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Àííîòàöèÿ
Â îñíîâå ìåòîäà ëåæèò óñëîâèå ðàâåíñòâà íóëþ ñðåäíèõ çíà÷åíèé íåâÿçîê óðàâíåíèé íà èíòåð-

âàëàõ, íà êîòîðûå ðàçáèâàåòñÿ îáëàñòü îïðåäåëåíèÿ ôóíêöèè ïðàâîé ÷àñòè. Äëÿ óðàâíåíèé Âîëü-
òåððà ðåøåíèå ñòðîèòñÿ â êëàññå êóñî÷íî-ïîñòîÿííûõ ôóíêöèé, äëÿ óðàâíåíèé Ôðåäãîëüìà � â
êëàññå êóñî÷íî-ïîñòîÿííûõ, êëàññå íåïðåðûâíûõ êóñî÷íî-ëèíåéíûõ ôóíêöèé è â C1. ×èñëî èíòåð-
âàëîâ è ðàñïðåäåëåíèå èõ äëèí îïðåäåëÿþòñÿ èç óñëîâèÿ ìèíèìóìà ñðåäíåêâàäðàòè÷íîé íåâÿçêè
óðàâíåíèé.

Äëÿ ðåøåíèÿ íåêîððåêòíûõ çàäà÷, êàêîâûìè â îáùåì ñëó÷àå ÿâëÿþòñÿ èíòåãðàëüíûå óðàâíåíèÿ
Âîëüòåððà 1-ãî ðîäà è Ôðåäãîëüìà 1-ãî ðîäà, èñïîëüçóþòñÿ ìåòîäû ðåãóëÿðèçàöèè [1], [2]. Ýòè
ìåòîäû ïîðòÿò óðàâíåíèÿ. Â äàííîé ðàáîòå èñïîëüçóåòñÿ ìåòîä ïîäáîðà [1], äîïîëíåííûé óñëîâèåì
ðàâåíñòâà íóëþ ñðåäíèõ çíà÷åíèé íåâÿçîê óðàâíåíèé íà èíòåðâàëàõ, íà êîòîðûå ðàçáèâàåòñÿ îáëàñòü
îïðåäåëåíèÿ êâàçèðåøåíèÿ. Ïðè ýòîì óðàâíåíèÿ óäîâëåòâîðÿþòñÿ òàêæå, ïî êðàéíåé ìåðå, åùå â
îäíîé òî÷êå âíóòðè êàæäîãî èíòåðâàëà. Ýòî óñëîâèå ïîçâîëÿåò ïîëó÷àòü êâàçèðåøåíèå â âûáðàííîì
êëàññå ôóíêöèé áåç ââåäåíèÿ ñòàáèëèçèðóþùåãî ôóíêöèîíàëà. Ïîëîæèòåëüíûì ôàêòîðîì ÿâëÿåòñÿ
òàêæå òî, ÷òî îïåðàöèÿ îñðåäíåíèÿ ñãëàæèâàåò îøèáêè çàäàíèÿ èëè èçìåðåíèÿ ôóíêöèè ïðàâîé ÷àñòè
è ÿäðà.

À. Ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 1-ãî ðîäà.

1 Ïðèáëèæåííîå êâàçèðåøåíèå â êëàññå êóñî÷íî-ïîñòîÿííûõ
ôóíêöèé.

Ðàññìîòðèì ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 1-ãî ðîäà âèäà
x∫

a

K (x, y)g (y) dy = f (x) , x ∈ [a, b] . (1.0.1)
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ßäðî K (x, y) è ïðàâàÿ ÷àñòü f (x) � èçâåñòíûå èíòåãðèðóåìûå ôóíêöèè. Ðàçîáüåì îòðåçîê [a, b] íà
N èíòåðâàëîâ, xi � òî÷êè ðàçáèåíèÿ (óçëû), i = 1, N ; , x1 = a, xN+1 = b, hi = xi+1 − xi. Îáîçíà÷èì
êâàçèðåøåíèå íà i- îì èíòåðâàëå g (y) = gi = const, è îáîçíà÷èì òàêæå

u ∈ [xl, xl+1] , η =
y − xl

hl
, hl = xl+1 − xl, ξ =

u− xl

hl
; η, ξ ∈ [0, 1] ;

u∫

xl

K (x, y) dy = hl

ξ(u)∫

0

K (x, y (η)) dη = hlkl0 (x, ξ (u))
. (1.0.2)

