

5125.0 
39.0 

209.0 
7.2 

 
 

52.6 
1.6 

3.0 
0.1 

127.0 
0.7 

3.7 
0.2 

Rudnaya Bay, 
 

I 

 
205.0 
15.0 

91.0 
2.1 

308.0 
7.1 

16.0 
0.5 

 
 

17.3 
0.7 

3.2 
0.2 

II 
 

7513.0 
 

 
3.0 

1186.0 
5.2 

 
1.2 

 
0.01 

225.0 
 

 
1.0 

KIEVKA BAY, 

 

I 

 
385.0 
23.0 

695.0 
35.0 

30.0 
0.3 

3.6 
0.3 

2.8 
0.6 

7.7 
0.2 

1.7 
0.1 

II 
 

2579.0 
30.6 

 
 

31.0 
0.6 

 
0.2 

3.0 
0.1 

10.3 
0.3 

1.6 
0.3 

Kievka Bay, 
 

I 

 
975.0 
25.0 

 
 

23.3 
1.5 

 
0.8 

 
0.9 

11.5 
1.2 

2.2 
 

II 
 

860.0 
23.0 

 
12.3 

23.0 
2.1 

7.0 
 

2.6 
 

 
1.6 

1.9 
0.3 
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As it is shown in the table, Fe concentration in the root-rhizomes is in two and more than that times higher than 
in eelgrass blades. The eelgrass 
while the eelgrass from stati -

ese in eelgrass taken from the both stations was 
found out in bigger amounts in root-
contain mobile fractions of heavy metals, which are easily sucked by eelgrass roots from the ground. 
Pb concentration levels in the plants from the both stations are the same. Thus, eelgrass root-rhizomes from station 

River terrigenous runoff. 
The blades of Zostera marina L. living in Kievka Bay concentrated more amounts of Mn and Cd from the both 

mcg/g dry mass), Mn 
Zostera marina L. Eelgrass 

n of Zn Root-rhizomes 

ver terrigenous 
runoff, which results in the microelement composition of Zostera marina L. 

DISCUSSION 

It is well known that the environment and living organisms of Rudnay Bay coast contain a high concentration of 
several metals [1, 7]. In a consequence of lead-zinc ore mining and processing, Pb and Zn play the primary role in 
the area pollution. In addition to lead and zinc the waters of Rudnaya Bay get polluted with copper, cadmium and 
several other heavy metals coming into the bay by the Rudnay River and atmospheric transfer as well. 

The role of main pollutant of ground air and surface water in Rudnaya Pristan village is performed by the gas-
dust emissions produced by lead-zinc smeltery plant, which takes use of lead smeltery low technology. The plant 
makes the emissions of lead and zinc concentrates, which are the products of polymetallic ores. 

The Rudnaya River’s waters are highly polluted with metal ions and compounds. The zinc concentration exceeds 
TLV standards in 13 – 50 times, in 1995 the concentration numbers were 100 times higher TLV standards. The 
extremely high river pollution with zinc is produced by the metal washout from mine Primorsky, which was closed 
with ignoring of all the necessary conditions and rules [8]. 

The most amounts of heavy metals come into Rudnaya Bay the the Rudnaya River flow and get accumulated in 
the estuarine zone. Apart from the river flow the heavy metals like Zn, Pb, Cu and Cd come into the marine 
environment with precipitation. 

Increased concentration levels of Cu, Ni, Pb and Cd in eelgrass display the region geochemical features 
influenced by nonferrous metals deposits located in the area of the Rudnaya River watershed. The environment 
factors such as degree of salinity can influence heavy metals concentrations in eelgrass and their accumulation 
index: the concentration is lower at a higher degree of salinity and lower in the areas with higher degree of salinity, 
specially this difference becomes more noticeable in places of rivers flowing into sea [9]. 

The Zostera sample
than the eelgrass samples taken from Slavyansky Gulf and Amur Bay [10], and the concentrations of Zn and Pb in 
the samples of Zostera marina from Rudnaya Bay and the eelgrass living in the Limfjord (Denmark), where is 
located a lead-copper smeltery plant [11]. It is proved that concentrations of Zn and Pb in macrophytes tissue index 
the level of anthropogenic pressure on coastal waters [1, 12]. This explains the similarity of ecological situations in 
Limfjord and Rudnaya Bay. The concentration of Cd in the tissues of Zostera marina from Rudnay Bay and Kievka 
Bay was two and more times higher than in the blades of eelgrass living nearby Limfijord (Denmark). The heavy 
metals concentrations level in Kievka Bay shows smaller numbers. 

To sum up, the chemical and ecological situations in the north districts of Primorsky Krai are similar with some 
other world regions. 
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Abstract. Heavy metals are agreed to play an essential role in environmental pollution. Belonging to genotoxic 
substances heavy metals cause dangerous damage to any living organisms. The article centers on the research about the 
connection between genotoxic (mutagenic and recombinogenic) activities of river waters located in Ussuriysk, Primorsky 
Krai, Russia and their level of pollution with heavy metals such as zinc (Zn), copper (Cu), nickel (Ni), cadmium (Cd), 
lead (Pb). The research has been conducted with the usage of bio-testing method, in particular genetic test- system 
«Somatic mosaicism of the soybean», to analyze mutagenic and recombinogenic activities of river waters which index 
the level of water pollution with genotoxicants. This test-system allows to recognize a great number of cytogenetic 
actions such as somatic crossing-over, gene (point) mutations, chromosome deletions, aneuploidy. Water analysis 
conducted in the autumn of 2017 and 2018 proved cytogenetic (recombinogenic and mutagenic) water activity in the 
streams flowing across Ussuriysk, and only mutagenic water activity was discovered in the spring of 2017 and 2018, 
whereas the water samples taken in 2016 demonstrated low mutagenic and recombinogenic activities. High concentration 
of lead and cadmium in water increase the number of dark spots of light-green soybeans which is several times more than 
the standard. The number of the spots in the samples taken in spring and autumn was 2 – 4 times higher than the 
standard. During the research it was discovered that the tested water induces cytogenetic actions in the soybeans, that 
proves the presence of genotoxicants in the water. 

INTRODUCTION 

Primorsky Krai is the region of Russian Federation which is located in the zone of the Pacific ore belt, 
metallogenic specialization of which influence the streams and shoaling waters even with no human participation, 
just because of the natural features of biogeochemical province and migration of substances. In addition to 
metallogenic specialization and global environmental pollution with mercury, lead and cadmium coming into waters 
from the atmosphere, industrial effluents as well as town sewage harm the town streams with heavy metals [1]. 

As long as Primorsky Krai is located in the area of monsoon climate, the rivers are characterized with primarily 
rain alimentation. Snow cover is not big and ground water supply is quite small. The regime features of the rivers 
and unsteadiness of monsoon precipitation are the key reasons for two maximums of water level in summer and 
autumn and its minimum in winter [2]. 

Typhoons frequently and regularly come to the territory of Primorsky Krai, which often result in disastrous 
freshets and consequently make a negative effect on the quality of river waters. Floods annually happening in 
Primorsky Krai in September lead to the following consequences: fertile soil layer washout; loss of crops; damages 
to the roads, bridges, dikes etc.; floods in cities and villages cause population evacuation. 

