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Content

Algorithms for Matrix-Matrix Multiplication



Infsup Arithmetic Formulas

Definition An interval x is a closed convex subset of R.

Infsup Representation x = [x,X] ={y | x <y <X}
» addition
x+y=[x+yX+Y]
» subtraction
x—y=[x-y,x—y]
» multiplication
xxy=[min(x X y,x X y,X X y,X X ¥),

max(x X y,Xx X ¥,X X ¥, X X y)]



Classical Algorithm for Matrix Product

Input: A = [A, A] € IF™<k B = [B, B] € TFk*"
Output: C ¢ IF™" C D Ax B
1: for i=1to mdo

2. forj=1tondo
3 C;i+0,Cj+0
4: for | =1 to k do
5 G+
f/v(gu + min{A,-, X EU’A” X EU,Z,'/ X EU’ZH X EU})
6: flj —
ﬁA(fU + max{A,-, X EU’A” X EU,Z,'/ X EU’Z” X Elj})
7: end for
8: end for
9: end for

10: return [C, C]



Classical Algorithm for Matrix Product

ﬁv(gu + min{A,-, X Qlj?Ai/ X EU,Z,‘[ X EU’Z” X Elj})
6: flj —

f/A(flj =+ max{A,-, X EU’A” X EU,Z,’/ X EU’Z” X Elj})



Classical Algorithm for Matrix Product

fiv(Cyj + min{A; x By, Ay x By, Aiy X By, A x Byj})
6: C,'J' <

fIA(CU =+ max{A,-, X EU’AH X EU,X,‘/ X BU7Z” X E/J})



Midrad Addition/Subtraction Formulas

Neumaier, Interval methods for systems of equations, 1990

Midrad Representation x = (mid x,rad x) = <T? ==
> addition
x + y = (mid x + mid y,rad x + rad y)
> subtraction

x —y = (mid x — mid y, rad x + rad y)



Midrad Multiplication Formulas
Neumaier 1990, Rump 1999, Nguyen 2011

» multiplication x x y =z C z; C zo
‘ mid z ‘ rad z

z | a+sign(a) x min{j,~,d} max{f,7} + max{min{3, v}, d}
Z] | & +Sign(a) X min{alvﬂv’775} ﬂ + Y + 6 — min{a/757’775}

Z |« B+y+9
where
a = midx x midy
o = |midx| x |mid y|
f = |midx| xrady
v = radx x |midy]|
6 = radx xrady



Midrad Multiplication Formulas
Neumaier 1990,

> multiplication x X y = z
‘ mid z ‘ rad z

z | a+sign(a) x min{j,~,d} max{8,v} + max{min{S,~},d}

where
a = midx x midy
f = |midx| xrady
v = radx X |midy]|

6 = radx xrady



Midrad Multiplication Formulas

, Rump 1999,
» multiplication x X y C z
‘ mid z ‘ rad z
Z |« B+v+9
where
a = midx x midy
f = |midx| xrady
v = radx X |midy]|

6 = radx xrady



Midrad Multiplication Formulas
, Nguyen 2011

» multiplication x X y Cz;
‘ mid z ‘ rad z

z1 | a+sign(a) x min{d/, 8,7,8} | B+ v+ 0 — min{d/, 3,7,0}

where
a = midx x midy
o = |midx| x |mid y|
f = |midx| xrady
v = radx x |midy]|
6 = radx xrady



IIMulé Algorithm

Rump, Fast and Parallel Interval Arithmetic, 1999

Input: A=[A A],B =B, B]
Output: COD Ax B

S e

: (Ma, Rp) < InfsupToMidrad(A)

(Mg, Rg) < InfsupToMidrad(B)

RC — ﬂA(|MA| X RB + RA X (|MB| + RB))
C + ﬂA(MA X MB + Rc)

C«+ ﬂV(MAX MB — Rc)

return [C, C]



IIMul4 Algorithm

Rump, Fast and Parallel Interval Arithmetic, 1999

1: (Mg, Rp) < InfsupToMidrad(A)
2. (Mg, Rg) + InfsupToMidrad(B)



IIMul4 Algorithm

Rump, Fast and Parallel Interval Arithmetic, 1999

Input: A =[A, A], B =[B, B]