Ïóñòü íà îòðåçêàõ [xl, xl+1] çíà÷åíèÿ {gl} , l = 1, i− 1 îïðåäåëåíû. Òîãäà ôóíêöèÿ íåâÿçêè zi (x) äëÿ
i- ãî èíòåðâàëà çàïèñûâàåòñÿ â ñëåäóþùåì âèäå

zi (x) = Qi (x) + hiki0 (x, ξ (x)) gi − fi (x) ,

Qi (x) =
i−1∑
l=1

hlkl0 (x, 1) gl, x ∈ [xi, xi+1]
. (1.0.3)

Èñïîëüçóÿ óñëîâèå

〈zi (x)〉 = 1

hi

xi+1∫

xi

zi (x) dx = 0, (1.0.4)

èç (1.0.3) ïîëó÷èì

gi = −〈hiki0 (x, ξ (x))〉−1 · [〈Qi (x)〉 − 〈fi (x)〉] . (1.0.5)

Ïðåäïîëàãàåòñÿ, ÷òî ñóùåñòâóåò õîòÿ áû îäíî ðàçáèåíèå èíòåðâàëà ïîñòðîåíèÿ êâàçèðåøåíèÿ, ïðè
êîòîðîì ìàòðèöû 〈hiki0 (x, ξ (x))〉 íå âûðîæäåíû. Â ïðîòèâíîì ñëó÷àå èñõîäíàÿ ôèçè÷åñêàÿ çàäà÷à
ñôîðìóëèðîâàíà, ïî-âèäèìîìó, íåâåðíî. (Â îäíîìåðíîì ñëó÷àå, åñëè ñðåäíåå çíà÷åíèå ôóíêöèè íà
ïðîèçâîëüíûõ èíòåðâàëàõ ðàâíî íóëþ, òî ôóíêöèÿ òîæäåñòâåííî ðàâíà íóëþ). Èç óñëîâèÿ (1.0.4) ñëå-
äóåò òàêæå, ÷òî íà êàæäîì èíòåðâàëå, ïî êðàéíåé ìåðå, â îäíîé òî÷êå âíóòðè èíòåðâàëà x∗

i ∈ (xi, xi+1)

íåâÿçêà ðàâíà íóëþ. Êâàçèðåøåíèå (1.0.5) çàâèñèò îò êîëè÷åñòâà èíòåðâàëîâ N è ðàñïðåäåëåíèÿ èõ
äëèí hi, i = 1, N . Ââåäåì ôóíêöèîíàë ñðåäíåêâàäðàòè÷íîé íåâÿçêè (øòðèõ ñâåðõó îçíà÷àåò òðàíñïî-
íèðîâàíèå)

Φ(N, xi) =
1

2

N∑

i=1

xi+1∫

xi

z′i (x) zi (x) dx. (1.0.6)

×èñëî èíòåðâàëîâ è ðàñïðåäåëåíèå èõ äëèí ïîëó÷èì èç ðåøåíèÿ çàäà÷è

Φ∗ = inf
N,xi

Φ(N, xi) , xi−1 < xi < xi+1, i = 2, N. (1.0.7)