Ussuriysk is the second populated city in Primorsky Krai after Vladivostok. The city water resources are quite 
limited with the shallow rivers of Rakovka and Komarovka, which are clean and beautiful but used neither for 
fishing nor bathing. There is the Razdolnaya nearby the city, which is a big and full-flowing river in the south of 
Primorsky Krai. The Razdolnaya is used as one of the sources for central water supply system of Ussuriysk and 
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takes the town sewages. The rivers flowing across the territory of Ussuriysk belong to the Razdolnaya watershed, 
the last plays an essential role in ecological state of Amur Bay of the Sea of Japan. 

The stream ecosystems cumulate and transform pollutants into more toxic and mutagenic substances and heavy 
metals play the role of the most dangerous genotoxicants in river water, that is why within changing conditions of 
anthropogenic pressure it seems important and necessary  to do regular testing of river waters quality as well as 
assessment of river waters toxic influence on biota. 

Heavy metals are included into the group of the most dangerous environmental pollutants. Although a lot of 
heavy metals are physiologically essential elements, in huge amounts they make a toxic influence on organisms. 

The goal of research is to make an assessment of the connection between recombinogenic and mutagenic 
activities of river waters located on the urban territory and their pollution level with some heavy metals (Pb, Cd, Zn, 
Ni, Cu). The research was conducted with the usage of genetic test-system «Somatic mosaicism of the soybean» [3]. 

The main streams of Ussuriysk were chosen as the sources for water samples used in the research, they are the 
Rakovka, the Komarovka and the Razdolnaya. There are 4 spots on the Komarovka and Rakovka chosen as stations 
for taking water samples, 2 stations are located at the rivers heads which are considered to be their cleanest parts 

– – the head of Rakovka) the other 2 stations are situated at 

chosen in order to get the samples of water polluted by the town sewage and industry. 

MATERIAL AND METHODS 

The research object is the water taken from the rivers at the depth of 20 – 30 cm in the summers and autumns of 
2016, 2017 and 2018. There are several metals Zn, Cu, Ni, Cd, Pb came into our interests which have been chosen 
due to particular factors: biological significance (Cu); metallogenic specialization of the region (Pb, Ni, Zn, Cu); 
characteristics of natural drainage and industrial effluents (Zn, Cu, Ni, Cd, Pb) coming into the rivers of Rakovka, 
Komarovka and Razdolnaya flowing across the territory of Ussuriysk. 

The amount of heavy metals in the river water samples was measured by the method of Atomic Absorption 
Spectroscopy together with Electrothermal Atomization (AAS with ETA). 

Cytogenetic analysis of the river water samples was conducted by genetic test-system focused on registration of 
somatic mutations happened in soybean leaves Glycine max (L.) heterozygous by gene of chlorophyll insufficiency 
yellow11 localized in nuclear DNA. This genetic test-system makes it possible to discover several cytogenetic 
abnormalities such as direct and reverse gene mutations; induced somatic (mitotic) crossing-over; aneuploidy 
(chromosome non-disjunction) and chromosome aberration (chromosome deletion). Somatic crossingover induction 
is a recombinogenic effect, meanwhile point mutations induction, chromosome aberration and aneuploidy belong to 
mutagenic effects [4]. 

The homozygous dominant plants Y11Y11 have dark-green leaves, whereas heterozygous plants Y11y11 leaves are 
light-green. Soybean is characterized as homozygous and by its mutant recessive gene y11y11 chlorophyll lethal 
mutants with yellow cotyledons and first leaves. Soybean is a self-pollinator, and as long as locus Y11 is contained in 
nuclear DNA, offspring of heterozygous self-pollinator (Y11y11 x Y11y11) is characterized with segregation: 1/4 of 
plants are dark-green, 2/4 of plants are light-green and 1/4 of plants are yellow. 

Test-system «Somatic mosaicism of the soybean» makes use of various types of spots that originate from the 
treatment of tested soybean seeds with genotoxicants. Types of spots appeared on the top of the first three leaves of 
soybeans belonging to different genotypes and phenotypes (Y11y11 light-green leaves; Y11Y11 dark-green leaves; 
y11y11 yellow leaves) permits to define the possible genetic mechanism producing the spots. 

The tested seeds have been kept in the water samples for 24 hours at room temperature, meanwhile distilled 
water was used for the control seeds. Studies carried out of two simple leaves and the first compound leaf which is 
equivalent to three simple leaves. Yellow, dark-green and double-coloured (one half is yellow, the other is dark-
green) spots appeared on the light-green soybeans. The dark-green and yellow soybeans got light-green spots. 

RESULTS 

Water samples chemical analysis results are presented in Table 1. The research made it possible to prove the 
high concentration of the following heavy metals: copper, zinc, lead and nickel in the rivers of Komarovka and 
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city centre. The same result was received after analysis of water samples taken from the Razdolnaya 
The threshold limit value (TLV) for bodies of water was taken as the hygiene standards, and it is important to 
mention that the amounts of the tested heavy metals contained in the water samples were not above the TLV 

 
Comparison study of the water samples taken in spring and autumn gave a clear display of several times higher 

concentration of zinc, copper, cadmium and lead in the autumn samples, that proves the amounts of theses heavy 
metals in the rivers got bigger after summer typhoons came to Primorsky Krai in 2016, 2017, and 2018. At the end 
of August 2016 Primorsky Krai was hit by Typhoon Lionrock, at the same period in 2017 there was a new typhoon 
called Noru, in 2018 Typhoon Rumbia came. All three typhoons caused floods in Ussuriysk. 

 

TABLE 1. Heavy metals concentration in river water (mg/l). 
   TLV, 
    mg/l 

 
 

 station 

Zn Cu Ni Cd Pb 

1.0 0.1 0.1 0.01 0.1 

spring 2016  

1 0.041 
0.001 

0.0011 
0.0004 

 
0.0009 

0.00021 
0.00006 

0.0023 
0.0008 

2 
0.033 
0.010 

0.0010 
 

0.0049 
0.0008 

0.00068 
0.00020 

0.0029 
0.0010 

3 
0.003 
0.001 

0.0008 
0.0003 

 
0.0008 

0.00070 
0.00020 

0.0038 
0.0010 

4 
0.100 
0.034 

0.0009 
0.0003 

0.0021 
0.0004 

0.00100 
0.00030 

0.0088 
0.0030 

 
0.046 
0.016 

0.0027 
0.0009 

 
0.0009 

0.00120 
0.00030 

0.0046 
0.0016 

6 0.003 
0.001 

0.0023 
0.0008 

0.0038 
0.0007 

0.00010 
0.00003 

0.0021 
0.0007 

autumn 2016  

1 
0.133 
0.024 

0.0087 
0.0020 

0.0009 
0.0002 

0.00023 
0.00006 

0.0090 
0.0022 

2 
0.048 
0.009 

0.0063 
 

0.0006 
0.0001 

0.00022 
0.00006 

0.0040 
0.0012 

3 
0.211 
0.038 

 
0.0016 

0.0008 
0.0002 

0.00019 
 

 
0.0030 

4 
0.087 
0.016 

0.0041 
0.0010 

0.0006 
0.0001 

0.00003 
0.00001 

0.0011 
0.0004 

 0.136 
0.024 

0.0080 
0.0018 

0.0002 
0.0001 

0.00018 
 

0.0013 
 

6 
0.064 
0.012 

0.0122 
0.0027 

0.0012 
0.0002 

 
0.00006 

0.0040 
0.0012 
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TABLE 1. Heavy metals concentration in river water (mg/l). Continued. 
   TLV, 
    mg/l 