QOutput: C D A x

1: (Ma,Rp) + InfsupToMidrad(A)

2: (Mg, Rg) < InfsupToMidrad(B)

3: R %f/A(|MA|XRB+RAX(|MB|+RB))
4: C%f/A(MAX MB+R )

5: Q%f/v(MAXMB*R )

6: return [C, C]
4 Matrix-Matrix Multiplications
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IIMul7 Algorithm

Nguyen, Efficient algorithms for verified scientific computing: numerical linear algebra
using interval arithmetic, 2011

Input: A=[A A],B =B, B]

Output: COD Ax B

: (Ma, Rp) < InfsupToMidrad(A)

(Mg, Rg) < InfsupToMidrad(B)

pA < sign(Mp). * min(|M4l, Ry)

ppg + sign(Mg). * min(|Mg|, Rg)

RC —

fin (IMal x Rg+ Ra < (IMg|+ Rg) + (=1pal) x lpgl)
C(—f/A(MA X MB+pAXpB+Rc)
7. C «+ f/V(MAX MB+pA XpB—Rc)
8: return [C, C|
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IIMul7 Algorithm

Nguyen, Efficient algorithms for verified scientific computing: numerical linear algebra
using interval arithmetic, 2011

1: (Mg, Rp) < InfsupToMidrad(A)
2: (Mg, Rg) + InfsupToMidrad(B)



IIMul7 Algorithm

Nguyen, Efficient algorithms for verified scientific computing: numerical linear algebra
using interval arithmetic, 2011

1. (Ma, Rp) < InfsupToMidrad(A)

2: (Mg, Rg) <+ InfsupToMidrad(B)

3: pp < sign(Mg). * min(|[Mal, Ra)

4: pg < sign(Mg). * min(|Mg|, Rp)

5 Re

fIn ([Ma| x Rg + Ra x (IMg|+ Rg) + (=Ipal) % lpBl)
— fla (MAX MB+,0A><pB+R )
%f/v(MAXMB+pAXprR )

8: return [C, C|
7 Matrix-Matrix Multiplications
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IIMul7 Algorithm

Nguyen, Efficient algorithms for verified scientific computing: numerical linear algebra
using interval arithmetic, 2011

fia (Mg x Mg+ ppxpg -+ Fc)
ﬂV(MAXMB pAXpB

The same operations are computed twice but with different
rounding modes.



Bound on the Error of a Matrix Product in Rounding to
Nearest

Rump, Error estimation of floating-point summation and dot product, 2011

Theorem

Let A€ F™k and B € FK*" with 2(k + 2)u < 1 be given, and let
C =fla(Ax B) and T = flg(|A| x |B|). Here C may be computed
in any order, and we assume that ' is computed in the same order.
Then

+2

k 1
|fin(A x B) — A x B| < fig ( ulp(I) + 2u_177)



Bound on the Error of a Matrix Product in Rounding to
Nearest

Rump, Error estimation of floating-point summation and dot product, 2011

C = fla(A x B) I = fio(|A] x |B]).
computed in the same order.



MMMul3 Algorithm

Rump, Fast Interval Matrix Multiplication, 2011

Input: A= (My,Rp) € IF™* B = (Mg, Rg) € IFk*"
Output: COD Ax B

1: MC — f/EI(MA x M )

2: RB — fia((k + 2)u|MB\ + Rp)
3:

4: return (M-, Rc)

Rc « fIa(IMal x Rg +u™'n+ R x (IMg| + Rp))



MMMul3 Algorithm

Rump, Fast Interval Matrix Multiplication, 2011

Input: A= (M
Output: CD

X
1. M %f/L(MAXM )

B
2. Ry + fia((k +2)ul/Mg| + Rp)

,Rp) € TF™<k,

= (Mg, Rg) € IFkxn

3 R %f/A(|MA|XR,B+u 1//+RAX(|MB|+RB))
4: return (M-, R¢)
3 Matrix-Matrix Multiplications



MMMul5 Algorithm

Rump, Fast Interval Matrix Multiplication, 2011

Input: A= (Mp,Rp) € IF™k B = (Mg, Rg) € IFk*"
Output: CODAx B

N g s

: pp < sign(Mp). ¥ min(|[Mpgl, Rp)

ppg + sign(Mpg). * min(|Mg|, Rg)