×èñëî èíòåðâàëîâ N êîíå÷íî, òàê êàê èñõîäíàÿ çàäà÷à íåêîððåêòíà. Ôóíêöèîíàë ñðåäíåêâàäðàòè÷íîé
íåâÿçêè (1.0.6) � ìíîãîýêñòðåìàëüíàÿ ôóíêöèÿ ïî ïåðåìåííûì xi. Äëÿ ïîëó÷åíèÿ òî÷íîãî ðåøåíèÿ
çàäà÷è (1.0.7) òðåáóåòñÿ âûïîëíèòü ãðîìàäíûé îáúåì âû÷èñëåíèé. Ïðèáëèæåííîå ðåøåíèå â äàííîé ðà-
áîòå îïðåäåëÿåòñÿ ïîñðåäñòâîì àëãîðèòìà öèêëè÷åñêîãî ïîêîîðäèíàòíîãî ñêàíèðîâàíèÿ ôóíêöèîíàëà
â çàäàííîì ÷èñëå òî÷åê ñ âûáîðîì ëó÷øåé òî÷êè äëÿ ïîñëåäîâàòåëüíîñòè çíà÷åíèé N . Äàííûé àëãî-
ðèòì åñòåñòâåííî íå îáåñïå÷èâàåò â îáùåì ñëó÷àå ïîëó÷åíèå òî÷íîãî ðåøåíèÿ çàäà÷è (1.0.6). Îäíàêî
ïî ñðàâíåíèþ ñ àëãîðèòìàìè ïîèñêà ëîêàëüíîãî ýêñòðåìóìà îí äàåò ñóùåñòâåííî ìåíüøèå çíà÷åíèÿ
ôóíêöèîíàëà. Çíà÷åíèå Φ∗ = 0 ñîîòâåòñòâóåò òî÷íîìó ðåøåíèþ. Ïîýòîìó ïîëó÷àåìîå çíà÷åíèå Φ∗
ÿâëÿåòñÿ õàðàêòåðèñòèêîé êà÷åñòâà ðåøåíèÿ.
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2 Ïðèáëèæåííîå êâàçèðåøåíèå â êëàññå êóñî÷íî-ëèíåéíûõ
ôóíêöèé.

Çàïèøåì ïðèáëèæåííîå êâàçèðåøåíèå íà i- îì èíòåðâàëå â ôîðìå ëèíåéíîé ôóíêöèè

gi (y) = gi0 (1− η) + gi1η, η =
y − xi

hi
, hi = xi+1 − xi η ∈ [0, 1] , (2.0.1)

è îáîçíà÷èì òàêæå â äîïîëíåíèå ê (1.0.2)
ξ(u)∫

0

K (x, y (η)) ηdη = kl1 (x, ξ (u)) , ξ ∈ [0, 1] .

Ïóñòü íà îòðåçêàõ [xl, xl+1] , l = 1, i− 1 ðåøåíèÿ {gl (y)} îïðåäåëåíû. Òîãäà ôóíêöèÿ íåâÿçêè zi (x)

äëÿ i- ãî èíòåðâàëà çàïèñûâàåòñÿ â ñëåäóþùåì âèäå

zi (x) = Qi (x) + hi {[ki0 (x, ξ (x))− ki1 (x, ξ (x))] gi0 + ki1 (x, ξ (x))gi1} − fi (x) ,

Qi (x) =
i−1∑
l=1

hl {[kl0 (x, 1)− kl1 (x, 1)] gl0 + kl1 (x, 1)gl1}, x ∈ [xi, xi+1]
. (2.0.2)

Åñëè çíà÷åíèå g10 èçâåñòíî, òî èñïîëüçóÿ óñëîâèå (1.0.4), ïîëó÷èì

gi1 = 〈ki1 (x, ξ (x))〉−1

{ 〈fi (x)〉 − 〈Qi (x)〉
hi

− [〈ki0 (x, ξ (x))〉 − 〈ki1 (x, ξ (x))〉] gi0

}
(2.0.3)

Ïóñòü òåïåðü çíà÷åíèå g10 íåèçâåñòíî. Ïðåäïîëîæèì òàêæå, ÷òî çíà÷åíèÿ ôóíêöèé â óçëàõ ñëåâà è
ñïðàâà ðàçëè÷íû gi1 6= gi+1,0. Ââåäåì ôóíêöèîíàë

Fi (gi0,gi1) =
1

2hi

xi+1∫

xi

z′i (x) zi (x) dx. (2.0.4)

Çíà÷åíèÿ {gi0,gi1} îïðåäåëèì èç óñëîâèÿ ìèíèìóìà (2.0.4) ïðè ðàâåíñòâå íóëþ ñðåäíåé íåâÿçêè íà
èíòåðâàëå [xi, xi=1]

〈zi (x)〉 = 〈Qi (x)〉 − 〈fi (x)〉+
hi {[〈ki0 (x, ξ (x))〉 − 〈ki1 (x, ξ (x))〉] gi0 + 〈ki1 (x, ξ (x))〉gi1} = 0

(2.0.5)

Ïî ìåòîäó ìíîæèòåëåé Ëàãðàíæà îïðåäåëÿåì ñîñòàâíîé ôóíêöèîíàë

Ωi (gi0,gi1) = Fi (gi0,gi1) +
1

2
〈zi (x)〉′ 〈zi (x)〉 . (2.0.6)

Äëÿ ñîêðàùåíèÿ çàïèñåé îáîçíà÷èì

Pi (x) = Qi (x)− fi (x) ,Ai (x) = hi [ki0 (x, ξ (x))− ki1 (x, ξ (x))] , Bi (x) = hiki1 (x, ξ (x)) .