 
 

 station 

Zn Cu Ni Cd Pb 

1.0 0.1 0.1 0.01 0.1 

spring 2017 

1 0.221 
0.032 

0.0016 
0.0006 

 
0.0009 

0.00019 
0.00004 

0.0033 
0.0007 

2 0.030 
0.010 

0.0020 
0.0004 

0.0047 
0.0008 

 
0.00010 

 
0.0010 

3 0.230 
0.016 

0.0024 
0.0008 

0.0044 
0.0004 

0.00060 
0.00030 

0.0036 
0.0010 

4  
 

0.0010 
0.0003 

0.0030 
 

0 
0.00030 

 
0.0020 

 0.244 
0.002 

 
0.0014 

0.0036 
0.0007 

0.00021 
0.00020 

0.0039 
0.0014 

6 0.238 
 

0.0068 
0.0016 

0.0042 
0.0006 

0.00019 
0.00003 

0.0019 
0.0006 

autumn 2017 

1 0.127 
0.029 

0.0108 
0.0017 

0.0012 
0.0003 

0.00189 
0.00029 

 
 

2 0.331 
 

0.0077 
0.0013 

0.0008 
0.0002 

0.00249 
0.00038 

0.1183 
0.0179 

3  
0.018 

 
 

0.0008 
0.0002 

0.00024 
 

0.0026 
0.0009 

4 0.026 
0.014 

0.0061 
0.0010 

0.0008 
0.0002 

0.00013 
0.00003 

0.0013 
0.0003 

 0.232 
 

0.0082 
0.0013 

0.0003 
0.0002 

0.00148 
0.00023 

0.0040 
0.0007 

6 0.338 
0.060 

0.0097 
0.0016 

0.0014 
0.0003 

0.00010 
0.00003 

0.0024 
0.0008 

spring 2018 

1 0.0092 
0.003 

0.0012 
 

0.0012 
0.0004 

0,000047 
0.00002 

0.00200 
0.0011 

2 0.0209 
0.007 

0.0029 
0.0008 

0.0167 
 

0.000239 
0.00008 

0.00418 
 

3  
0.006 

0.0017 
0.0007 

0.0116 
 

0.000149 
 

0.00287 
0.0010 

4 0.0212 
0.007 

0.0031 
0.0012 

0.0379 
0.0011 

0.000212 
0.00007 

0.00346 
0.0012 

 0.0201 
0.007 

0.0022 
0.0009 

0.0021 
0.0003 

0.000100 
0.00004 

 
 

6 0.0176 
0.006 

0.0026 
0.0010 

0.0021 
0.0006 

0.000094 
0.00003 

0.00144 
 

autumn 2018 

1 0.0098 
0.003 

0.0007 
0.0003 

0.0011 
0.0002 

0.000030 
0.00001 

 
 

2 0.0108 
0.004 

0.0027 
0.0011 

 
0.0008 

0.000200 
0.00003 

 
0.0002 

3 0.0111 
0.004 

0.0010 
0.0006 

0.0021 
0.0006 

0.000120 
0.00003 

 
0.0002 

4 0.0144 
 

0.0022 
0.0009 

0.0620 
0.0112 

0.000200 
0.00010 

0.00278 
0.0002 

 0.0080 
0.003 

0.0014 
0.0006 

0.0024 
0.0007 

0.000100 
0.00010 

0.00140 
0.0002 

6 0.0117 
0.004 

0.0012 
 

 
0.0008 

0.000070 
0.00003 

0.00130 
0.0002 

Note: the numerator is the average value, and the denominator is the standard deviation. 
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There may be various assumptions of how typhoons influence the pollution level of rivers. Floods may cause the 
rise of rivers pollution by washing pollutants from the nearby areas into the rivers, on the other hand during floods 
rivers pollution level may get decreased by high dilution of polluted river water by heavy rain falls. 

The test-system allowed to show cytogenetic effect of zinc chloride [6]. High concentration of Pb, Cu, Ni, Zn 
was discovered in the water samples taken during warm seasons between 2016 and 2018, therefore it was decided to 
analyze cytogenetic (mutagenic and recombinogenic) activity in water of rivers coming across Ussuriysk. The 
analysis results are presented in Table 2. 
 

TABLE 2. Somatic mosaicism induction of soybean leaves affected by the water samples. 
Variant 

 
 
 
 

 station 

Effect of spots on plant leaves 

Possible mechanism Y11y11 Y11Y11 y11y11 

dark- green 
spots 

yellow 
spots 

double- 
spots 

light- green 
spots 

light- green 
spots 

spring 2016  

1 - - - - - – 
2 + + - + - PM, AP 
3 - - - - - – 

4 - - - + + PM, 
chl. DNA 

 - + - + - PM, AP, CA 
6 - + - + - PM, AP, CA 

autumn 2016 

1 + - - - - AP 

2 - - + + + SC, PM, 
chl. DNA 

3 + - - + - AP, PM, CA 

4 + - + - + SC, PM, 
chl. DNA 

 - - - - - – 

6 - + + - + SC, PM , 
chl. DNA 

spring 2017  

1 - + - - + CA, AP, PM, 
chl. DNA 

2 - + - + + PM, CA, AP, 
chl. DNA 

3 - + - - + CA, AP, PM, 
chl. DNA 

4 - + - - + CA, AP, PM , 
chl. DNA 

 - + + + + SC, CA, AP, PM, 
 

6 + + + + + SC, CA , AP, PM, 
chl. DNA 
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TABLE 2. Somatic mosaicism induction of soybean leaves affected by the water samples. Continued. 
Variant 

 
 
 
 

 station 

Effect of spots on plant leaves 

Possible mechanism Y11y11 Y11Y11 y11y11 

dark- green 
spots 

yellow 
spots 

double- 
spots 

light- green 
spots 

light- green 
spots 

autumn 2017  

1 + + + - + SC, CA, PM, AP, 
chl. DNA 

2 + - - - + PM, AP, 
chl. DNA 

3 + + + + + SC, CA, AP, PM, 
chl. DNA 

4 + - - - + PM, AP, 
chl. DNA 

 + + + - + SC, CA, PM, AP, 
chl. DNA 

6 + + + - + SC, CA, PM, AP, 
chl. DNA 

spring 2018  

1 - - - - - - 

2 - + - + - PM, AP, CA 

3 - - - - - - 

4 + + - - - AP, CA 

 - + - - - CA, AP 

6 - + - - - CA, AP 

autumn 2018  

1 - - - - - - 

2 + + + + - SC, CA , AP, PM 

3 + + - + - PM, AP 

4 + + + + + SC, CA, AP, PM,  
chl. DNA 

 + + + - - SC, AP, CA 

6 + + - + - PM, AP 

Note:  «+» - more than three-fold induction; «+» - induction is weak (two-three times); «-» - no effect; 
AP – aneuploidy; SC – somatic crossing-over;  PM – point mutations; CA – chromosome aberration;  
chl. DNA –  changes in chloroplast DNA. 
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DISCUSSION 