Mc « flo (Mg x Mg +pp % pp)

[ fio (IMal x IMg| + Ipal x lpBl)

v fia ((k + Dulp(r) + 3u~1n)

Rc < fla (IMal + Ra) x (IMgl + Rg) = T + 2v)
return (Mc,Rc)



MMMul5 Algorithm

Rump, Fast Interval Matrix Multiplication,

Input: A= (Mx,Rp) € IFM*K,
Output: C D A x

: pp < sign(Mg). * min(|M

: pp + sign(Mg). * min(|M

2011

= (Mg, Rg) € IFkxn

,RA)
,RB)

. M ef/[(MAXMBerAXpB)

: 7y < fla ((k + 1)ulp() + 3u 1//)

- R %f/A ((‘MA‘—FRA)X
: return (M, Re)

5 Matrix-Matrix Multiplications

1
2
3
4 [ Ml (IMgl < Mg+ [pal X lpBl)
5
6
7

(IMg|+Rg) T +27)
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Implementation Issues, Parallelism, and Multicores



MMMul5 Implementation with Level-3 BLAS

Input: A= (My,Rp) € IF™k B — (Mg, Rg) € TF<*"

1:

R el e
> W N R O

© o Na ke

set rounding mode to nearest

MC — MA X MB

Tl — |MA|, T2 — |MB|

RC — Tl X T2

T3 < Compute(pp); T4 < Compute(ppg)
MC — T3 X T4 =+ MC

T5 — |T3| ; T@ — |T4‘

RC — Ts5 x T+ RC

set rounding mode towards +oo

T7 + (k+ L)ulp(R¢) + 0.5u™ 1y

: Tg< T1+Rp; To< T2+ Rpg
: RC < Tg X Tg — RC

: Rc%Rc+2T7

: return (M, Rc)



MMMul5 Implementation with Level-3 BLAS

12:

:Mc<—MA><MB

Rc<—T1><T2

Mc<—T3XT4+MC

: Rc%T5><T6—|—RC

Rc(—Tngg—RC

12

gemm

gemm

gemm

gemm

gemm



MMMul5 Implementation with Level-3 BLAS

2: Mc<—MA><MB
3: T1<—|MA|; T2<—|MB|
4: RC +— T1x T

6: Mc<—T3XT4+MC
7 T5<—|T3|;T6<—|T4‘
8: Rc%T5><T6—|—RC



MMMul5 Implementation with Level-3 BLAS

Input: A= (My,Rp) € IF™* B = (Mg, Rg) € IFk*"
1:

el e
2 W N RO

L OoNa RN

set rounding mode to nearest

Tl — }MA}; T2 — }MB’

RC — Tl X T2

T3 < Compute(pp); Ta < Compute(ppg)
MC — T3 X T4 =+ MC

T5 — ‘T3‘ ) T6 — ‘T4‘

RC — Ts x T + RC

set rounding mode towards 4c0

T7 < (k+ L)ulp(R¢) 4 0.5u™ 1y

:Tg(—T1—|—RA;Tg<—T2+RB
: RC — Tg X Tg — RC

: Rc% RC+2T7

. return (M, Rc)

gemm

gemm

gemm

gemm

gemm

DA



MMMul5 Implementation with Level-3 BLAS

gemm

gemm

gemm

gemm

gemm



MMMul5: Blocked Version
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MMMul5: Blocked Version
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MMMul5: Blocked Version
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MMMul5: Blocked Version
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Execution Time — MMMul5 BLAS vs blocked versions

101 | ]
1010 ; ; DD MKL 1 thread
— F /0B MKL 2 threads
(_f 9 B i Il MKL 4 threads
> 10 B S I WKL 8 threads
~ I 1100 Blocked 1 thread
GE" 108 e 3| DB Blocked 2 threads
b & A/ W Blocked 4 threads
107 || B Blocked 8 threads
10°}

64 128 256 512 1,024 2,048
size (square matrices)

Minimum time for product of two square matrices — Intel Bi-Xeon
E5620, 2 x Quad-cores 2,40 GHz — Intel Math Kernel Library
version 10.3 — gcc version 4.7.1
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Accuracy: the Relative Radius Error Metric



Notations

Let A= <MA7 RA> € HRka, and B = <MB’ RB> € IRF*" two
interval matrices.