Íåîáõîäèìûå óñëîâèÿ ìèíèìóìà (2.0.6) äàþò ñëåäóþùèå óðàâíåíèÿ

1

hi

xi+1∫

xi

[P (x) +A (x)gi0 +B (x)gi1]
TA (x) dx+

λ [〈P (x)〉+ 〈A (x)〉gi0 + 〈B (x)〉gi1]
T 〈A (x)〉 = 0,

1

hi

xi+1∫

xi

[P (x) +A (x)gi0 +B (x)gi1]
T B (x) dx+

λ [〈P (x)〉+ 〈A (x)〉gi0 + 〈B (x)〉gi1]
T 〈B (x)〉 = 0

. (2.0.7)

3



3 Ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà 1-ãî ðîäà ñ ðàç-
íîñòíûì àðãóìåíòîì

F (t) = −
t∫

0

∂U (t− τ)

∂τ
G (τ) dτ ; t ∈ [0, T ] . (3.0.1)

Âåêòîð-ôóíêöèÿ F (t) [r × 1] è ìàòðèöà U (t) [r × r] (â êâàäðàòíûõ ñêîáêàõ óêàçàíû ðàçìåðû ìàòðèö)
çàäàíû â òî÷êàõ tk = h · k, k = 0, L, h = T/L. Âåêòîð-ôóíêöèÿ G (t) [r × 1] ïîäëåæèò îïðåäåëåíèþ.
Óðàâíåíèå (2.0.1) îïèñûâàåò ëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó, èìåþùóþ r âõîäîâ è r âûõîäîâ. Ðåøå-
íèå áóäåì ñòðîèòü â êëàññå êóñî÷íî-ïîñòîÿííûõ ôóíêöèé. Ïóñòü íà èíòåðâàëàõ [tl, tl+1] ðåøåíèÿ {Gl}
îïðåäåëåíû, l = 0, i− 1, N + 1 � ÷èñëî èíòåðâàëîâ. Òîãäà ôóíêöèÿ íåâÿçêè z (t) äëÿ i - ãî èíòåðâàëà
çàïèñûâàåòñÿ â ñëåäóþùåì âèäå

z (t) = Q (t)−U (t− ti) ·Gi, t ∈ [ti, ti+1]

Q (t) = F (t) +
i−1∑
l=0

[U (t− tl+1)−U (t− tl)] ·Gl

. (3.0.2)

Íà ìàòðèöó íîðìàëüíûõ ðåàêöèé U (t) íàëîæåíû óñëîâèÿ U (0) = U̇ (0) = 0, ñîîòâåòñòâóþùèå ôèçè-
÷åñêîé ñèñòåìå (ñêîðîñòü ðàñïðîñòðàíåíèÿ ñèãíàëà êîíå÷íà). Ïîýòîìó ìèíèìàëüíàÿ äëèíà èíòåðâàëà
äîëæíà áûòü êîíå÷íîé âåëè÷èíîé. Âûïîëíèì îñðåäíåíèå â óðàâíåíèè (3.0.2) (Hi = ti+1 − ti)

< zi >=
1

Hi

ti+1∫

ti

z (t) dt, < Qi >=
1

Hi

ti+1∫

ti

Q (t) dt, < Ui >=
1

Hi

ti+1∫

ti

U (t− ti) dt,

è èñïîëüçóÿ óñëîâèå ðàâåíñòâà íóëþ íåâÿçêè â ñðåäíåì íà èíòåðâàëå < zi >= 0, ïîëó÷èì ðåøåíèå