Combination of different types of spots found on tested soybean leaves makes it possible to define genetic 
mechanism which could cause appearance of the spots (T

mn 2016) do not stimulate any spots of tested soybeans, therefore there 
is neither mutagenic nor recombinogenic activity in those samples. It should be mentioned that water samples taken 

ing of 2016 showed low mutagenic activity. 
-green spots of light-green soybeans 

in comparison with the control plants. As there are no other spots appeared, the presence of dark-green spots can be 
provoked by non-disjunction of chromosomes containing dominant allele Y11 of genetic marker. Water sample from 

-green spots of dark-green and yellow soybeans and takes no part in 
appearance of other types spots. The spots of other types could be caused by point mutations. In more detail, direct 
mutations of genetic marker are supposed to be a possible reason for spots of dark-green soybeans, whereas spots of 
yellow soybeans could be stimulated by the reverse mutations of genetic marker. Direct and reverse mutations 
belong to the types of point mutations. The spots with indistinct boundaries have the connection with chloroplast 
DNA, the spots of this type have been found only on yellow soybeans. 

As direct Y11 gene mutations produce light-green spots of dark-green soybeans, then the spring water samples 
-green spots 

in 2 – echanism of the spots may be Y11 chromosome monosomy, a 
variant of aneuploidy. Moreover, the dark-green soybeans could get the light-green spots as the result of a part of 
Y11 chromosome deletion, which is a type of chromosome aberration. Meanwhile, yellow spots of light-green 
soybeans could be caused by point mutations, but the reverse ones here, aneuploidy or a part of Y11 chromosome 
deletion. 

of light-green soybeans which is the result of chromosome aberration, aneuploidy and direct mutations of genetic 
marker. Besides, these water samples provoke reverse mutations of genetic marker, which result in more frequent 
appearance of light-green spots of yellow soybeans.  Changes in chloroplast DNA cause the appearance of the light-

induce dark-green spots of light-green soybeans and light-green spots of yellow soybeans, that might result by point 
mutations, aneuploidy and changes in chloroplast DNA as well. 

for light-green spots of dark-green soybeans. Appearance of double spots on the leaves of heterozygous light-green 
soybeans proves the process of somatic crossing-over [7]. 

direct mutations in 2 – 
type in 3.1 – 3.7 times. Direct mutations phenotypically result in light-green spots of dark-green soybean plants.  
Appearance of double spots on the leaves of heterozygous light-green soybeans proves the process of somatic 
crossing-over. Double spots induction of light-green soybeans was provoked by the water samples taken from 

 water samples from station 
-times stronger induction of single spots on the light-green leaves. Moreover, these water samples 

provoke appearance of all spot types, consequently they are the reason for all the negative activities taken into 
observation: somatic crossing-over, gene mutations, chromosome mutations and genome mutations. 

Thus, the tested samples are proved to induce cytogenetic actions, which demonstrates the presence of 
genotoxicants in the water. The water samples containing high concentratio –9 times 
more frequent cases of single spots on the light-green soybean plants and 11 times more cases of somatic crossing-
over in comparison with the control plants. We suppose that cytogenetic activity of river water is mostly connected 
with the level of heavy metals pollution, as long as most of them are strong mutagens [8, 9]. 

Study and establishing the spatial distribution of heavy metals in the streams, flowing across Ussuriysk, 
demonstrate the background level of heavy metals concentration in the water of river heads, meanwhile, at the 
locations where the rivers get polluted this level reaches the TLV numbers but does not go higher. Copper, nickel 
and zinc are discovered to play the primary role in heavy metals pollution of rivers located on the urban territory of 
Ussuriysk. 
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The research was aimed to study the dynamics of seasonal changing of heavy metals concentration in the river 
water, which depends on two essential factors: river water level characterized by spring and autumn maximums and 
anthropogenic load rate on the rivers. 
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Abstract. A generalization of the Khokhlov-Zabolotskaya-Kuznetsov model in a cubically nonlinear medium with the 
special nonlinearity coefficient describes the nonlinear attenuation of high-power ultrasonic beams. The invariant 
submodels of this model are described by the invariant solutions of its equation. We have studied two solutions of rank 1 
of this equation. With a help of the first solution we researched a process of the extinction during an infinite period of 
time the traveling in the space powerful ultrasonic wave, whose level lines for the pressure are a family of parallel planes. 
For particular values of the parameters defining this wave, we managed to obtain this solution in an explicit form. With a 
help of the second solution we researched a process of the extinction during a finite period of time of the axisymmetric 
ultrasonic wave beam. The presence of the arbitrary constants in the integro-differential equation of this submodel 
provided us to research the nonlinear attenuation of high-power ultrasonic acoustic waves for which the acoustic 
pressure, speed and acceleration of its change are known at the initial moment of the time at a fixed point. Under the 
certain additional conditions, we established the existence and the uniqueness of the solution of boundary value problem, 
describing this wave processes. This allows us to correctly carry out numerical calculations in the study of this process. 
The graph of the pressure distribution was obtained as a result of numerical solution of this boundary problem. 

INTRODUCTION 

To study the ultrasonic fields generated by powerful emitters, widely known models are used the Westervelt 
model and the Khokhlov-Zabolotskaya-Kuznetsov model (KZK) [1-3]. The best-known practical application of 
these models is their use for calculating parametric sonar antennas and for calculating ultrasonic fields in medicine. 
The invariant submodels of the Westervelt model of nonlinear hydroacoustics were constructed and studied in [4, 5]. 
Invariant submodels of the model (KZK) were constructed and studied in [6]. The (KZK) model assumes that 
unidirectional waves and bounded beams propagate in a quadratically nonlinear medium. In contrast to the 
Khokhlov-Zabolotskaya-Kuznetsov model of nonlinear hydroacoustics in a cubically nonlinear medium in the 
presence of dissipation (3KZK), model (KZK) does not take into account the experimentally discovered [7] effect of 
the extinction of powerful ultrasonic beams due to the formation of shock waves. Our paper is devoted to the study 
of the submodels of the (3KZK) model describing the nonlinear attenuation of high-power ultrasonic beams in the 
presence of dissipation. 

The main methods for study will be the methods of symmetry analysis [8, 9]. and general methods of the theory 
of the differential equations. 

The three-dimensional (3KZK) model of nonlinear hydroacoustics in a cubically nonlinear medium in the 
presence of dissipation, which describes nonlinear attenuation due to the formation of shock waves, is given by the 
following (3KZK) equation [7] 
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2 2 2 20

3 3 2 2 2
0 0 0 0 0

1
22

P P P P b P c P P
T c T x Tc c T y z

 (1) 

 
where ,P P T x  is an acoustic pressure, T  is a time, 3, ,x y z Rx , 0  is the equilibrium density of the 
medium, c0 is a speed of sound, 0b  is a coefficient of viscosity of the medium. Equation (1) describes the 
nonlinear attenuation in ultrasonic beams due to the formation of shock waves [7]. The first term in the left side of 
the equation (1) determines the change of the sound pressure of the beam axis, the second one takes into account the 
nonlinearity, the third – damping (dissipation). The right side of this equation is responsible for the diffraction 
changes in the beam. 