Notations

Let A= <MA7 RA> € HRka, and B = <MB’ RB> € IRF*" two
interval matrices.
We note

> the exact Ax B: C= (Mc,Rc)
> A x B computed with MMMul5: Cs = (Mc_, Rc,)
> A x B computed with MMMul3: C3 = (Mc,,R¢c,)



Notations

Let A= <MA7 RA> € HRka, and B = <MB’ RB> € IRF*" two
interval matrices.
We note

> the exact Ax B: C= (Mc,Rc)

> A x B computed with MMMul5: Cs = (Mc_, Rc,)

> A x B computed with MMMul3: C3 = (Mc,,R¢c,)
As Cs O C, we have

Mc, - MC] <Rc, - Rc.

Thus, the radius error accounts for the midpoint drift error.



Relative Precision

Definition An interval x = (m, r) is said to be of relative
precision e if r < e-|m|.



Relative Precision
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Relative Precision

Definition An interval x = (m, r) is said to be of relative
precision e if r < e - |m|.

a :)L(l, 5)

ad x|

r

0 m = mid x



Relative Precision

Definition An interval x = (m, r) is said to be of relative
precision e if r < e - |m|.

sign |not guaranteed guarantees sign

0 m = mid x




Relative Precision

Definition An interval x = (m, r) is said to be of relative
precision e if r < e - |m|.

N a:‘<1,5>
2

sign |not guaranteed guarantees sign
x
£ 3 guarantees most
% significant bit
X7 > Il
“

0 m = mid x



Relative Precision

Definition An interval x = (m, r) is said to be of relative
precision e if r < e - |m|.

|
2 a=[(1,5)
2,
N sign |not guaranteed guarantees sign
x
£ 3 guarantees most

~ % significant bit
I X Il —

—— Uz N | —

b=K-10, \rt\lﬂ X 1/4 | | guarantees 2 msb

— T

0 m = mid x




Radius of the Product of Matrices of Fixed Relative
Precisions

Proposition

Let A with fixed relative precision e and B with fixed relative

precision f.

Then the radii of the approximations of the product A x B verify
RC = (max1+maX2) ‘MA| X ‘MB‘
Rc, = (max;+maxp+ m%n3 —ming) |[Mp| x |[Mpg|
Rc, = (max;+ maxz + ming) IMpl| x [Mp|

where

max; = max{e, f}
maxy = max{min{e, f},ef}
ming = min{e, f,ef}

ming = min{l, e, f, ef}



Relative Radius Errors

The relative radius error for Cs is

RC5_RC 0 fe<lorf<l1
Es = R T minfefll
C max{e,f }+ef otherwise

So, Es < 3 —24/2 < 0.18 and maximum is reached for
e=Ff=1+2.
The relative radius error for C3 is

g _fc,~Rc _ ming
3T Rc "~ max; + maxp

So, E3 < 0.5 and maximum is reached for e = f = 1.



Relative Radius Error — Numerical Experiment

rad (Fast)—rad (Accurate)

rad (Accurate)
10° & T T T T ‘ ‘

§ — MMMul3
GLJ 1071 [ MMMul5 |
" Blocked MMMul5
-E 74
S 1077 [ B
1o
-
2 -7
= L i
2 10
)
3 —10
© 10 n N
)
2
) _
& 10 13 | |
(9]
—

10716 L— \ \ \ \ \ \ \ \ \ \

—-50 —-40 -30 -20 —-10 O 10 20 30 40 50
relative input precision = 2"
Median relative precision of 10 products of 100 x 100 matrices with

random midpoint (standard normal distribution) and fixed relative
precision 27X, Floating-point number are in double precision.
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Conclusion: trading off efficiency for accuracy, still being
efficient

A panel of formulas exist for operations in interval arithmetic
using mid-rad representation:

» trade off accuracy for efficiency, but not always;
» reduce drastically the number of rounding mode changes;
> allow to resort to Level-3 BLAS.

Accuracy:

Floating-point error dominates for input intervals with small
relative precision.

Rounding modes: beware your BLAS library, beware your compiler.

Efficiency:

Parallelization of algorithms may invalidate some hypotheses.

Are blocked algorithms the best choice to exploit multi-cores (more
than 10 cores)?
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