Gi =< Ui >
−1 · < Qi >

< Qi >=
1

Hi

ti+1∫

ti

F (t) dt+
1

Hi

i−1∑

l=0




ti+1∫

ti

U (t− tl+1) dt−
ti+1∫

ti

U (t− tl) dt


 ·Gl

. (3.0.3)

Îïðåäåëåííûå èíòåãðàëû â (3.0.3) âû÷èñëÿþòñÿ ìåòîäîì òðàïåöèé. Ðåøåíèå Gi, i = 0, N çàâèñèò îò
êîëè÷åñòâà èíòåðâàëîâ N + 1 è ðàñïðåäåëåíèÿ èõ äëèí Hi. Äëÿ ïîëó÷åíèÿ ýòîãî ðàñïðåäåëåíèÿ ââî-
äèòñÿ ôóíêöèîíàë ñðåäíåêâàäðàòè÷íîé íåâÿçêè (1.0.6) è ðåøàåòñÿ çàäà÷à (1.0.7). Îñíîâîé òåõíîëîãèè
[3] ÿâëÿåòñÿ èçëîæåííûé ìåòîä.

4 Ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 1-ãî ðîäà.
Ðàññìîòðèì ëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 1-ãî ðîäà âèäà

b∫

a

K (x, y) g (y) dy = f (x) , x ∈ [c, d] . (4.0.1)

ßäðî K (x, y) è ïðàâàÿ ÷àñòü f (x) � èçâåñòíûå èíòåãðèðóåìûå ôóíêöèè. Ðàçîáüåì îòðåçîê [a, b] íà n

èíòåðâàëîâ, yj � òî÷êè ðàçáèåíèÿ, j = 1, n; y1 = a, yn+1 = b; hj = yj+1 − yj � äëèíà j- ãî èíòåðâàëà.
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4.1 Ðåøåíèå � êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ.
Ïóñòü íà j- îì èíòåðâàëå g (y) = gj = const. Îáîçíà÷èì èíòåãðàëû

yj+1∫

yj

K (x, y) dy = kj (x) ,

è îïðåäåëèì ìàòðèöû C (x) [1× n] = { kj (x)}, G [n× 1] = { gj}. Òîãäà óðàâíåíèå (4.0.1) çàïèøåòñÿ â
ñëåäóþùåì âèäå

z (x) = C (x) ·G− f (x) = 0. (4.1.1)

Ðàçîáüåì òàêæå îòðåçîê [c, d] íà N èíòåðâàëîâ, xi � òî÷êè ðàçáèåíèÿ, i = 1, N, x1 = c, xN+1 = d.
Îáîçíà÷èì äàëåå îïðåäåëåííûå èíòåãðàëû

xi+1∫

xi

kj (x) dx = kij ,

xi+1∫

xi

f (x) dx = fi,

xi+1∫

xi

z (x) dx = zi,

îïðåäåëèì ìàòðèöû Q [N × n] = { kij}, F [N × 1] = {fi} ,Z [N × 1] = {zi}. Ïðîèíòåãðèðóåì óðàâíåíèå
(3.1.1) íà N èíòåðâàëàõ è ïîëîæèì ðàâíûì íóëþ ñðåäíåå çíà÷åíèå íåâÿçêè íà êàæäîì èíòåðâàëå
Z = 0. Ïîëó÷èì óðàâíåíèå

Q ·G = F. (4.1.2)

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ G ââåäåì ôóíêöèîíàë

Φ(G, n, N, xi, yj) =
1

2

d∫

c

z2 (x) dx. (4.1.3)

Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ (n, N, xi, yj) çàïèøåì íåîáõîäèìûå óñëîâèÿ óñëîâíîãî ìèíèìóìà ôóíê-
öèîíàëà Φ

∂Φ

∂G
+Λ′ ∂

∂G
(Q ·G− F) = 0, (4.1.4)

ãäå Λ [N × 1] � ìíîæèòåëè Ëàãðàíæà. Äàëåå, èñïîëüçóÿ (4.1.1), (4.1.3) óðàâíåíèå (4.1.4) ïðèíèìàåò âèä

G′M+ Λ′Q = b,

M [n× n] =
d∫
c

C′ (x) C (x) dx, b =
d∫
c

f (x) C (x) dx
. (4.1.5)