With a help of the variables 
 

 

2
0 0 0 0 0 0 00

0
0 0

2 2 2 2 2 2, ,

1, , , ,

c c c ct T x x y y , z z ,b b b b
cp t P T x y zcx x x

 (2) 

 
equation (1) is written as 
 

 
2 2 22

2 2 2
p p p p p ppt y zt x t t

 (3) 

 
The equation (3) is the main object of study in this paper. The results obtained for this equation are transferred to 

the equations (1) after the transformations (2). 

GROUP PROPERTY 

Operator, admitted by the equation (3), is sought in the form 
 
 0 , , , , , ,t pX t p t p t pxx x x   

 
where 0 , ,  are unknown functions of its variables. 

The solution of the system obtained from the condition of the invariance [8, 9] of the manifold, defined by the 
equation (3), with respect to this operator, shows that the main Lie group of transformations of the equation (3) is 
generated by the operators 

 

 
1 2 3 4 5 6

7 8

, , , , , 2 ,

2 , 2 4 3 3 .
t x y z y z t y

t z t x y z p

X X X X X z y X y x

X z x X t x x y z p
 (4) 

 
In addition to transformations of a Lie group with algebra (4), the equation (3) admits the following discrete 

transformations: 1) y y ; 2) z z ; 3) y z . 

INVARIANT SUBMODELS 

We will find some invariant submodels of the model, described by equation (3). These submodels are described 
by the invariant solutions of rank 1 of this equation.  

The values 1, 2,...,5kc k , 0 1 2 0 0 0 0, , , , , , ,p p p t x y z  are arbitrary real constants in all next formulas. 

Invariant 1 2 2 3 2 42 , ,X X X X X X - solution has the form 
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 , 2 2 2p p t x y z   
 
This submodel describes a traveling in the space ultrasonic wave. At any moment of the time t , the pressure p

is constant on the each plane *2 2 2   x y z t const . 
A factor-equation reduces to the Abel equation of the first kind 
 

 3 2 2
1 2

1 1 4 0
3

p p p c c   

 
In particular, for 1 2 0c c  the solution is expressed explicitly and given by a formula 
 

 3
2 2

3

, 2 .
exp 2 4 4 1 2 2 2

c
p t x

t x y z c
(5) 

 

This solution exists only for 3 0c  and . In this case 

. For each fixed point (x, y, z), as time increases, the pressure decreases from p when 

3
2 2
ln

2 2 2
2 4 4 1

c
t x y z to 0p when t .

The submodel defined by the solution (5) with 3 0c describes the extinction of a traveling in the space very 
powerful ultrasound wave. 

Figure 1 shows a dependence of the pressure to the  for 3 81, 2c . 
 

 
FIGURE 1. Acoustic pressure 

 
From this graph it follows that for the obtained submodel at each fixed point, the extinction of the ultrasonic 

beam occurs during an infinite period of time. 
Invariant 6 7 5 8, ,X X X X - solution has the form 
 

 
1 3

2 24 2, 4 4p x q x tx r x  (6) 
 

3
2 2

ln
2 2 2 ,

2 4 4 1

c
t x y z , 0tp t x
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The function q q  determines the dynamic component of acoustic pressure. This submodel describes the 
axisymmetric ultrasonic wave beam. 

The substitution (6) into (3) gives an integro-differential equation: 
 

 
0

3
54 0

1 1 5 ,
12 32 64

q q q c c q d  (7) 

 
where 3 2 2 2

0 0 0 0 0 04 4x t x r x . 

The presence of the arbitrary constants in the integro-differential equation (7), allows to use the solution (6) for 
the solving of boundary value problems. In particular, this solution allows determine the ultrasound beam in a 
neighbourhood of a point (t0, x0) (t0  0, x0 = (x0, y0, z0)  (0, 0, 0)) if at this point the acoustic pressure, speed and 
acceleration of its change are given: 

 

 
2

0 0 0 0 0 00 0 22, , , , ,p pp t p t p t pt t
x x x  (8) 

 
In this case the constants c4, c5 are as following  
 

  (9) 

 
With a help of a new unknown function  
 

 31 1
12 32

w w q q q   

 
we obtain a system equivalent to the factor equation  
 

 3
4

1 1 12 , 812 32
q w q q w c q  (10) 

 
For (10) the conditions (8) take a form 
 

  (11) 

 
Due to the smoothness of the right-hand sides of (10) in a neighborhood of the point 0 00 , ,q w , the 

solution of the Cauchy problem (10), (11) exists and is unique in the neighborhood of the point 0 . Consequently, in 
the neighborhood of the point 0  the unique solution of the nonlinear integro-differential equation (7) exists if 
constants c4, c5 are given by (9). Thus, a unique solution of the equation (7), satisfying to the conditions (8), for 

5 3 3
2 2 24 4 2

4 0 2 0 1 0 0 0 0 0 0 1 0 0

3 5 3
3 2 24 4 2

5 0 0 0 0 0 0 0 01 0

1 1
4 4 2 12 ,

16 128

1 1 1
4 4 2 .

4 3 32

c x p p p x t x z x x p x p

c x p p x t x z x x p

1 3 5 3

3 2 24 4 4 2
0 00 0 0 1 0 0 0 0 0 0 0 0

1 11
, 4 4 2

4 3 32
q x p w x p p x t x z x x p
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which, a value 
1
4 ,x p t x  is constant along each trajectory 

1
1 2 21 >04t x z cx x c const . This solution is 

determined by the formulas (6), (7) and (9). 
This solution describes the following nonlinear process. 
Let a pressure the plane ultrasound field is determined by the law (6).

 
If at the point x0 = (x0, y0, z0)  (0, 0, 0) at 

the time 0 0t , we have measured the pressure, speed and acceleration of its change, we can uniquely determine the 
pressure arising in the neighborhood of the point 0 0,t x . 

Let 0 0 0 0 1 22, 1, 1, 10, 2, 3.t x z p p p
 
In this case, a graph of the function q = q (  ) that 

determines a dependence of the pressure on a time is shown in Fig. 2. This graph is obtained as a result of the 
numerical solution of the system (10) with the conditions (11) by the Dorman-Prince method based on the Runge-
Kutta-Felberg method using the open-source SciPy library (www.scipy.org). 

 

 
FIGURE 2. Dynamic component of the acoustic pressure 

 
From this graph it follows that for the obtained submodel at each fixed point, the extinction of the ultrasonic 

beam occurs during a finite period of time. 

CONCLUSION 

The three-dimensional (3KZK) model of the nonlinear hydroacoustics in a cubically nonlinear medium in the 
presence of dissipation is given by the equation (1), which was converted to the form (3) by the transformations (2). 
The equation (3) was the main object of study in this paper. The main methods for study was the methods of 
symmetry analysis [8, 9]. and general methods of the theory of the differential equations. The symmetry analysis of 
the differential equations describing physical processes is one of the most effective ways to obtain qualitative and 
quantitative characteristics of these processes. The modern concept of symmetry analysis is understood as the most 
complete use of the group of transformations admitted by the equations of the model, primarily, for obtaining and 
studying exact solutions. Exact solutions allow us to describe specific physical processes. Exact solutions can be 
used as test solutions in numerical calculations that are performed in studies of real processes. Exact solutions allow 
us to evaluate the degree of adequacy of this mathematical model to real physical processes after conducting 
experiments corresponding to these solutions and assessing the deviations that arise. 

The effect of attenuation of powerful ultrasonic beams due to the formation of shock waves were experimentally 
discovered. In contrast to the classic model of Khokhlov-Zabolotskaya-Kuznetsov, its generalization in a cubic-
nonlinear medium takes into account this effect. We studied two invariant submodels of rank 1 of this model. The 
invariant submodels of this model are described by the invariant solutions of its equation. With a help of the first 
solution we researched a process of the extinction during an infinite period of time the traveling in the space 
powerful ultrasonic wave, whose level lines for the pressure are a family of parallel planes. With a help of the 

030096-5



second solution we researched a process of the extinction during a finite period of time of the axisymmetric 
ultrasonic wave beam. The graphs of the pressure distribution for these submodels were obtained. From the graph 
for the first submodel it follows that at each fixed point, the extinction of the ultrasonic beam occurs during an 
infinite period of time. From the graph for the second submodel it follows that at each fixed point, the extinction of 
the ultrasonic beam occurs during a finite period of time. 

The obtained results can be used for the calculation of the parametric sonar antennas and for the calculation of 
the ultrasonic fields in a medicine. 
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Abstract. A model describing nonlinear longitudinal vibrations of an elastic inhomogeneous rod is described by a 
second-order nonlinear differential equation. Using a group classification of this nonlinear differential equation, all the 
basic models with different symmetry properties are obtained. Some invariant submodels for these basic models are 
found. An exact solution is obtained that describes an invariant submodel of rank 0. For the two invariant submodels of 
rank 1, the factor equations describing them are obtained. For some values of the parameters defining these submodels, 
the boundary value problems with a physical meaning showing the specific features of the rod deformation were solved 
numerically. The relevance of the study is due to the use of the considered model for calculating beams in the design of 
construction objects, robotics and aeronautic. 

INTRODUCTION 

Many mathematical models of physics and mechanics of continuous media are formulated as nonlinear 
differential equations. A mathematical model is a description of a real scheme in a mathematical language. 
Symmetry analysis of the differential equations of the models of physics and mechanics of continuous media is one 
of the most effective ways to obtain quantitative and qualitative characteristics of physical processes. The main task 
of the symmetry analysis of differential equations is the study of the set of solutions of these equations. All 
algorithms for symmetry analysis are preparation for achieving this goal. The modern concept of symmetry analysis 
is understood as the most complete use of the group of transformations allowed by the model equations, primarily 
for obtaining and researching exact solutions. Exact solutions allow us to describe specific physical processes. Exact 
solutions can be used as test solutions in numerical calculations that are performed in studies of real processes. Exact 
solutions allow us to estimate the degree of adequacy of a given mathematical model to real physical processes after 
carrying out experiments corresponding to these solutions, and assessing the deviations arising. 

Beams from non-uniform material are widely used in engineering and construction. The heterogeneity of the 
material from which these beams are made, greatly complicates the analysis of their deformation. We assume that 
the cross-section of the beam is uniform. This makes it possible to use a non-uniform rod as a model describing the 
longitudinal oscillations of such beams. This paper is devoted to the study of a nonlinear differential equation that 
describes the longitudinal oscillations of an elastic inhomogeneous rod [1]: 

 

 , (1) 

 
where t – is a time, x - is a coordinate of the beam cross section, u = u(t,x) – is a longitudinal movement, f = f(x) – 
characterizes a inhomogeneity of the rod, and g = g(u) – characterizes a nature of the nonlinearity of its longitudinal 
vibrations. 

( ) ( )
2

2
u u

f x g ux xt
∂ ∂ ∂

= ∂ ∂∂
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It is assumed that: 
 

 ( ) ( ) 0f x g u′ ′ ≠ . (2) 
 
This means that the rod is non-uniform, and the oscillations are non-linear. 

GROUP CLASSIFICATION 

To find all basic models with nontrivial symmetries, for the general model (1), the group classification method 
proposed in [2–4] and developed in [5–9] was used. This algorithm avoids the significant analytical difficulties 
associated with the analysis of classifying equations arising from the application of the classical algorithm given in 
[10], and significantly reduces the amount of computation. 

The results of the group classification are as follows: 
• The kernel of the main groups of the equation (1) is generated by the operator 0 tX = ∂ . 
Further in all formulas: , ,α β γ  – are arbitrary real constants. 

• At ( ) ( ) ( )2 , expf x x g u u β= = +  the main Lie group of equation (1) is generated by the operators: 0 tX = ∂

, 1 .xX x= ∂  
• At ( ) ( ) ( ) ( )exp , expf x x g u u β= = +  the main Lie group of equation (1) is generated by the operators: 

0 tX = ∂ , 2 2t xX t x= ∂ − ∂ . 

• At  the main Lie group of equation (1) is generated by the operators:
 0 tX = ∂ , 

1 xX x= ∂ , 2 2t uX t u= ∂ − ∂ . 

• At ( ) ( ),f x x g u uβγ= =  the main Lie group of equation (1) is generated by the operators: 

0 tX = ∂ , 2 2t uX t u= ∂ − ∂ , ( )4 2x uX x uβ= ∂ − − ∂ . 
Thus, the set of the models (1), having essentially different group properties consists of models (3) – (6). We 

give some invariant solutions for these models. 

INVARIANT SUBMODELS 

Invariant submodels are described by invariant solutions.Exact solutions for each mathematical model are 
important. They allow us to assess, the degree of the adequacy of the mathematical model of real physical processes, 
after carrying out experiments appropriate to these solutions, and an evaluation of the arising deviations. Exact 
solutions can be used to describe of some physical processes. Exact solutions are good tests to check the 
approximate numerical solutions. We present four invariant submodels. 

Among the invariant submodels described by invariant solutions of rank 0, only the submodel with 
( ) ( ),f x x g u uβγ= =

 
described by an invariant 0 3 4,X X X+ - solution is nontrivial. 

This solution is determined by the formula: 
 

 ( ) ( ) 22
1, 1u t x c x tβ −−= + , (3) 

 

where 
2 2

1 1 1

1

5 24
2

c c c
c

γ γ γ
β

γ
± +

= , 1c
 
– is an arbitrary real constant. Figure 1 describes the longitudinal displacement 

of the rod with the parameters 1 1, 0c β= = . 
 