Âûðàæåíèå äëÿ G îïðåäåëÿåòñÿ èç ðåøåíèÿ ñèñòåìû óðàâíåíèé (4.1.2), (4.1.5)

G = (Q′Q)
−1

Q′F. (4.1.6)

Ïðè N = n ðåøåíèå (4.1.6) èìååò âèä

G = Q−1F. (4.1.7)

Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ (n, N, xi, yj) èñïîëüçóåòñÿ àëãîðèòì ìèíèìèçàöèè ôóíêöèîíàëà Φ èç 1-ãî
ðàçäåëà.
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4.2 Ðåøåíèå � íåïðåðûâíàÿ êóñî÷íî-ëèíåéíàÿ ôóíêöèÿ.
Ïðåäñòàâèì ðåøåíèå íà êàæäîì j -îì èíòåðâàëå ëèíåéíîé ôóíêöèåé

gj (ξ) = gj · (1− ξ) + gj+1 · ξ, ξ = h−1
j (y − yj) , ξ ∈ [0, 1] . (4.2.1)

Çäåñü gj = g (yj). Ïîäñòàâëÿÿ (4.2.1) â (4.0.1), ïîëó÷èì
n∑

j=1

hj [gjAj (x) + gj+1Bj (x)] = f (x) ,

Aj (x) =
1∫
0

K (x, yj + hjξ) (1− ξ) dξ, Bj (x) =
1∫
0

K (x, yj + hjξ) ξ dξ

.

Ñãðóïïèðóåì ÷ëåíû
n+1∑
j=1

[hj−1Bj−1 (x) + hjAj (x)] gj = f (x) ,

h0 = B0 = hn+1 = An+1 = 0

. (4.2.2)

Ñîõðàíèì îáîçíà÷åíèÿ ðàçäåëà (4.0.1) äëÿ èíòåãðàëîâ

kj (x) = hj−1Bj−1 (x) + hjAj (x)

è ìàòðèö C (x) [1× n+ 1] = { kj (x)}, G [n+ 1× 1] = { gj}. Òîãäà óðàâíåíèå (4.1.1) ñîõðàíÿåò ñâîé âèä è
äëÿ äàííîãî ñëó÷àÿ. Ïîâòîðÿÿ ïîñëåäóþùèå îïåðàöèè, ïîëó÷èì ðåøåíèå (4.1.6) ïðè N < n+1è (4.1.7)
ïðè N = n+1. Ðàçìåð ìàòðèöû Q [N × n+ 1]. Ñîõðàíÿåòñÿ òàêæå ïðîöåäóðà îïðåäåëåíèÿ ïàðàìåòðîâ
(n, N, xi, yj).

4.3 Ðåøåíèå â C1.
Ïðåäñòàâèì ðåøåíèå íà j -îì èíòåðâàëå â ñëåäóþùåé ôîðìå

gj (ξ) =

4∑

k=1

αkφk (ξ), ξ = h−1
j (y − yj) , ξ ∈ [0, 1] , (4.3.1)

è âûáåðåì ôóíêöèè φk (ξ) òàê, ÷òîáû êîýôôèöèåíòû áûëè ðàâíû çíà÷åíèÿì ôóíêöèè è åå ïðîèçâîäíûõ
íà êîíöàõ èíòåðâàëà ïî àíàëîãèè ñ ïîñòðîåíèåì èíòåðïîëÿöèîííîãî ïîëèíîìà Ýðìèòà

α1 = gj (0) , α2 = gj (1) , α3 =
dgj (0)

dξ
= pjhj , α4 =

dgj (1)

dξ
= pj+1hj . (4.3.2)

Çäåñü pj = dg (yj)/dy. Äëÿ ýòîãî ôóíêöèè φk (ξ) äîëæíû óäîâëåòâîðÿòü óñëîâèÿì, ïðåäñòàâëåííûì â

òàáëèöå. Çàäàäèì ôóíêöèè ïîëèíîìàìè òðåòüåé ñòåïåíè φk (ξ) =
3∑

i=0

ak iξ
i. Òîãäà òðåáóåìûì óñëîâèÿì

ñîîòâåòñòâóþò ôóíêöèè

ϕ1 (ξ) = 2ξ3 − 3ξ2 + 1, ϕ2 (ξ) = −2ξ3 + 3ξ2,

ϕ3 (ξ) = ξ3 − 2ξ2 + ξ, ϕ4 (ξ) = ξ3 − ξ2
. (4.3.3)