 
 
 

( ) ( )2
,f x x g u u= =
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FIGURE 1. Longitudinal displacement 

 
For any x the maximum of the longitudinal displacement will be at 0t = . With increasing t  the displacement 

decreases and tends to 0 with t →∞ . 
For ( ) ( ) ( )2 , expf x x g u u β= = +  , invariant 0 1X Xα+  - submodel describes the longitudinal vibration of the 

rod, in which the longitudinal displacement changes according to the law:  
 

 ( ) ( ),u t x yφ= , ( )expy x tα= − . (4) 
 
Substituting (4) into the equation (1) gives the factor equation 

. 

For 1, 0α β= = , we solved by the Runge-Kutta method the Cauchy problem ( )1 1φ = , ( )1 1φ′ =  for this 
equation. The corresponding longitudinal displacement for each cross section x  of the rod are shown in the Fig. 2. 
 

 
FIGURE 2. Longitudinal displacement 

( )( ) ( )( )( ) ( )2 2 2 2 2
exp 2 exp exp 0y y yα φ β φ α φ β φ φ φ′′ ′ ′− − + − + − =
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Similar to the solution (3) the maximum of the longitudinal displacement for any x  will be at 0t = . With 
increasing t  the displacement decreases. 

For ( ) ( )2 ,f x x g u u= = , invariant 1 3X Xα + - submodel describes the longitudinal vibration in which the 
longitudinal displacement changes according to the law: 

 
 ( ) ( ) ( ) ( )2, 1 , 1u t x t y y x t αφ− −= + = + . (5) 

 
Substituting (5) into the equation (1) gives the factor equation 
 

( )( ) ( ) ( )( ) ( ) ( ) ( )22 2 2 25 2 6 0y y y y y y y y yα φ φ α α φ φ φ φ′′ ′ ′− + + − − + = . 
 
For 1α = , we solved by the Runge-Kutta method the Cauchy problem ( )1 1φ = , ( )1 1φ′ =  for this equation. 
The corresponding longitudinal displacement for each cross section x  of the rod are shown in the Fig. 3. 

 
FIGURE 3. Longitudinal displacement 

 
At each fixed point in time, the maximum longitudinal displacement will be at the point 0x = . When moving 

away from this point, the displacement first decreases to a very small value, and then gradually begins to increase. 
With an increase in t  , the displacement decreases, but the pattern of its distribution in the rod points does not 
change. 

CONCLUSION 

In this paper, we studied a model describing the nonlinear longitudinal elastic deformation of an inhomogeneous 
rod. This model is described by a nonlinear second-order differential equation. Research methods are: group 
(symmetric) analysis of differential equations and general methods of mathematical physics. With the help of the 
new group classification method proposed in [2–4] and developed in [5–9], all basic models with different symmetry 
properties were found. For the three these submodels we found three invariant submodels. We obtained the factor 
equations describing these invariant submodels. For some values of the parameters defining these submodels, the 
boundary value problems were numerically solved, for which the longitudinal displacement and the rate of its 
change are given on a certain level line. The results are shown in Figs. 1–3. 

The results obtained in this work can be used in the field of construction, architecture, robotics and other 
innovative areas. 
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Abstract. Not so long ago, the effect of self-focusing in powerful ultrasonic beams due was detected. The Khokhlov-
Zabolotskaya-Kuznetsov (KZK) model, describing a propagation of nonlinear ultrasonic waves in a quadratically 
nonlinear medium does not allow to take into account this effect. A generalization of the (KZK) model in a cubically 
nonlinear medium with a special nonlinearity coefficient describes this effect. We studied two invariant submodels of 
rank 1 of this model. With a help of the first submodel we researched the effect of the self-focusing in powerful one-
dimensional ultrasonic beam for which at the initial moment of the time at a fixed point the acoustic pressure, speed and 
acceleration of its change are known. Under the certain additional conditions, we established the existence and the 
uniqueness of the solution of the boundary value problem, describing this process. This allows us to correctly carry out 
numerical calculations in the study of this process. The graph of the pressure distribution obtained as a result of 
numerical solution of this boundary problem is given. With a help of the second submodel we researched the effect of the 
self-focusing in a traveling in the space powerful ultrasonic wave, whose level lines for the pressure are a family 
ultrasonic wave, whose level lines for the pressure are a family of parallel planes. 

INTRODUCTION 

To study the ultrasonic fields generated by powerful emitters, widely known models are used the Westervelt 
model and the Khokhlov-Zabolotskaya-Kuznetsov model (KZK) [1 - 3]. The best-known practical application of 
these models is their use for calculating parametric sonar antennas and for calculating ultrasonic fields in medicine. 
The invariant submodels of the Westervelt model of nonlinear hydroacoustics were constructed and studied in [4, 5]. 
Invariant submodels of the model (KZK) were constructed and studied in [6]. The (KZK) model assumes that 
unidirectional waves and bounded beams propagate in a quadratically nonlinear medium. In contrast to the 
Khokhlov-Zabolotskaya-Kuznetsov model of nonlinear hydroacoustics in a cubically nonlinear medium in the 
presence of dissipation (3KZK), model (KZK) does not take into account the experimentally discovered [7] effect of 
the pressure growth in ultrasonic beams due to inertialess self-focusing. Our paper is devoted to the study of the 
submodels of the (3KZK) model describing this effect. 

The main methods for study will be the methods of symmetry analysis [8, 9]. and general methods of the theory 
of the differential equations. 

The three-dimensional (3KZK) model of the nonlinear hydroacoustics in a cubically nonlinear medium in the 
presence of dissipation is given by the following (3KZK) equation [7] 

  

 
2 2 22 0

3 3 2 2 2
0 0 0 0 0

1
22

P P P b P c P PPT c T x Tc c T y z
 (1) 

 
where ,P P T x  is an acoustic pressure, T  is a time, 3, ,x y z Rx , 0  is parameter that characterizes 
non-linearity, 0 is the equilibrium density of the medium, c0 is a speed of sound, 0b  is a coefficient of viscosity 
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of the medium. When 0  in ultrasonic beams there is an increase in amplitude due to self-focusing [7]. It is 
assumed that 0 . 

The first term in the left side of the equation (1) determines the change of the sound pressure of the beam axis, 
the second one takes into account the nonlinearity, the third – damping (dissipation). The right side of this equation 
is responsible for the diffraction changes in the beam 

For 0  with a help of the variables 
 

 

2
0 0 0 0 0 0 00

00 0

2 2 2 2 2 2, ,

1, , , ,

c c c ct T x x y y , z z ,b b b b

p t c P T x y zcx x x
 (2) 

 
equation (1) is written as 
 

 
2 2 22

2 2 2
p p p p p ppt y zt x t t

. (3) 

 
The equation (3) is the main object of study in this paper. The results obtained for this equation are transferred to 

the equations (1) after the transformations (2). 

GROUP PROPERTY 

Operator, admitted by the equation (3), is sought in the form 
 
 0 , , , , , ,t pX t p t p t pxx x x   

 
where 0 , ,  are unknown functions of its variables. 

The condition of invariance [8, 9] of the manifold, defined by the equation (3), with respect to this operator, and 
the splitting by parametric derivatives gives an overdetermined system of the determining equations. After the 
second continuation, this system is reduced to involution and is integrated. The solution of this system shows that 
the main Lie group of transformations of the equation (3) is generated by the operators 

 

 1 2 3 4 5 6

7 8

, , , , , 2 ,

2 , 2 4 3 3 .
t x y z y z t y

t z t x y z p

X X X X X z y X y x

X z x X t x x y z p
 (4) 

 
In addition to transformations of a Lie group with algebra (4), the equation (3) admits the following discrete 

transformations: 1) y y , 2) z z ; 3) y z . 

INVARIANT SUBMODELS 

We will find some invariant submodels of the model, described by equation (3). These submodels are described 
by the invariant solutions of rank 1 of this equation. 

The values 1, 2,...,5kc k , 0 1 2 0 0 0 0, , , , , , ,p p p t x y z  are arbitrary real constants in all next formulas. 

Invariant 3 4 5 8, , ,X X X X - solution has the form 
 

 1 4 1 2,p x q t x x . (5) 
 
The function q = q (  ) determines the dynamic component of acoustic pressure. 
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This submodel describes the nonlinear and diffraction effects in the focused one-dimensional ultrasonic wave 
beam propagating along the Ox axis. 

The substitution (5) into (3) gives an integro-differential equation: 
 

 
0

3
1 0 2

1 1 1 ,
3 2 4

q q q c c q d  (6) 

where 1 2
0 0 0 0( )t x x . 

The presence of the arbitrary constants in the integro-differential equation (6), allows to use the solution (5) for 
the solving of boundary value problems. In particular, this solution allows determine the ultrasound beam in a 
neighborhood of a point (t0, x0) (t0  0, x0 = (x0, y0, z0)  (0, 0, 0)) if at this point the acoustic pressure, speed and 
acceleration of its change are given: 
 

 
2

0 0 0 0 0 00 0 22, , , , ,p pp t p t p t pt t
x x x . (7) 

 
In this case the constants c1, c2 are as following 

 

 
5 1 3 1

2 34 4 4 4
1 0 2 0 1 0 0 0 0 1 2 0 1 0 0 0 0 0

1 1 12 , .
4 3 2

c x p p p x p t x p c x p p x t x p  (8) 

 
With a help of a new unknown function 
 

 31 1
3 2

w w q q q   

 
we obtain a system equivalent to the factor equation 
 

 3
1

1 1 1,
3 2 4

q w q q w c q  (9) 

where c1 is determined by (8). 
For (8) the conditions (7) take the form 
 

 . (10) 

 
Due to the smoothness of the right-hand sides of (9) in a neighborhood of the point ( 0, q( 0), w( 0)), the solution 

of the Cauchy problem (9), (10) exists and is unique in the neighborhood of the point 0. Consequently, in the 
neighborhood of the point 0 the unique solution of the nonlinear integro-differential equation (6) exists if constants 
c1 , c2 are given by (8). Thus, a unique solution of the equation (5), satisfying to the conditions (7), for which, a 
value 1 4 ,x p t x  is constant along each trajectory 1 2t cx x c const . This solution is determined by the 
formulas (5), (6) and (8). 

The mechanical relevance of this solution is as follows: 1) this solution describes nonlinear and diffraction 
effects in the focused beam propagating along the Ox axis and is generated by the action of the singular point 
source, 2) this solution can be used as a test solution in numerical calculations performed in the studies of focused 
ultrasonic beams of the waves, generated by the action of the singular point source. 

Let 0 0 0 1 24, 1, 1, 2, 3.t x p p p
 
In this case, the graph of the function q = q( 0) is shown in 

Fig. 1. This graph is obtained as a result of the numerical solution of the system (9) with the conditions (10) by the 
Dorman-Prince method based on the Runge-Kutta-Felberg method using the open-source SciPy library 
(www.scipy.org). 

1 3 1
34 4 4

0 00 0 0 1 0 0 0 0 0

1 1
,

3 2
q x p w x p p x t x p
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FIGURE 1. Dynamic component of acoustic pressure 

 
From this graph, it follows that at each fixed moment of time 0t = t , the beam is self-focusing at the point 

 
21 3.7 13.692x = x t . 

 
Invariant 1 2 2 3 2 4 5 6 7, , ,X X X X X X X X X - solution has the form 
 

 ,p p t x y z .  
 
This submodel describes a traveling in the space ultrasonic wave. At any moment of the time 0t , the pressure p

is constant on each plane 0 0 0  x y z t b b const . 
A factor-equation reduces to the Abel equation of the first kind 
 

 3 2
3 4

1 1 0.
3

p p p c c

 
In particular, for 3 4 0c c  the solution is expressed explicitly and given by a formula 
 

 
2

2
5

3 1
.

1 exp 2 1
p

c
 (11) 

 

For  the solution (11) exists only for . The submodel described by this 

solution has the following property: at each fixed moment of the time t* in the field of the existence of the solution 

near a plane 5
2

ln
2 1

c
x y z t , the pressure increases and becomes infinite on this plane. Self-focusing of 

the beam occurs on this plane. Figure 2 shows a dependence of the pressure to the  for c5 = ½,  = 2. 
 

5 0c 5
2

ln
0,

2 1

c
t x y z
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FIGURE 2. Acoustic pressure 

From this graph it follows that for the obtained submodel at each fixed point, the extinction of the ultrasonic 
beam occurs during a finite period of time. 

CONCLUSION 

Model (KZK) assumes that the propagation of unidirectional waves and bounded beams occurs in a quadratically 
nonlinear medium. This paper is devoted to the study of the generalization of the Khokhlov-Zabolotskaya-
Kuznetsov model (3KZK) of nonlinear hydroacoustics in a cubic-nonlinear medium in the presence of dissipation. 
In contrast to the Khokhlov-Zabolotskaya-Kuznetsov model (KZK), its generalization in a cubic-nonlinear medium 
takes into account the effect of inertialess self-focusing. Self-focusing is observed, for example, for powerful single 
pulsed signals with shock fronts. In the absence of diffraction, the original harmonic plane wave in a cubic non-
linear medium is transformed into a signal with a saw-tooth profile. Numerical calculations established [7] that, in 
contrast to a quadratically nonlinear medium, i.e. model (KZK), the teeth of the saw of the acoustic beam in a cubic-
nonlinear medium are bounded on both sides by the fronts of shock compression and rarefaction and have the shape 
of a trapezium. In this case, the ultrasonic beam narrows noticeably, has a non-linear constriction, and its 
amplification occurs in focus. 

We studied two invariant submodels of rank 1 of (3KZK)-model. With a help of the first submodel we 
researched the effect of the self-focusing in powerful one-dimensional ultrasonic beam for which at the initial 
moment of the time at a fixed point the acoustic pressure, speed and acceleration of its change are known. Under the 
certain additional conditions, we established the existence and the uniqueness of the solution of the boundary value 
problem, describing this process. The graph of the pressure distribution obtained as a result of numerical solution of 
this boundary problem is given. With a help of the second submodel we researched the effect of the self-focusing in 
a traveling in the space powerful ultrasonic wave, whose level lines for the pressure are a family of parallel planes. 

The obtained results can be used for the calculation of the parametric sonar antennas and for the calculation of 
the ultrasonic fields in a medicine. 
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