Îáîçíà÷èì
1∫

0

K (x, yj + hjξ)φk (ξ) dξ = kjk (x) . (4.3.4)
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Ïîäñòàâèì (4.3.1) ñî çíà÷åíèÿìè (4.3.2), (4.3.3) â (3.0.1). Ïîëó÷èì

n+1∑
j=1

[cj (x) gj + dj (x) pj ] = f (x) ,

cj (x) = hj−1kj−1,2 (x) + hjkj,1 (x) ,

dj (x) = h2
j−1kj−1,4 (x) + h2

jkj,3 (x) ,

h0 = k02 = k04 = 0; hn+1 = kn+1,1 = kn+1,3 = 0

. (4.3.5)

Ââåäåì ìàòðèöû

C [1× n+ 1] = { cj (x)} , D [1× n+ 1] = { dj (x)} , G [n+ 1× 1] = { gj} , P [n+ 1× 1] = { pj}

è çàïèøåì óðàâíåíèå (4.3.5) â ôîðìå

z (x) = C (x) ·G+D (x) ·P− f (x) = 0. (4.3.6)

Ðàçîáüåì îòðåçîê [c, d] íà N èíòåðâàëîâ, xi � òî÷êè ðàçáèåíèÿ, i = 1, N, x1 = c, xN+1 = d. Îáîçíà÷èì
äàëåå îïðåäåëåííûå èíòåãðàëû

xi+1∫

xi

cj (x) dx = cij ,

xi+1∫

xi

dj (x) dx = dij ,

xi+1∫

xi

f (x) dx = fi,

xi+1∫

xi

z (x) dx = zi,

ìàòðèöû Q [N × 2 (n+ 1)] = { cij , dij}, R [2 (n+ 1)× 1] = { gj , pj}, F [N × 1] = {fi}, Z [N × 1] = {zi}.
Ïðîèíòåãðèðóåì óðàâíåíèå (4.3.6) íà N èíòåðâàëàõ è ïîëîæèì ðàâíûì íóëþ ñðåäíåå çíà÷åíèå íåâÿçêè
íà êàæäîì èíòåðâàëå Z = 0. Ïîëó÷èì óðàâíåíèå

Q ·R = F. (4.3.7)

Ïîâòîðÿÿ îïåðàöèè ðàçäåëà 3.1, ïîëó÷èì ðåøåíèå ïðè N < 2 (n+ 1)

R = (Q′Q)
−1

Q′F, (4.3.8)

è ïðè N = 2 (n+ 1)

R = Q−1F. (4.3.9)

Ýëåìåíòû ìàòðèöû Q ÿâëÿþòñÿ ëèíåéíîé êîìáèíàöèåé èíòåãðàëîâ âèäà

sihj

1∫

0

1∫

0

K (xi + siη, yj + hjξ) ξ
kdξdη, si = xi+1 − xi, η = s−1

i (x− xi) , k = 0, 3.

Ïðè îòñóòñòâèè àíàëèòè÷åñêèõ âûðàæåíèé íàèáîëåå ïðîñòî îíè ìîãóò áûòü âû÷èñëåíû ïîñðåäñòâîì
êàêîãî-ëèáî äâóìåðíîãî àíàëîãà ìåòîäà òðàïåöèé, íàïðèìåð, ïðåäñòàâëåíèåì ôóíêöèè K (·) èëè åå
÷àñòè ëèíåé÷àòîé ôóíêöèåé íà êâàäðàòíîì øàáëîíå, èëè ëèíåéíîé ôóíêöèåé ïî îáîèì ïåðåìåííûì
íà òðåóãîëüíîì øàáëîíå. Ïðîöåäóðà îïðåäåëåíèÿ ïàðàìåòðîâ (n, N, xi, yj) ïðåæíÿÿ. Ïðèìåð ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà 1-ãî ðîäà äàí â [4].

Òàáëèöà.

7



φ (0) φ (1) dφ(0)
dξ

dφ(1)
dξ

φ1 1 0 0 0

φ2 0 1 0 0

φ3 0 0 1 0

φ4 0 0 0 1
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